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ABSTRACT 

A study of the unmodified scattered x-rays has been made to detect possible 
fine structure lines as reported by previous experimenters. With copper and silver K 
series scattered by blocks of graphite and aluminum no trace of any fine structure 
lines was observed. The sensitivity of the apparatus was apparently many times that 
used by any previous experimenter. Experiments were also performed to measure the 
change in wave-length and the width of the modified line. It was found that the 
change in wave-length agreed within one percent with the change predicted by the 
quantum theory of x-rays scattered by free electrons. That is, with the equation 
5\ =(h/mc)(1—cos ¢). The width of the modified line was found to be about twice 
as broad as it should have been from the divergence of the scattering angle. 


*PECTROSCOPIC analyses of scattered x-rays have been made by num- 
\ erous investigators! both by photographic and ionization methods. The 
results of these experiments have been in general to show the existence of 
two wave-lengths instead of the single exciting wave-length. The exciting 
wave-lengths have been found to appear (unmodified line) unchanged in 
wave-length and apparently unchanged in width. The modified wave-length 
(Compton effect) has in most experiments appeared broader than the un- 
modified line and its change in wave-length from the exciting wave-length 
seemed to be given by the quantum theory of scattering by free electrons. 

With the introduction of the double crystal spectrometer? which secured 
high resolving power and great intensity it was possible to make a more 
detailed study of scattered x-rays than had been possible with the single 
crystal method. In a series of experiments by Davis* and his collaborators 
using the double crystal method it was shown that both the modified and 
unmodified line was not a single line but a group of lines very close together. 
The relative intensity and position of the fine structure lines in the modified 
and the unmodified line were found to be similar. This result which indicated 
similar structure and width of the two lines was in definite disagreement 

1 A. H. Compton “X-rays and Electrons,” p. 261, 270. 
2 Davis and Purks, Proc. Nat. Acad. 13, 419 (1927). 


3 Mitchell and Davis, Phys. Rev. 31, 1119 (1928); Davis and Mitchell, 32, 331 (1928); 
D. P. Mitchell, 33, 871 (1929); Davis and Purks, 34, 1 (1929). 
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with earlier experiments using single crystals. However, few if any experi- 
ments had ‘been performed in which such fine structure could have been 
detected. The wave-length of these fine structure lines was thought to be 
explicable on the quantum theory of x-rays scattered from bound electrons. 

Since the announcement of this discovery several attempts have been 
made to find these fine structure lines with a single crystal by using very nar- 
row slits and recording them on a photographic plate. In the first of these ex- 
periments by Ehrenberg‘ a Seemann spectrograph with a calcite crystal was 
used. The scattering angle was 90° and the molybdenum Ka x-rays were 
scattered from carbon. In the second experiments by Coster,® a Siegbahn 
spectrograph was used. Carbon (graphite) was used as a scatterer and the 
molybdenum Ka x-rays were used. Two scattering angles were used, one 
25° to 50°, and the other a much larger angle which was not recorded. Since 
the separation of the fine structure lines from the parent line should be 
greater for the heavier elements Kast* performed an experiment somewhat 
similar to Ehrenberg’s but using aluminum as a scattering substance. In all 
these experiments no fine structure lines were observed. In these measure- 
ments the search has been to find the fine structure lines in the unmodified 
line because its width and position are independent of the scattering angle. 
Since a large fraction of the x-rays scattered by graphite or aluminum block 
may be due to the crystalline diffraction it is important to observe the modi- 
fied line. In each of the above experiments the modified line was observed. 

One of the greatest experimental difficulties in the study of scattered 
x-rays is the low intensity. Thus in the present experiment’ the arrangement 
of the apparatus was planned to secure the greatest intensity and at the same 
time to keep the stability of the apparatus such that all measurements could 
be reproduced from day to day. 

The intensity of scattered x-rays* is inversely proportional to the atomic 
number of the scatterer and inversely proportional to the cube of the wave 
length. Thus the use of carbon and other light elements have in most cases 
been used as the scattering material. The optimum wave-length is, however, 
not so easily determined. Previous experimenters have in general used 
either molybdenum or silver characteristic K x-rays. For the voltages usually 
employed the characteristic K-lines lie very close to the maximum intensity 
of the continuous radiation. This continuous radiation which is many times 
the intensity of the characteristic K-radiation is scattered from the scatter- 
ing block and thence from the crystal into the ionization chamber. One has 
then the small effect of the characteristic K-lines superimposed upon a very 
intense background. In many experiments the intensity of the lines has been 
less than 10 or 15 percent of the total intensity recorded by the electrometer. 
However, if one uses long characteristic wave-lengths the scattering block 


‘ Ehrenberg, Zeits. f. Physik 53, 234 (1929). 

* Coster, Nitta, and Thyssen, Nature, April 27 (1929). 

* Kast, Zeits. f. Physik 58, 519 (1929). 

7 Read at the Washington Meeting of the Am. Phys. Soc., April 1930 
8 Davis, Phys. Rev. 25, 737 (1925) 
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can be made very thin and still absorb most of the characteristic x-rays 
and also scatter but very little of the intense short wave-lengths. The crystal 
angles are also much larger which reduces the general scattering in the direc- 
tion of the ionization chamber. The writer has thus been able to make mea- 
surements using the copper Ka, 2 lines in which the fine structure lines should 
be separated from the parent line many times as much as in experiments 
using shorter wave-lengths. Experiments have also been performed using 
the silver Ka; » lines. 

At first the scattering blocks were attached to the cathode inside the 
x-ray tube but it was found that the evaporation of the target condensed 
on the scattering block giving a detectable fluorescence radiation. By sup- 
porting the scatterer from the target as shown in Fig. 1 the condensation 
seemed to be much less. However, when the x-ray tube was greatly over- 
loaded condensation of the target material could be observed on the scatter- 
ing block. In order to avoid this difficulty the focal spot of the x-ray tube 
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Fig. 1. Arrangement of apparatus as used in search of the fine structure in the unmodified 
line. In the experiment on the modified line the same arrangement was used except the scat- 
tering block was a cube supported by a small iron rod from the target. 


was made large enough so that a minimum evaporation of the target occurred. 
The filament focusing cup used was very deep which gave a minimum number 
of “stray” electrons striking the scattering block. The shape and position of 
the focal spot were controlled as follows. A Helmholtz coil through which a 
500 cycle current passed served to draw the circular focal spot out intoa 
line focal spot. A second Helmholtz coil operated from a battery was used 
to locate the focal spot at any desired position on the face of the target. In 
the first experiments in which the fine structure was being sought in the 
unmodified line the focal spot line (10 mm X4 mm) was made parallel to the 
surface of the scattering block and placed about 4 or 5 mm from it. In this 
case the modified line was a broad band due to the large divergence in scat- 
tering angle. In the second experiment devised to measure the change in 
wave-length the focal spot line was made perpendicular to the face of the 
scattering block so the focal spot (10 mmX4 mm) appeared oblong when 
viewed from the scattering block. With this long focal spot the tube could 
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be operated at 75 m.a. and 50 k.v. but in order to make sure that no evapora- 
tion of the target occurred the current was never over 50 m.a. and voltage 
over 50 k.v. The x-ray tubes in all cases were kept connected to a mercury 
diffusion pump. 

The spectrometer consisted of two separately mounted crystal tables 
which were rotated on accurately made centers by tangent screws. The ion- 
ization chamber (filled with argon for copper rays and methyl! bromide for 
silver rays) was placed in a fixed position and the Comptom electrometer 
mounted directly above it in order to reduce the electrical capacity to a 
minimum (15cm). The sensitivity of the electrometer was about 20,000 
divisions per volt. The two collomating lead slits (3 mm wide), the two cry- 
stal tables, and the ionization chamber system were mounted rigidly on an 
aluminum base so the whole outfit could be moved as a unit as shown in Fig. 
1. The crystals used were split from a large very perfect calcite (Iceland spar) 
crystal. Three crystals were cut 2.5 cmX10 cm X1 cm and mounted in 
such a way that either surface could be used. 

The position of the crystals and ionization chamber were determined 
by moving the aluminum base until the direct x-rays from the focal spot 
passed through the center of the slits S; and So, Fig. 1. The crystal surfaces 
were placed parallel to and on the axis of rotation of the crystal tables. The 
crystal table C, was then placed so the x-ray beam passed over the axis 
of the table and the crystal turned to reflect the Ka, line. Crystal C, was 
then similarly adjusted to reflect the Ka, line which had previously been 
reflected from crystal C,. Slits 4 mm wide were placed between the crystals 
and before the ionization chamber to reduce the amount of diffusely scattered 
rays entering the ionization chamber. 

The alumimun base was then adjusted so that only the scattered rays 
from the scattering block could pass through the slits S,; and S,. This was 
tested by placing a pin hole slit at the edge of slit S,; on the side opposite the 
cathode and a photographic film over the slit S». After a sufficient exposure 
to record an image of the target and scattering block a flash of light was 
passed through S, from the rear in order to record the exact position of the slit 
S,. The developed film then showed definitely whether or not direct rays 
were passing through the slits. 


RESULTS 


Copper Kaj. scattered by graphite. The first experiment was performed 
with the first arrangement described above. That is, with the line of the focal 
spot parallel to the graphite and about 4 or 5 mm from it. The results are 
shown in the graph of Fig. 2. The approximate position of the two fine 
structure lines corresponding to those found by Davis are indicated by the 
solid vertical lines. The corresponding CK line would be at a scale reading 
of 3750 on the same graph. Measurements made in this region showed no 
line of measurable intensity. This graph is the average of several such curves. 
The intensity at the peak of the Ka, line was approximately 5/3 the intensity 
between the two lines. 
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Copper Ka, » scattered by aluminum. Fig. 3 shows the results of the meas- 
urements on aluminum. The intensity of the Ka, peak in this case was about 
3/2 the intensity between the lines. Over the region where the fine structure 
lines should occur 10 sets of readings were taken. The average as shown in 
the graph shows no lines of intensity comparable to the a; and a lines. 
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Fig. 2. The copper Ka; 2 lines scattered by graphite. The two solid vertical lines are the posi 


tions corresponding to the fine structure lines as reported by Davis 


Silver Ka, » scattered by carbon and aluminum. Figs. 4 and 5 show the results 
of experiments similar to those above using silver radiation instead of copper. 
The peak of the Ka, line with best conditions was about 5/3 the intensity 
of the region between the lines. The solid lines indicate the positions where 
the fine structure should appear. 
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Fig. 3. Copper Ka,» lines scattered by aluminum. 


In experiments of this type it is essential that one make sure that the 
observed lines are not fluorescence lines due to a thin film of evaporated 
target material which condensed on the scattering block. The following facts 
appear to the writer to rule out such a possibility. First, in all cases the 
modified line was observed and qualitatively of the right relative intensity 
compared tothe unmodified line asobserved by other experimenters. Secondly, 
the ratio of intensity of the modified to unmodified line remained constant 
after many hours of operation of tube. This could not have been true if con- 
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stant evaporation of the target had been taking place and condensing on 
the scattering block. Third, a qualitative chemical analysis of the graphite 
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using the double x-ray spectrometer. 
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Fig. 5. Silver Ka; .2 lines scattered by aluminum 
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to make accurate measurements. 


order that the two a lines should be completely separated. 


terer to the center of the focal spot was 34 mm. The long focal spot (10 mm X 


J 


and aluminum scattering blocks at the completion of the experiment showed 
no trace of copper or silver. The angle of scattering was in each case about 
130° with a total divergence of 80 


Due to the difference in the experimental results obtained by various 
experimenter’s® it was thought worthwhile to make a series of measurements 
Since the variation in the change of 
wave-length is a minimum at very large scattering angles one can use a rather 
wide divergence of scattering angle and still have sufficient narrowness of 
The wide divergence is 
necessary in order to have a measurable x-ray intensity in the scattered 
x-ray beam. In the present experiments an angle 154° to 176° was chosen in 


The graphite 


scattering block (1 cm*) was supported by a small iron rod attached to the 
silver target of the x-ray tube. The distance from the front face of the scat- 
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4 mm) in this case was made perpendicular to the face qf the scattering block. 
Thus the focal spot when viewed from the scattering block appeared as an 
oblong focal spot 4 mm X2 mm. The position of the scattering block was 
carefully adjusted in the making of the x-ray tube so that a mean scattering 
angle of 165° was obtained. Pinhole photographs made after the adjustments 
of the slits S; and S: showed that the angle was very close to the desired 
angle. This procedure of definitely fixing the angle before any ionization 
measurements were made was adopted in order to reduce the “personal 
equation” to a minimum. The preliminary adjustment of the crystals C, 
and Cy, was accomplished by moving the aluminum base as was done above 
in the experiments on the unmodified line. 

The x-ray intensity obtained in this arrangement was very much less 
than the previous experiments where a very large divergence of scattering 
angle was used. Thus the curve shown in Fig. 6 is the average of 9 curves 
taken over a period of 3 days. Every curve was very similar to the final 





Grapnite 
A= 0.560A 











400 B00" 3300 3700 4100" 
cag 


Fig. 6. Silver Ka;,> lines scattered by graphite. The unmodified a; and a, lines are shown 


average in its general shape and position of peaks. The change in wave- 
length on each curve agreed with the average very much closer than the 
scattering angle could be measured. Thus the limiting factor in comparing 
the change in wave-length with the theoretical value, was the determination 
of the scattering angle. As can be seen Fig. 6 the theoretical change in wave- 
length as predicted by the quantum theory of scattering by free electrons 
agrees very closely with the measured change. Considering the precautions 
taken in measuring the scattering angle it is believed that the agreement 
between theory and experiment is well within one percent. The modified a 
lines overlap some but the effect of this overlapping on the position of peaks 
must be very small. 

In this type of experiment one can get more accurately the actual width 
of a line than by any previous method. It will be noticed in Fig. 6 that the 
two modified @ lines are not completely separated. From the calculations 
of the divergence of the scattering angle the modified a@ lines are about 1.5 
or 2 times as broad as they should be unless there is something in the scat- 
tering process which has not been taken into account in the theoretical cal- 
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culations. Evidence Jor a corresponding width has recently been obtained 
by Ross and Clark® using an entirely different experimental arrangement. 
Several modifications of the quantum theory of x-ray scattering by free 
electrons have been made to take into account this increased width. How- 
ever, more experimental evidence as to the exact width of the modified line 
is needed before detailed comparison can be made with the theories. 


CONCLUSION AND DISCUSSION 


Three conclusions may be drawn from the above experiments. First, 
no evidence of fine structure in scattered x-rays of short and long wave- 
lengths has been obtained. Secondly, the change in wave-length seems to be 
accurately accounted for by the quantum theory of scattering by free 
electrons. Third, the width of the modified line is definitely greater than it 
should be due to the divergence in the scattering angle. These results are 
in general agreement with all the results obtained on scattered x-rays except 
those of Davis and his collaborators. Since their experiments are the only 
ones that have been published similar to the present experiments it should 
be of interest to compare the experimental arrangement of the two experi- 
ments for detecting the fine structure lines in the unmodified line. 

The distance from the focal spot to the scattering block was about 1/2 
that used by Davis and Mitchell and about 1/4 that used by Davis and 
Purks. The capacity of the electrometer and ionization chamber was about 
1/4 that by Mitchell. Therefore, the sensitivity of the writer’s apparatus 
must have been at least 10 times as great as that used in their experiments. 
It should also be pointed out that the divergence of the scattering angle 
in the experiments of Davis and Purks on the modified line was so great 
(about 30°) that it would be impossible to observe any fine structure which 
was even partially obeying the usual quantum equation: 


A = 0.0243(1 cos @) 


According to the usual interpretation of the quantum theory of x-ray 
scattering such fine structure lines certainly could not be present in the 
unmodified line and it is doubtful if they would occur in the modified line. 
It is also rather certain that such lines could not be classified as Raman 
lines for the scattering substances used. Theoretically, one should expect the 
Raman effect in the x-ray region to be a continuous spectrum instead of a line 
spectra, but calculations on the Raman intensity to be expected in the 
X-ray region show that it would be entirely too small to be measured by 
present methods. Thus if such lines exist the present experiments failed to 
detect them and existing theories do not seem adequate to explain them. 


* Paper given at Ithaca meeting of Am. Phys. Soc. June, 1930 
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ENERGY OF Ka; OF COPPER AS A FUNCTION OF APPLIED 
VOLTAGE WITH THE DOUBLE CRYSTAL SPECTROMETER 


By Jesse W. M. Du Monpb ANp ARCHER Hoyt 


CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA 
(Received July 22, 1930) 


ABSTRACT 

With a double crystal spectrometer of special design here briefly described the 
following questions were investigated with a view to determining the origin of the 
satellite Ka; of copper 

(1) Dependence of intensity of satellite Ka; of copper on voltage with con- 
stant current. 

(2) Dependence of intensity of p rent line Ka; of copper on voltage with con 
stant current 

(3) Ratio of intensities of satellite to parent. 

(4) Dependence of satellite intensity on current at constant voltage. 

The conclusions are (1) that the satellite is excited at a voltage differing from the 
excitation voltage of the parent line by too small an amount to be measured with 
certainty (less than 200 volts). (2) That the ratio of intensities of a, to a; as estimated 
from the areas of the spectral line structures is about 1:120. (3) That the intensity 
of the satellite K a; of copper is strictly proportional to the current at constant voltage. 

These facts seem to invalidate the Wentzel-Druyvesteyn “spark line” hypothesis 
as an explanation of Ka; of copper. Richtmyer’s “double jump” hypothesis remains 


tenable 


In addition a doublet structure (separation of components about 2 X.U.) in 


Ka; of copper was observed (in accord with the doublet structure of this satellite in 


elements of lower atomic number). 
INTRODUCTION 


HE work described in this article was undertaken with the idea of testing 

whether the Wentzel-Druyvesteyn theory of x-ray satellites can explain 
the origin of the satellite Ka; of copper. Richtmyer' has recently proposed 
an alternative theory of the origin of satellites and the authors of this paper 
are indebted to his able discussion of the question for the stimulus to under- 
take this research. 

According to the Wentzel-Druyvesteyn “spark line” theory the satellites 
are to be ascribed to electron transitions between multiply ionized states. 
The difference in frequency between the satellite and parent line is thus 
ascribed to a change in nuclear screening. This would require the atom emit- 
ting such a satellite to have lost at least two electrons from the high energy 
states (inner levels). As Richtmyer points out, this can occur either in two 
successive processes in which case the satellite should be extremely faint 
relative to the parent line and should vary in intensity as the square of the 
x-ray tube current or in a single process in which case the excitation potential 
of the satellite must be considerably higher than that of the parent line. 


! Richtmyer, Journal Frank. Inst. 208, 325-361 (1929) 
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On Richtmyer’s “double-jump” theory of satellites on the other hand the 
atom emitting the satellite is supposed to execute two electron transitions 
which simultaneously cooperate to produce one quantum of radiation. One 
of these transitions has as final level the level belonging to the series of the 
parent line. The other transition is one of relatively small energy between two 
outer atomic levels. Assuming that an atom is prepared for such a state of 
affairs by ionization of an outer and an inner level in one process, only very 
small differences need exist between the excitation potentials of satellites 
and their parent lines. 

In view of these considerations, we have therefore in this research in- 
vestigated the following questions. 

(1) Dependence of satellite intensity on voltage with constant current. 

(2) Dependence of parent line intensity on voltage with constant current. 

(3) Ratio of intensities of satellite to parent line. 

(4) Dependence of satellite intensity on current at constant voltage 


DESCRIPTION OF APPARATUS 


The complete double crystal spectrometer outfit used in this work is of a 
new and original design and as a detailed description of it is to be given in a 
separate article soon to be published, it will only be briefly deseribed here. 

The ionization chamber is solidly fixed on top of the Hoffman vacuum 
binant electrometer with a very short wire connecting the collector to the 
suspension of the electrometer through a large diameter short evacuated 
sleeve. The capacity of the whole insulated system is about 12 e.s.u. The 
Hoffman vacuum electrometer affords high charge sensitivity and great 
stability. In order to reduce the fluctuations in ionization readings caused by 
radioactivity of the ion-chamber walls the chamber was built 25 cm in diam 
eter. The chamber walls were grounded and the saturation potential was 
applied to an internal grid of fine nickel wires just large enough to enclose 
the x-ray beam and the collector. Particles emitted from the walls thus fall 
short of the grid and the ions they produce do not reach the collector.’ 
The insulator used was quartz. The chamber was filled with about an atmos 
phere of methy! bromide and the internal grid was long enough so that 98% 
of the energy of the x-radiation as hard as molybdenum K series could be 
absorbed. The window consisted of a thin slab of very light wood known 
as Balsa wood treated with paraffin to make it gas tight. It had quite a 
large opening about 2.58 cm. The inner surface of the window was coated 
with an extremely thin sheet of aluminum beryllium alloy 0.0002” thick at 
the same potential as the grid. In this way, surface charges could not collect 
on the window and influence the collector. The entire system of ionization 
chamber and electrometer stood solidly fixed on a concrete slab. The ioniz 
ation chamber and electrometer were standardized at frequent intervals with 
a radioactive source in a heavy lead case with a removable lead cover at a 
fixed distance of about a meter from the chamber. The radioactive source 


* We have since learned from A. H. Compton that he has previously built ionization cham 
bers of this type 
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was equivalent to 0.0547 mg of radium. It was necessary to use such a weak 
source so as not to disturb other workers in the laboratory. From time to 
time, the source was checked against a radium standard. By these pre- 
cautions, it was possible to insure that intensity readings taken with the 
ionization chamber on different days might be strictly comparable. With this 
apparatus it has been found possible to reproduce single readings to within 
about 3600 ions per second. Probably not all of this uncertainty is ascribable 
to the ion chamber and electrometer. This is equivalent to an uncertainty 
of 5.6X10-" amperes. Currents of 6X10-™ amperes can therefore be 
measured with 1 percent accuracy in a single observation. The authors hope 
to improve these figures by certain projected refinements. 

The calcite crystals are mounted on pivots 12.5 cm apart and are rotated 
simultaneously through equal and opposite angles with respect to the line 
of centers of the pivots by means of two lever arms 43.5 cm long actuated one 
by a right the other by a left hand screw thread on one and the same shaft. 
A second similar mechanism geared to the first through a 2:1 gear ratio 
serves to rotate the x-ray tube source around the pivot of the first crystal 
at twice the rate of angular speed of the crystal and also to rotate the 
entire system of x-ray tube and spectrometer around a fixed pivot under and 
in line with the pivot of the second crystal so that the outgoing beam from 
the second crystal always remains lined up with the window of the ion- 
ization chamber. The entire mechanism permits the exploration of a range 
of two degrees for the grazing angles of incidence with the crystals without 
resetting the crystals. The smallest divisions on the drum correspond to 
10 seconds of arc for the grazing angle and tenths of these divisions are 
easily estimated. All backlash greater than 15 sec. of arc is eliminated with 
helical steel springs. The entire apparatus is surprisingly simple to con- 
struct involving scarcely any very precise machine work and is very conveni- 
ent to operate. Great precautions were taken at the start to insure the proper 
orientation of the crystal faces. These faces were accurately set at a definite 
known angle with the line joining the centers of their pivots and accurately 
parallel to their axes of rotation and as nearly as possible coincident with their 
axes of rotation by means of a spectrometer fitted with a Gauss eyepiece. The 
above described design makes it possible to explore a large range of wave- 
lengths by turning a single drum without having to re-set the crystals. The 
mutual rotations of the elements of the apparatus insure that the same 
parts of the surfaces of the two crystals are reflecting the x-rays at all times. 
This eliminates errors due to (1) Crystals having different reflecting power 
in different parts of their surface. (2) Reduction of intensity due to part of 
the beam not falling on the crystal. (3) Changes in intensity due to the 
beam passing through different parts of the x-ray tube window or the ioniz- 
ation chamber window. 

The x-ray tube was an ordinary water-cooled Coolidge type fitted with a 
copper target to which we have added a side window of mica 12 X3 mm and 
about 0.0008 inches thick. Charcoal and liquid air are used to maintain 
a very good vacuum. We are much indebted to Samuel K. Allison for 
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details of technique in making this window and also for his ingenious method 
of accurately controlling the filament heating current on the tube with a 
mercury column resistance. (Originally due to Paul Kirkpatrick). 

A very convenient shielding box for enclosing the x-ray tube is made out 
of micarta tubing large enough in diameter to slip over the bulb and long 
enough completely to cover the tube. The micarta tube is wrapped outside 
with several layers of “leaded rubber” such as is sold by medical supply 
houses for the protective aprons of réntgenologists. A shielding box so 
constructed of insulating materials can be made much smaller and lighter 
than the large metallic lead boxes ordinarily employed. This is essential 
for the spectrograph here described since the tube in its shielding box must 
rotate around the pivot of the first crystal when the wave-length settings 
are being made. 

The high tension generator was manufactured by the Wappler Co 
and consists of a high tension transformer, two valve tube rectifiers and a 
mica condenser in oil. It has proved very stable in operation. A rough 
estimate of the ripple has been made for the voltage of excitation of the K 
lines of copper by the use of a Western Electric Braun tube oscillograph. 
The ripple is not more than 10%. The authors do not believe that the con- 
clusions drawn from the results here described would be greatly affected by 
the complete elimination of this ripple. The voltage output to the tube has 
been carefully calibrated at 5.6 m.a. load from 6 to 14 kilovolts by measuring 
the current through about 2.5 meg ohms consisting of a number of large 
standard resistances in series. This curve was extended upward by means of 
an Abraham & Villard electrostatic voltmeter and a point at about 50 k.v. 
was checked with a measurement of the short wave-length limit with a 
Seemann Spectrograph. The short wave-length limit was also observed for 
the crystal setting at which Ka; was found and the voltage calibration could 
thus be checked accurately at this important point. 

The radiation passed through two openings—one near the tube and one 
near the ion chamber—whose height limited the angle of “cross fire” through 
the spectrometer to 2.4° or 1.2° deviation from a plane normal to the edge 
of the dihedral angle formed by the two crystal faces. 

The two crystals used were cleaved from the same block the faces pre- 
viously in contact being used. The crystal was of unknown origin. It was 
obtained from Wm. Gaertner. The dimensions of the faces are 4.67 cm 
These crystals are not of as high precision as those reported by some investig- 
ators; however, they give a line breadth at half maximum for the molyb- 
denum lines of 0.4 X.U. The copper lines have a breadth at half maximum 
of 0.60 X.U. with these crystals. 


METHOD 


A spectral curve was first run for the Ka; and a, of copper in order 
accurately to establish fixed points on the scale of angle settings. This curve 
is shown in Fig. 1. It will be noted that the background appears absolutely 
flat at the point marked Ka; where the satellite should occur. The intensity of 
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Ka; in the case of copper is so low, that it is quite imperceptible plotted to 
this scale. In order to bring out the line, it was found necessary to take 
every precaution to reduce the background of the ionization curves. This 
background is doubtless due to four causes: 

1. The continuous or “white” x-radiation. This is probably very small 
with the double crystal spectrometer since this instrument selects an 
extremely narrow band of wave-lengths. It was reduced by diminishing 
the vertical divergence of the beams in the spectrometer. 
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Fig. 1. Ka;, a: of copper before taking precautions to reduce background in the neighbor 
hood of a;. Note that a, is quite imperceptible. The abscissae represent the 


grazing angles between x-ray beam and calcite crystals 


2. The natural leak of the electrometer and ion chamber. This has been 
reduced to an extremely low value by the precautions mentioned in describ- 
ing the apparatus. 

3. Nonselective scattering (Compton modified) from the crystal faces and 
fluorescent radiation from the crystals. 

4. Direct leakage of x-rays from the tube to the chamber without 
selective reflection from the crystals. 

It was found that the last two causes of background could be greatly 
reduced in the case of copper radiation by using a thin sheet of nickel as a 
filter to cut down the bulk of hard white radiation from the tube without 
greatly reducing the line intensity. The filter was a sheet of nickel rolled 
down to about 0.0005” thick. Further reduction in the background was 
accomplished by great care in the arrangement of lead shields diaphragms 
etc. to preclude x-ray leakage and scattering to the highest possible degree 
and by reducing the vertical divergence of the x-ray beam through the 
spectrometer. We have succeeded in obtaining background ordinates of 
less than 1% of the maximum ordinate of Ka;. See Fig. 2. This corresponds 

























































804 JESSE W. M. DUMOND AND ARCHER HOYT 


to only about double the spontaneous ionization observed by Millikan for 
this vicinity. 

The procedure was then to run a spectral curve of Ka; holding the primary 
voltage and the tube current very accurately constant. It was found 
necessary to run all such curves after midnight to have the necessary 
constancy of the power supply. The attention of one observer was almost 
completely occupied holding the milliamperes constant as observed with a 
telescope and cross hairs focussed on the needle and keeping the primary 
voltage constant throughout the run. Time of drift of the electrometer was 
observed between two fixed points on the scale with a stopwatch. In general, 
only one or two curves could be taken in a night. 
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Fig. 2. Typical spectral curve of K a, after taking full precautions to reduce background. From 
such curves as these the areas were taken for the purpose of determining a intensities 


Although the background looks perfectly flat in the vicinity of Kay in 
Fig. 1 when the sensitivity becomes sufficient to give good observations on 
Ka;, the background is found to be increasing quite rapidly in this region. 
The “foot” of Ka; which is imperceptible relative to that line appears as a 
steep slope relative to the low intensity of Ka;. Figs. 3 and 4 show the spectral 
curves taken on Ka; at various voltages all for the same current of 5.6 m.a. 
The enormous difference in intensity of the satellite and its parent will be 
appreciated when it is realized that the “saddle point” between a and a is 
about four times as high as the largest ordinates plotted in the curves of 
Fig. 3. The large background ordinates at 37’ in the curves of Fig. 3 are 
only about 1/50th(!) of the maximum ordinate of ay. 
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Fig. 3. 





Spectral curves of Kas. 


which appears at the lower voltages. 


The area between the Ka; line and the interpolated 
background is taken as a measure of the intensity of the line. The sensitivity of the ion chamber 
and electrometer were calibrated in each case by taking the time for 10 cm deflection caused 
by y rays from a radioactive source kept ina fixed position with respect to the apparatus. The 
calibrations are recorded on each curve shown. The ordinates of these curves are 10° times the 
reciprocals of the time in seconds required for a given number of cm deflection the number of 
cm being indicated as the subscript of the time. Note the partially resolved doublet structure 
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The intensity of a; for the different voltages was obtained by inter- 
polating the background curve under the region of a; as shown in the 
figure. This was done graphically with a spline. The areas of Kas were 
then measured with a planimeter and checked by counting squares. These 
areas were then corrected according to the radioactive standardization of 
sensitivity for the time when the curve was taken. Not all the curves were 
observed for the same total deflection of the electrometer (in order to save 
time in the slow deflections) and this introduced another multiplying factor 
in the computation of the intensities from the measured areas. The different 
curves of a; are plotted to different ordinates scales introducing a third factor 
The necessity of interpolating the background admittedly introduces an 
uncertainty in the measurements, but it is not possible to eliminate this. 
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Fig. 4. Spectral curve of Cu Kay; at the lowest voltage where it was observed with cer 

tainty. Note the doublet structure. The actual observed points as well as the average curve 
are shown. The voltage here employed differs from the excitation voltage of the K series of 
copper by only 1.75 k.\ 
From attempts to draw this interpolated background in different ways 
consistent with the background at considerable distance on either side of 
Ka; we have concluded that the uncertainty in area ascribable to this 
graphical interpolation is probably less than 5% of the total intensity in any 
case. Fig. 4 shows rather clearly a doublet structure in Ka; the separation 
of the components being about 2 X.U. Since it is the lowest intensity and 
voltage at which Ka; was observed with certainty, it is of especial interest. 
The voltage here differs from the excitation voltage of Ka, by only 1.75 k.v. 
Traces of the line were even thought to be detected at 9.75 k.v; but these 
results are rather uncertain. 

A set of curves which it is not necessary to reproduce here was run for the 
line Kay, in the same way and for the same voltages and current as those 
shown in Kas. 

















CU K SATELLITE EXCITATION 807 


RESULTS 


Dependence of intensity on voltage. The intensities both of Ka; and Ka, 
are plotted (to different ordinate scales) as a function of the voltage squared 
in Fig. 5. Itisseen that the intensities vary with voltage in almost identically 
the same manner. By projecting the nearly straight characteristic curves 
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Fig. 5. Intensity of Ka; and Ka; as a function of voltage. These curves show how little 
difference (if any) exists between the excitation voltages of a; and a, 
(72/3 ys k.v.) is plotted for Webster and Clark's relation J =«x(V — Vo)* 
(I vs. (k.v.)*) is plotted for Wooten’s relation J = C(V?— V%) 


The upper curve 
? while the lower curve 


until they intersect the axis of abscissae the difference in excitation potential 
between Ka; and Ka, is estimated to be less than 200 volts. These projected 
intersections are not the excitation voltages themselves, but from the work 
of Wooten* it seems safe to assume that these intersections will serve to 


®’ Wooten, Phys. Rev. 13, 71 (1919). 
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indicate any difference that might exist in the excitation voltages of Ka; 
and Kay. 


The upper curve in Fig. 5 represents J*/*vs.k.v. This method of plotting 
was adopted in order to rectify the curves in accordance with Webster and 
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Fig. 6. Absolute ratio of Ka; to Ka; intensities from areas of spectral curves and also from 


maximum ordinates of each line at different voltages 
Clark’s‘ observed intensity relation / = K(V—V,)*. It has the advantage of 
giving a smaller fillet in the region near the critical excitation voltage. This 
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Fig. 7. Intensities of Ka; and Ka, for voltages up to five and one half times excitation voltage 


method of plotting also leads to the conclusion that Ka; differs in excitation 
voltage from Ka, if at all by less than 200 volts. 


In Fig. 7 the intensities of Ka, by areas and ordinates and Ka; by areas 


* Webster and Clark. See Siegbahn’s “Spectroscopy of X-rays,” page 94. 
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are plotted up to 5.5 times excitation voltage. No very striking difference 
appears between a and a;. On the whole the ratio Ja;/Ja; seems to increase 
slightly with decreasing voltage, see Fig. 6, down to about 15 k.v. This sug- 
gests a slightly higher excitation voltage for Ka; than for Kay. 

Below 15 k.v. however the ratio appears to decrease again. The diffi- 
culties of measuring Ka; in this region make this decrease uncertain. 

Kaz; is 6X.U. harder than Ka,. This corresponds to about 35 volts. If 
Richtmyer’s “double jump” hypothesis is correct, this extra energy might 
be assumed to be contributed by a peripheral electron dropping to say an M 
level of about 35 volts. It should then require at least 35 volts or perhaps 
slightly more to ionize such an M level preparatory to such a transition. 
Since the target of the x-ray tube is a solid body it seems probable that the 
M electron would have to be ejected beyond the densely packed levels of the 
conduction electrons satisfying the Fermi statistics.°.* This would however 
require about 7 volts more. At the worst the Richtmyer “double jump” 
hypothesis could hardly require the Ka; line to be excited at voltages much 
more than 50 volts above the parent line, which is entirely consistent with 
the results reported in this paper. 

The low intensity observed for Ka; of copper is also consistent with 
Richtmyer’s hypothesis since the intensity of such a double transition 
depends on the “coupling” of the eigenfunctions for the four states involved 
which should be very much lower for copper than for the lighter elements 
in which Ka; appears more intensely. 

2. Ratio of intensities. The ratio of intensities of Ka; to its parent Ka, 
based on areas is roughly constant for all voltages well above the excitation 
voltage and is found to be about 1:120. (See Fig. 6) The ratio of maximum 
ordinates of Ka; to Ka; is much larger than the ratio of areas because of the 
greater breadth of a; due to its doublet structure. This ratio is less accurately 
known but it is of the order of Ja;/Ja;=440. 

3. Dependence of Kas; on current. This question was investigated by run- 
ning two spectral curves of Ka; at the same voltage 17 k.v. one for 5.66 
m.a. and one for 10.88 m.a. tube current. The conclusion from the measured 
areas is that the intensity of Ka; is accurately proportional to the first power 
of the current not to its square. 

CONCLUSIONS 

Although the difficulties and uncertainties of measurement of Ka; 
as a function of voltage caused by its extremely low intensity as compared 
to its parent line are admittedly considerable, it seems safe to conclude from 
this work that Ka; is excited at only very slightly higher voltages than 
Ka, the difference in excitation voltage being of the order of a few percent. 
It does not appear to us possible to explain the origin of Ka; of copper on the 
Wentzel-Druyvesteyn “spark line” theory. On the other hand, the results 
seem to be in accord with Richtmyer’s “double jump” hypothesis. 


5 A. Sommerfeld, Zeits. f. Physik 47, 1-60 (1928). 
6 Jesse W. M. DuMond, Phys. Rev. 33, 643 (1929). 
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ABSTRACT 


In this paper we show that the formalism of O. Klein’s version of the five-dimen 
sional relativity can be interpreted as a four-dimensional theory based on projective 
instead of affine geometry. The most natural field equations for the empty space- 
time case are a combination into a single invariant set of the gravitational and elec 
tromagnetic field equations of the classical relativity without modtfication. This seems 
to be the simplest possible solution of the unification problem. 

When we drop a restriction on the fundamental projective tensor which was im 
posed in order to reduce our theory to that of Klein a new set of field equations is ob 
tained which includes a wave equation of the type already studied by various authors 
The use of projective tensors and projective geometry in relativity theory therefore 
seems to make it possible to bring wave mechanics into the relativity scheme 


1. INTRODUCTION 


HE five-dimensional theory of relativity in the form in which it has been 

developed by O. Klein and others from the basic idea of Th. Kaluza,' 
need not be regarded as a five-dimensional theory. Its significance will be 
better understood if it is treated as a field theory of the four-dimensional! 
space-time manifold of the ordinary relativity theory. But this field theory 
is stated in terms of what we call projective tensors to distinguish them from 
the classical or affine tensors. The projective tensors have sets of 5* instead 
of 4* components. Moreover they have in each coordinate system not one 
but an infinity of components dependent on a parameter x°. The components 
are functions of the form 


a 3 9 a::B : 
Te...7 = e** fe...r(z'x*x* x‘), rs 

where x'x*x*x‘ are the coordinates, and N a constant which we call the index. 
We call the parameter x° the factor. The subscripts and superscripts a, 
go °° * take on the values? 0, 1, 2, 3, 4. 

The projective tensors arise in the generalized projective geometry which 
may be briefly characterized as follows: 

With any point (x'x*x*x‘)=.x of space-time there is associated an _ infinity 
of sets of differentials (dx'dx*dx*dx‘)=dx. These differentials are arbitrary 
numbers and may be regarded, in the usual manner of modern differential 


1 Th. Kaluza. Sitz. der Preuss. Akad. 966 (1921). 

O. Klein. Zeits. f. Physik 37, 895 (1926); 46, 188 (1927). 

A. Einstein. Sitz. der Preuss. Akad. 23; 26 (1927). 

? We shall throughout this paper adhere to the convention that Greek suffixes shall take 
on values from 0 to 4 and Latin suffixes only the values 1 to 4. 
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geometry, as coordintes of another four-dimensional space, which we call 
a tangent space of the original underlying space. The point dx=0 is identified 
with the point x and will be called the point of contact. Thus to each point 
of space-time we have an associated tangent space. As usually studied in 
terms of the classical tensor analysis these tangent spaces are affine spaces. 
The theory of these tangent spaces together with the underlying space 
becomes a Riemannian geometry if a Euclidean metric is introduced in 
each tangent space by means of a quadratic differential form which we may 
write, remembering our convention regarding Latin indices, as 


g,,dx'dx 


These tangent spaces can be converted into projective spaces by intro- 
ducing points at infinity in the usual manner in each of them. The projective 
spaces can be studied analytically by means of homogeneous coordinates, 
(X° X! X? X* X*) and projective tensors. For the generalised projective 
geometry which thus arises the reader is referred to two papers by O. Veblen, 
“Generalised Projective Geometry,” Journal of the London Mathematical 
Society, Vol. 4, p. 140 and “A Generalisation of the Quadratic Differential 
Form,” Quarterly Journal of Mathematics, Oxford Series, Vol. I. p. 60; we 
shall refer to these papers as P. G. and Q. F. respectively. These papers con- 
tain references to the previous work on the generalised projective geometry 
by Weyl, Cartan, Thomas, Eisenhart and others. 

The formalism of the generalised projective geometry includes a device 
which depends on the fact that there is a (1-1) correspondence between 
the points of the original four-dimensional space-time and a certain congruence 
of curves in a five-dimensional space. This congruence is such that in a 
particular coordinate system each curve is defined by the conditions 


constant 


= 


| 


= anything. 


Now the “sharpened cylinder-condition” which appears in Klein's, and in- 
dependently in Einstein’s, work on the Kaluza idea means that there is an 
invariant congruence of curves of exactly this sort in the five-dimensional 
space which they consider. Our point of view is that this five-dimensional 
space is without physical significance. It is merely a mathematical device to 
represent the points of space-time by the curves of an auxiliary 5-space.* 
But in using this device we are dealing with the projective rather than the 
afhine theory of space-time. 


* This point has been very clearly made by H. Mandel, Zeits. f. Physik 45, 285 (1927), 
and Phys. Zeits. XXX (1929). This device is, at bottom, the same as that of using homogeneous 
coordinates in ordinary projective geometry. For this can be thought of as a representation 
of the points of a projective n-space by a congruence of lines in an affine (n+1)-space. This is 
very clearly explained in a forthcoming paper, “The representation of projective spaces on 
affine spaces” by J. H. C. Whitehead, to be published in the Proc. Lond. Math. Soc. 








812 OSWALD VEBLEN AND BANESH HOFFMANN 


2. ASSUMPTIONS AND DEFINITIONS 
We shall now presuppose the generalized projective geometry as developed 
in P. G. and Q. F. In particular we assume that the homogeneous and non- 
homogeneous coordinates in tangent spaces are connected by the formulas 


dx l ee A; dx 
X* =m - and X® = : 
1 A 


Nm 
_ 


in which A is a projective scalar (which in Q. F. was taken to be of index 1) 
and 
0 log A 
le = ». )) 


a x2 


Thus 


is the equation of the hyperplane at infinity in each tangent plane. The 
inverse of (2.1) is 


X 
A,X* 


dx = 


In Q. F. we have the theory of a symmetric projective covariant tensor of the 
second degree, Gas, which may be thought of as determining a Cayley metric 
in each tangent space. The equation 


GapX*X*° = 0 3 


is unaltered by a change of coordinates and determines a unique quadric locus 
in each tangent space. The point of contact of the tangent space with the 
underlying space has homogeneous coordinates such that 


X' = 0. 


The tangent lines to the quadric from this point meet it in points which all lie 
in a hyperplane 


GaoX* = 0. 4 


The tangent lines generate a quadric cone with its vertex at the point 
X‘=0. The equation of this cone is 


Gaa0 
(Gus = )xexs = (). 
Goo 


Gas GadGgo 
— — = g 
Sap 


Goo GooGoo 


If we set 


we see that 


ga0 = 0 
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and that this cone may be written 
gidx'dx’ = 0 


in nonhomogeneous coordinates. We shall identify the coefficients g,;; with the 
gravitational potentials of the ordinary relativity. 


Vag 


Fig. 1 
Let 
Gao 


Goo 


= Qa. 


Then ¢, is a projective vector of index zero such that 
oo = 1. 


We shall identify the components ¢; with the potentials of the electromag- 
netic field. 

This treatment of the electromagnetic potentials as components of a 
projective vector is justified by the law of transformation. Under a pure 
transformation of coordinates 


~~ 
II 
id) 


oe 
Il 


‘ 
the components ¢; transform like components of an affine vector, 
Ox? . 
>: = o7—> b0= do, 


whereas under a change of factor 


{2 = Ss. 
Le = x9 + log p(x", x*, x, x) 
we have 
d log p 
oi = ¢% ———) 0 = do. 
Ox’ 


Thus, under a change of factor ¢; changes by the addition of a gradient and 
so in any coordinate system is determined only to within an additive gradient, 
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which is the well-known property of the vector potential of the relativistic 
Maxwell field. We have also that the projective tensor 


1 (— ned 
$a3 = —— —- — 
2 \dx® Ox* 


and thus @¢,; is affine and therefore uniquely determined in a given coordinate 
system. 


is such that 


The equation of the hyperplane (2.4) in non-homogeneous coordinates is 


(do; — A;)dx' +1 = 0. (2.6) 


From the general theory Goo is a projective scalar of the same index as the 
projective tensor Gas. If we denote this index by 2N, 
@p = (Goo)! 
is a projective scalar of index N and 
1 dlog ® 
®. = - a 
N @x* 


is a projective vector—a projective gradient—of index zero subject to the 
invariant condition 


Then 


is a projective vector such that 
and hence such that 6; are the components of an affine vector. The latter can 


be regarded as a normalized vector potential for the electromagnetic field. 


It is possible to make the assumption 
p! N = A (? 


; hh 


which makes the relation between homogeneous and nonhomogeneous co- 
ordinates depend on the fundamental projective tensor G.s3. This also reduces 
the equation of the hyperplane (2.4) in nonhomogeneous coordinates from 
(2.6) to the form 


O6dx' +1 = 0. (2.8) 

3. ResuME OF FORMULAS 

From the definitions in the last section we have 
Gas = P*( gas + Pads) = Pv 03 (3. 1) 


where Ys is a symmetric projective tensor of index zero, having yoo= 1, 
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Let y** be defined by the equation 
Ye = 5s", 
and g*’ by the equation 
g gin = 8;*. 
It is found that 


are = g*? 


y" = — gi, y" = 1+ g''¢9;. 


Also that if y is the determinant of the quantities y.s and g the determinant 
of ga, that 


Y= &. 


Whenever we have a projective tensor we shall raise and lower indices by 
means of the y’s; but for an affine tensor we shall employ the g's. We shall 
adhere to the further convention that whenever an index is raised it is the 
first index. For example consider the affine tensor 


1 (= =) 1 = = 
é:; = eaten = = 
2\d0x? Ox' 2\0x? Ox 
defined in §2. We write 


o; = gi*di;. (3.2) 


Note that this fixes the sign of >. 
There is a projective connection defined by the Christoffel formulas 


a l oy Ye 0 Yos 07 By 
ly = —y*( — + — - —). 
2 Ox? Ox? Ox’ 


Its formal properties are the same as those of an affine connection in a space 
of 5 dimensions with a cylinder condition. Geometrically it defines an 
infinitesimal projective displacement from any tangent space to a “nearby” 
tangent space as explained in Q. F. §7. “Projective differentiation” is defined 
by the same formula as covariant differentiation and indicated by a semi- 
colon. Thus by the definition of ! we have 
OY as 0 o 
Vebiy = —— — Yoo! py — Varley = YO. 


Ox? 
From, I'g, we can form the “projective curvature tensor” 
al a 
a dl By dl Bé ‘ x 


, ," .. ,* 
Bays = in _ Pei. + I'3,1 fa | €7> 
dx? Ox’ 
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the generalised Ricci tensor 

Bss = Baas, 
and the projective scalar 

B = >"*Bs;. 


We note that these quantities are of zero index; it follows that B is at the 
same time a projective scalar and an affine scalar. 

For any projective tensor 7,3, of zero index it follows from the laws of 
transformation that 7" is an affine tensor; 7‘ is an affine vector; Jo is an 
affine scalar. Moreover these affine tensors completely determine the pro- 
jective tensor when 7,3 is symmetric. 

Now let us denote the affine curvature tensor found from g;; by R‘;.; and 
let 


R;; = Rigi and R= g"R 


Then we find‘ 


Bii = Rii + 2g"'9,¢, 
is 1 o(p'*(g)*’*) 
By =¢,. = — 
g! ‘ Ox? 
st 
Boo = 10s . 


Moreover we have 
s t 
B = R — @OiQ;. 
All this is derived more in detail in Q. F. 
4. Fietp Equations, ®=1 


In the classical relativity the field equations are obtained by adding the 
Einstein tensor, 


Rit = 3g" R, 
representing the gravitational part, to the tensor, 
S'i = god. + 3g''bids 


(as to the signs (see (3.2)) representing the electromagnetic part, and equat- 
ing the sum to a stress-energy-momentum tensor 7"; thus 


Rii — 3g4R + aSii = BT, 


where a and 8 are constants depending on the units used. There is also the 
set of Maxwell equations 


o,.= J' 
where /‘ represents the current vector. 


* We shall denote covariant differentiation with respect to the g’s by a comma. 































PROJECTIVE RELATIVITY 


In generalizing this we first form a tensor, 
las = Bas — bys B, 


analogous to the Einstein tensor. By appeal to the five-dimensional repre- 
sentation it is evident that this satisfies projective divergence conditions 
analogous to those satisfied by the Einstein tensor, i.e. 


Foe = 0. 


In this formula we must remember that the indices are raised and lowered 
by means of y** and yas and that the projective differentiation indicated 
by the semicolon is with respect to the projective connection I4,. 

As field equations in vacuo we propose 


Pos — Padsl = 0. (4. 1) 


These expand into the equivalent affine equations, 


Rii — 2gR + 2S = O. (4.2) 
o,=0 +.3 
R= 0. 4.4) 


Equation (4.4) is not independent but is the result of contracting the first 
group with respect to g;;.. Hence our field equations are essentially (4.2) and 
(4.3) which are identical with those of the classical relativity. Hence the 
equations (4.1) afford a solution of the unification problem by combining 
the field equations for gravitation and electromagnetism into a single in- 
variant set of equations. This is done without changing the physical signi- 
ficance of the quantities g;; and ¢; in any way. But whereas the geometry 
underlying the pure gravitational theory is affine, that underlying the com- 
bination of gravitational and electromagnetic theory is projective. 


5. VARIATIONAL DERIVATOIN OF THE FIELD EQUATIONS 


The field equations (4.1) are necessary conditions that the quadruple 
integral 


| B(g)'!*dx'dx*dx'dx* 


shall be stationary under variations of the functions yas. In calculating the 
variation we follow an elegant method due to Palatini.’ The functions 63, 
are the differences of the components of two projective connections and are 
therefore components of a projective tensor. Taking the covariant derivative 
of this tensor we have 


5 Attilio Palatini. Rend. del Circolo Matematico di Palermo XLIII, 205 (1919) 
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s . « 
aan. 0(6I's,) aoe “ee “ ee ome © non 
(6I'g,)is = mini (60s) ys = (6P.4) a5 + (60 3,) Tes 
ox? 
We thus have 
- a o ,@ m a 
(613, ) ,- (dI'gs);, = 6Bs.5. 


and so, contracting with respect to a and 7 


a a 
(61 Ba}ii (6! pi)ia = 5 Bsg;. 
Hence 
865 B we 1. 88 1 e, ; ie sr é ) 
y""0Dsg3 »Y” (Ol Ba yr LOL Ba) § 


So, remembering that g =~, we have 


| y*( 7)! *6 Basd v'dx*dx'dx' 


0 a fe) 
? ~Ly?*(T'sa)(g) = y°*(5'3a)(g)! \dx'dx2dxidx'. 
e Ox! 


Since the expression in the square brackets is independent of x® this integral 


1S 


"d il 
= | [y®*(6l'sa)(g) — y®*(6l'ga) (2) |dx'dx*dx8dx* 
Ox 


=(, by the generalized Green’s theorem. We have, therefore, 


6 J B(g)'"dx'dx*dx*dx' = feastir=9(9) *\dx'dx*dxidxt = 0 


Remembering that dy = —y yasdy*, this reduces to 
[rc *Oyagdx'dx*dxidxt = 0. 


Since Yoo = 1, byoe =0, but the remaining dy’s are arbitrary. Hence we deduce 
that 


['# = bo%yK 


where K is some function of x', x’, x’, 


have at once 


x‘. Contracting by means of yas we 


r= Kk. 
Hence the condition for a stationary value of the integral becomes 
res — $931 = 0 


or, in covariant form (4.1). 
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The equations ['.3 —¢.2¢sT = 0 may also be derived, without assuming that 
@=1, as the conditions that the integral 


f 2@ 2dx'dx*dxidx* 


be stationary with respect to variation of the functions G**. Since B(g)'” 
is independent of ® we have as before 


0 = sf BC) *dx'dx*dx'dx‘ = J rato *SyMdx'dxtdxidx'. 


But 
v8 = 8G? = GoGe 
and 
EGoo = 6 GoeGyG™) 
= Goaliog8G + 2Gy.GiGog 
= Golo” — 2G oalrogfG 
= — Goi'G. 
Hence 


by = G%SGoo + GoogG = GopdG2® — Goon tG"G"™, 


and so we must have 
fo. Goo — YoalosI")(g)!/2G*dx'dx*dxidxt = 0 


giving, since we are assuming that +0, 


Das = Gadsl’ = 0. 


6. FIELD EQUATIONS, ANY INDEX 


It is natural to inquire next what sort of a theory arises from a study 
of a projective tensor G.s of arbitrary index N. In case V0 there is a pro- 
jective connection IIg, which satisfies the equations® (Cf. Q.F. §5) 


IGas 


€ ‘ € ‘ 
Hayles = I1g,Grac = \. 
Ox? 


Gas , = 
The components IIg, are Christoffel symbols of the second kind in terms of 
the G.,’s, but it is more convenient to express them in the form 


Igy = Igy + N(5s"@, + 5,°D3 — y5,%%), 


where Ij, is the projective connection employed in §3, and the indices of 
projective tensors are raised by means of the y’s. Denoting the curvature 
tensor of the II’s by P3,,; and its contractions by P.s and P we have (as in 
Q.F.) 


“ 


® We shall use the solidus “/” to denote projective derivation with respect to II,*. 
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a 


Pars = Pas = Bag + 3N( Pais — N®PaP3 + N&O’ Deya3) + NYasP’ie 
and 
P = B+ 8N4,;" + 12N°6°4,. 
The tensor analogous to the Einstein tensor is 
Tas = Pas — dyasP.- 


The field equations analogous to those of §3 are 
dads F = VU. 


These are expressible as the affine sets 


rii = () 
P,' ={0 
and 
T r=(Q 
The last equation is an algebraic consequence’ of the set 7‘’ =0. 


Thus once more there are only fourteen algebraically independent equations 
involving the fifteen quantities Gag. 

The affine form of these equations may be obtained by using (5.17) 
to (5.20) of O.F.: 


3A 
gi = I" j g a@gib 6, . + A; = 3N 206 
? 
3N*g 1+ 679.) + 3Ng¢g 19? = (). 
P, = Bo — 3NG6 6‘ + 3N°%' = O. 
and for completeness we give 
To x= R QN@ + 12N2+ 15N*00' = 0 


As already remarked, the last equation is a consequence of the first set. 
The significance of this equation comes out more clearly if we write it in 
terms of the projective scalar ®. From (5.8) and (5.11) Q.F. we see that it is 


R — 3N* + 9N®’;, + 15N*O°O, = 0 


On making the substitution 


? This is a special case of a general theorem. If Agg is any projective tensor 
a8 


A = Vase 


=(ga8+¢aos)A™ 


= 9; Ai + 6,75 BA. 
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this becomes 
0*y 7 OW 5 
vas — — Ty )+ (R — 3N2)y = 0 
Ox%0 x? Ox’ 
or 
1 0 : Ow 5 , 
a (g)*/*ys8—— } + —(R — 3N*)y = 0. 
(g)'/? Ox dx? 


This may be regarded as the relativistic wave equation studied by Klein, 
Gordon, Fock, and others.* 
To be explicit, we may write it as 


1 0 oy 10N oy 5N 1 ] i 
wera~ws | to 1 mione ees ie. Farieeroerey” arene. te o,' aebe, 
(g)'/* Ax c 3 Ix , 


Ix? Ox" 3 (g)' dx 
25N 5 20 
+ —g''o0" + R + —N* Wj) = 0 
9 27 9 
If we set 
; 3am 
N= 1 
(5)'/*h 
2 € 
>; = -| 
(5)! mi 


we have 


1 0 oy 4rie __— oy 2rie 1 0 ' 
ryrerntiewer (ita!) ietenged Releeres self re tehennmedirycrr ore, ited ale 


(g)'? Ox" Ox! h Ox* h (g) Ox* 
4ire° an 5 4a?m*¢ 
— mgt) Ve + (—R ~ ——— = 0 
h* 27 h? 
and when g*/ have the values 
100 0 
, 2 ¢ gg 
0 01 0 


\ 0 0 0 -c 


R vanishes and it becomes precisely the relativistic wave equation in a 
gravitation-free field. 

The wave equation is invariant in form because the component 7 of 
any projective tensor 7. is a projective scalar. This corresponds to the fact 


® See for example—O. Klein. Zeits. f. Physik 37, 895 (1926), V. Fock, Zeits. f. Physik 39, 
226 (1926), W. Gordon, Zeits. f. Physik 40, 117 (1926). 
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observed by several authors’ that we may alter the four-potential ¢; by a 
gradient provided we multiply the quantity V by a suitable function. This is 
the effect of a change of factor. It is to be noted further that since 6; is affine 
it is unaltered by a change of factor. The wave equation may thus be looked 
on as the normalizing condition satisfied by the affine four-potential 6. 

We have been unable as yet to obtain satisfactory results from an attempt 
to interpret the terms involving 6; in the other field equations as a quantum 
expression for the material tensor of the older theory. 

The field equations, 


Tas — Pads = V 


thus seem to bring the wave mechanics automatically into the relativity 
scheme of things. The difficulty is however that we do not know enough 
about the consistency of the equations. We have not succe2ded in deriving 
them, or a satisfactory substitute, from a four-dimensional variational princi- 
ple. The equations 


can, of course, be derived from a five-dimensional variational principle and 
as our equations are obtained from these by omitting 


To = VU 


they are presumably consistent when regarded as equations for determining 
Gag as functions of x°, - - -x*. But are they consistent as equations for deter- 
mining the G’s as functions of the form exp (Nx°) f(x! x? x° x)? We have set 
them down here because they seem to suggest an interesting possibility. 


* See F. London. Zeits. f. Physik 42, 375 (1927), D. J. Struik and Norbert Wiener. MIT 
Journal of Math. and Phys. 7, (1927-28), page I. Struik and Wiener show that the Klein theory, 
and hence of course the projective theory, can be regarded as the invariant theory of a linear 
partial differential equation of the second order. The latter theory is due to E. Cotton, Ann 
Ec. Norm. Sup. (3) 17 (1900) pp. 211-244. 
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ON THE THEORY OF THE BROWNIAN MOTION 


By G. E. UBLENBECK AND L. S. ORNSTEIN 
UNIVERSITY OF MICHIGAN, ANN ARBOR AND PuHysiscH LABORATORIUM DER R. U. UTRECHT, 
HOLLAND 
(Received July 7, 1930) 
ABSTRACT 


With a method first indicated by Ornstein the mean values of ali the powers of the 
velocity u and the displacement s of a free particle in Brownian motion are calculated. 
It is shown that «—usexp(— St) and s—uo/s|1—exp(—st)| where uo is the initial 
velocity and 8 the friction coefficient divided by the mass of the particle, follow 
the normal! Gaussian distribution law. For s this gives the exact frequency distribu- 
tion corresponding to the exact formula for s? of Ornstein and Fiirth. Discussion 
is given of the connection with the Fokker-Planck partial differential equation. 
By the same method exact expressions are obtained for the square of the deviation 
of a harmonically bound particle in Brownian motion as a function of the time and 
the initial deviation. Here the periodic, aperiodic and overdamped cases have to be 
treated separately. In the last case, when 8 is much larger than the frequency and for 
values of {> s~', the formula takes the form of that previously given by Smoluchowski 


I. (GENERAL ASSUMPTIONS AND SUMMARY 


N THE theory of the Brownian motion the first concern has always been 
the calculation of the mean square value of the displacement of the par- 
ticle, because this could be immediately observed. As is well known, this 
problem was first solved by Einstein! in the case of a free particle. He ob- 


tained the famous formula: 
s* = 2Dt = l (1) 


where f is the friction coefficient, 7 the absolute temperature and ¢ the time. 
The influence of the surrounding medium is characterized by f as well as 
by 7. For this Einstein used the formula of Stokes, because almost always 
the particle is immersed in a liquid or gas at ordinary pressure. In that case 
the mean free path of the molecules is small compared with the particle, 
and we may consider the surrounding medium as continuous and may use 
the results hydrodynamics gives for the friction coefficient for bodies of 
simple form (sphere, ellipsoid etc.). This will depend on the viscosity coefh- 
cient of the medium and therefore be independent of the pressure. 

But of course, when the surrounding medium is a rarefied gas (mean free 
path of the molecules great in comparison with the particle), the friction 


1 A. Einstein, Ann. d. Physik 17, 549 (1905). This and the further articles of Einstein 
have been collected in a book called: “Investigations on the theory of the Brownian Move- 
ment”. Edited by R. Fiirth, translated by A. D. Cowper. New York, Dutton. To this we shall 


always refer. 
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will change in character. Instead of a Stokes friction, we then get what we 
may call a Doppler friction and this can also be calculated for simple forms 
of the particle. It is based on the fact that a particle moving, say to the right, 
will be hit by more molecules from the right than from the left. This fric- 
tion coefficient will be proportional to the pressure. To cover all cases, we 
will always leave the friction coefficient explicitly in the formulas. 
The basis of formula (1), which since Einstein has been derived in various 
other ways,’ has been almost always the equation of motion: 
du 
m— = — fu+ F(t) (2) 
dt ; 
where wu is the velocity of the particle. Characteristically of this equation, the 
influence of the surrounding medium is split into two parts: 
(1) a systematic part -fu, which causes the friction 
(2) a fluctuating part F(t). Concerning this we will naturally make the fol- 
lowing assumptions: 
A: The mean of F(t), at given ¢, over an ensemble of particles (a large 
number of similar, but independent particles), which have started at ¢=0, 
with the same velocity uo, is zero. We will denote this by: 


Fit) ° = 0. (3) 


B: There will be correlation between the values of F(t) at different times 
t, and ¢, only when |/,—/?,| is very small. More explicitly we shall suppose 
that: 


F(t:)F (ts) ° = oi(ti — te) (4) 


where ¢;(x) is a function with a very sharp maximum at x=0. More gen- 


erally, when ¢,, fg... . ny: are all lying very near each other, we assume: 

F (t,)F (te) ses F(tnsi) * = on(r, 01, 02 a (5) 
where r is the distance perpendicular to the line 4 == ... . =¢n4: in the 
(m+1) dimensional (¢;, tf... . fnsi) space, and 6, 02... . On-1 are (m—1) 


angles to determine the position of r in the subspace perpendicular to this 
line. The function ¢, has again a very sharp maximum for r=0. Further, 
when /;, 2... . ¢, are lying near each other, and also ¢y41, tise. . . «ty Dut 
far from the group 4), tf. . . . . 4 and so on, then: 


F(t;) cee F (ty) F (tess) .- F(t) F (tia) - ++ F(t.) 


Us 


= F(t) sais -F(ti) + F(tia +o F(t; ° - F(tiua) : F (tm) . (0) 


The justification, or eventually the criticism, of these assumptions must 
come from a more precise, kinetic, theory. We will not go into that. 


* Compare G. L. de Haas-Lorentz: Die Brownsche Bewegung (Braunschweig, Vieweg, 
1913). 
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§3. In the later development, especially when given outside forces like 
gravitation were also considered, so that (2) had to be replaced by: 


du 
“— = — fu + F(t) + K(x) (2a) 


the attention was fixed more on the determination of the frequency distri- 
bution of quantities like the displacement or the velocity. Given the value 
doo of the quantity ¢ at =0, we wish to find the probability F(¢o, ¢, t)d@ 
that after the time / the value lies between ¢ and ¢+d¢. It is clear, that when 
we know F(@o, ¢,t) all mean values are determined. For instance: 


o” J $F (to, 4, dd. 


The frequency distribution is the most general thing the theory can predict. 
In the case of a free particle, the function F(xo, x, 4), which will now depend 
only on x —X9=S5, was already determined by Einstein. He found: 


, 7 
F(xo,x,.t) = (. ) en (2-29)? /4DE (7) 
4nrDt 


of which (1) is an immediate consequence. He derived this, by finding 
for F a partial differential equation, which in this case is the diffusion equa- 
tion: 


= D— (8) 


and of which F(xpo, x, ¢) is then the so-called fundamental solution. This is 
that solution of (8) which for t=0 becomes 6(x—x»), when 5(x) means the 
function, defined by the properties: 


i(x) = 0 for «+0 


[uous 


x2 


—_— 


This is clear from the definition of F(xo, x, t) because for t=0, there is cer- 
tainty that x =x». Further there are boundary conditions, which express the 
behavior of the particle at the walls; in the case of a completely free par- 
ticle they are simply F=0 forx=+. The relation between the diffusion 
coefficient D and the friction coefficient f, Einstein then derived very simply, 
using the osmotic pressure idea. 

This connection between the frequency distribution function and a par- 
tial differential equation of the parabolic type like (8), has later been gener- 
lized considerably by Smoluchowski, Fokker, Planck, Ornstein, Burger, 
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Fiirth and others.’ The equation is generally called the Fokker-Planck 
equation. Especially for a particle under influence of outside forces, Smo- 
luchowski showed that the generalization of (8) was: 
Oz a ¥, 0*2 
= (Ks) + D (9) 


at f Ox Ox 


For special forces (gravitation, elastic binding etc.) and by different boundary 
conditions, Smoluchowski, Fiirth and others have determined the funda- 
mental solution, and from this all sorts of mean values, which they have 
compared with experiments. 

$4. With the results (1), (7), (8) and (9) of Einstein and Smoluchowski 
the problem seems completely solved. But there is one restriction, which 
was first stressed by Einstein. All these results hold only when ¢ is large 
compared to m/f. The generalization of (1) for all times was given by Orn- 
stein‘ and Fiirth®, independently of each other. 


The result is: 
2mkT/ } 
= ( l 1+ evtin (10) 
{> m 


For values of ¢ large compared to m/f this becomes again Einstein’s formula 
(1). For very short times on the other hand, we get: 


as one would expect, because in the beginning the motion must be uniform. 

The problem now arises to generalize the other results also. In part III 
we will do this for the frequency distribution F(x», x, t). The result is rather 
complicated; for (>>m/f it goes over into (7), and (10) is an immediate con- 
sequence of it. The method, we used, was the momentum method. From 
the equation of motion (2), and using the assumptions (3) to (6), we could 
calculate the mean value of all the powers of 


Mito 
S=S§ (l1—e . 
j 


* M. v. Smoluchowski, Phys. Zeits. 17, 557 (1916). A. Fokker, Dissertation Leiden, 1913, 
p. 000. M. Planck, Berl. Ber. p. 324, 1927. L. S. Ornstein, Versl. Acad. Amst. 26, 1005 (1917) 
H. C. Burger, Versi. Acad. Amst; 25, 1482 (1917); L. S. Ornstein and H. C. Burger, Versl. 
Acad. Amst. 27, 1146 (1919); 28, 183 (1919). R. Fiirth, Ann. d. Physik 53, 177 (1917). R 
Firth gives a survey in Riemann-Weber, Die Partiellen Differential-gleichungen der Math 
ematischen Physik (Edited by R. v. Mises and Ph. Frank, Braunschweig Vieweg 1928) Vol 
II, p. 177. Comp. also the article of F. Zernike, Handbuch der Physik, Vol. III, p. 456 (Ber 
lin, Springer, 1928). 
‘L. S. Ornstein, Vers!. Acad. Amst. 26, 1005 (1917) (=Proc. Acad, Amst. 21, 96 (1919) 
* R. Firth, Zeits. f. Physik 2, 244 (1920) 
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and prove that .S follows the normal Gaussian distribution law. We did not 
succeed in generalizing the diffusion Eq. (8), and determining the distribu- 
tion function by this method. 

As a preparation we derive in part II the frequency distribution function 
G(uo, u, t) for the velocity of a free particle in Brownian motion, first with 
the momentum method, and then also with the Fokker-Planck equation. 

This extension to short times becomes especially interesting in the case 
of outside periodic forces. In part IV we shall treat the problem of the 
Brownian motion of an elastically bound particle. By using the same method 
as before, we could get exact expressions for the mean square of the displace- 
ment as a function of the initial deviation and of the time. The periodic, 
aperiodic and overdamped cases have to be treated separately. The way 
in which the equipartition value is reached for t+ is different in the three 
cases. In the last case, for very strong damping and {m/f the formula goes 
over into the result of Smoluchowski, which is a consequence of the frequency 
distribution function following from (9). 


Il. THe FREQUENCY DISTRIBUTION OF THE VELOCITY 


$5. The problem is to determine the probability that a free particle in 
Brownian motion after the time ¢ has a velocity which lies between u and 
u+du, when it started at ¢=0 with the velocity uo. 
The first method to solve the problem is by calculating all the mean values 

u* for given wo. As has first been shown by Ornstein’ for @ and x, this is 
possible by integrating the equation of motion: 

du 

+ Bu = All 

dt 
when S=f/m and A=F/m. Of course, the assumptions (3) to (6) hold for 
the fluctuating acceleration A(t), as well as for the fluctuating force F(t). 
Integrating we get: 


u = ume?’ + ce PF ePtA(ejdé. (11) 
a 0 


Taking the mean over an ensemble of particles, which have started at =0 
with the same velocity #», and using (3) we get: 

i“e = ue **. (12) 
The mean velocity goes down exponentially due to the friction. Squaring 
(11) and taking the mean, gives: 


u? = Mpe~ FP * + ¢ wf eh lita A(E)A(n)dtdn. 
0 ’ 


6 L. S. Ornstein, Proc. Acad. Amst. 21, 96 (1919) 
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By taking +7 =v, §-» =w as new variables and by using (4), we can write 
for the integral: 


1 5 2e +x T) 
—e~ 2st e'*dv o;(w)dw = —(1 — e~**) 
2 0 —2 28 


because ¢;(w) is such a rapidly decreasing function, that we may integrate 
from — © to +. The value of the constant 


$20 
™, = J o;(w)dw 
—2 


we find with the help of the theorem of the equipartition of energy. For 
io, we must have: 


Sea te ae 
limw@ =— =— 
= 28 m 
so that: 
2BkT 
ae ae 13 
m 


Substituting, we get: 


- k7 kT 
“= + (« -- e~ *Bt (14) 
m m ; 


which shows, how the equipartition value is reached. So we can go on. Using 
the assumptions (3) to (6) for A(t) and the fact that we must get the equi- 
partition values for ‘+, we will prove in Note I, that for u—uoexp( —8t) 
the normal Gaussian distribution law holds. For the velocity itself we get, 
therefore, the distribution law: 


‘ m ae { m (uU— Mme )*) : 
G( to, 4, t) -( — exp — =e | (15) 
2ekT(1 — e~%*) l2eT 1-e* f 


which shows how the Maxwell distribution is reached, when at /=0 all the 
particles started with the same velocity wo. 

§6. The second method for deriving (15) is, as we have already said, by 
constructing the Fokker-Planck partial differential equation for the problem, 
of which G(u» u, ¢) is then the fundamental solution. We will first derive the 
equation in general and then later specialize to our case.’ Consider the dis- 
tribution function F(¢o, ¢, 4). When ¢ increases by At, @ will increase by a 
Ad, which will be different for every particle. Let the probability for an 
increase between the limits A¢@ and Ad+d(Ad) be W(Ad,¢,t)d(Ad). Writing 
6’ =6+Ad¢ we have then: 


F(¢o, ¢’, + At) = fire od’ — Ad, t)¥(Ad, o’ — Ad, t)d(Ad) (16) 


7 Comp. F. Zernike, Handbuch der Physik, Vol. III, p. 457. 
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when we may suppose that the probability of an increase A@ is independent 
of the fact that for i=0, 6=¢@o. We now develop the integrand after powers 
of Ad: 


F (0, o’ — Ad, DW(Ad, o’ — Ad, t) = F(oo, o’, DY(Ad, 9’, 4) 


9 


A¢* sane 
— Ag(F'Y + FY) +P" + FY + FW") + 
The resulting integrals all have simple meanings, for instance: 


o* _ 
J vias, ', na(ae) = 1; J sovacae) = Ad; [ sev'acae) “sgn? 


and so on. Developing the left hand side in powers of Af, putting: 


_ Ad “hehe : 
lim — = fi(¢’,4); lim — = f2(¢, é) (17) 
At-o0 At At-9 At 
and supposing that: 
> ie, 
lim —=0 for k>2 (18) 
At+o Al 


we get, when we write again ¢ for ¢’: 


OF 1 OF Ofe OF 1 d°f2 Ofi\_ 
— = —f,— +(“* — fi }- +(= — — — FF. (19) 
ot 2° ad’ 0 ' J Od 2 dd’ 0d 


We must of course in each special case determine the functions /i(¢,t) and 
fe(o,t) and verify the supposition (18). We always can do that, when we 
know the equation of motion. 


Let us return now to the velocity distribution. From the equation of 
motion we have: 


t+ At 
u’ — u = Au = — Budi +f A(é)dé 
t 


Using (3), we get therefore: 
Au = — Budt = — Bu'At 


neglecting higher powers of At. From this: 


Tu | 
lim —— = f,(w’) = — Bu’. 
Aig Al 
In the same way, we find using (4) as before: 
Au? = T,Al 
so that: 
aX 2BkT 
fo(u’) = tr) = —— = const. 


m 
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All the higher powers of Au become proportional to powers of At higher than 
the first, so that (18) is satisfied. We get therefore :* 
CG 0 Ti 0 G 
= 6 (1G) oo (20) 
ot Ou 2 du* 
The systematic way of finding the fundamental solution of this equation 
is by solving the equation: 


Oz 0 T, OZ 
=f (ws) + 
at Ou 2 du’ 
when for ¢=0, s=f(u). This is an ordinary boundary value problem, which 


can easily be solved by the method of particular solutions. By summing 
the infinite series which we get, one can write the solution: 


u,t) = } {( to \G( tout) du 
and G is then clearly the fundamental solution. For the details, see Note II. 
The result is again formula (15). One can derive the same result much more 
briefly when one is so clever as to substitute in (20): 


G = (o)' -eXp) — (4& — Ux o} 


where ¢ and x are functions of t only.* This is suggested a little by the result 
one ought to expect. Substituting, one sees that (18) is fulfilled, when x 
and ¢ are solutions of the ordinary differential equations: 


dx 
— = Dx 
dt 
1 dd 
= 2¢ 4m 
8 dl 


These can be immediately integrated, and the integration constants can be 
determined from the fact that for :=0 we must get 6(u~— wo) and for !=« 
the Maxwell distribution law. 


III. THe FREQUENCY DISTRIBUTION OF THE DISPLACEMENT 


$7. The problem is to determine the probability that a free particle in 
Brownian motion which, at ¢=0 starts from x=x» with the velocity mo 
after the time ¢ lies between x and x+dx. It is clear that this probability 
will depend only on s=x— xX», and on ¢. 


* This equation has been derived already by Rayleigh (Phil. Mag. 32, 424 (1891) = Scient. 
Papers III, p. 473) and he gives also the fundamental solution (15). Later it has again been 
treated by v. Smoluchowski (Krakauer Per. 1913, p. 418). Because Rayleigh’s proof is a 
little artificial, and the treatment of v. Smoluchowski is not easily accessible, we thought it 
not superfluous to give the proof again 

* Comp. Lord Rayleigh, reference 8 
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We will use again the momentum method, and calculate all the mean 
values s**. This goes in an analogous way as with the velocity. By integra- 
ting (11) again we find: 


t a) 
x= X + —(1 — e*) + e* "dn ef (E) dE (21) 
8 bd ) “© 


Taking the mean, gives: 


which can be interpreted as the distance travelled in the time ¢ with the mean 
velocity 7 =u, exp(—8t). By squaring, averaging, and calculating the double 
integrals in the same way as before, we get: 


ul T} 
2" = —p + —(1 — ct)? + — 3+ 4ePt — ¢- 2H) (23) 
B- B- 28° 
where the constant 7, is known from the corresponding calculation of x 


This result (23) was first derived by Ornstein; for very long times ¢ it goes 
over in: 


B" mp 


the result of Einstein. For very short times ¢ on the other hand, we get: 


S$ ° = tél 
s° = Ut? 
The motion is then uniform with the velocity mo. Taking a second average 
over i», remembering that u*, =k7/m, we get: 
s = WV 
2kT 
c= (Bi — 1 — ¢€ Bt) 
mB* 


which is the result quoted above (formula 10). The calculation of the higher 
powers goes similarly. In the result we get constants Te, T; which have 
been determined in part II in the corresponding calculation of y*” from the 
equipartition law. We can show in this way that for: 


Uo 
S=s——(1l — e*) 
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again the normal Gaussian distribution law holds. For the details of the 
proof, see Note III. We get therefore: 


mB” 1/2 
F(xo, x,t) = (|— a 
2ekT(2Bt — 3 + 4e-8t — et) 


mB" +x — Xp — Uo(1l — e*) Bt? 
ww meme 1 (24) 
2k7 2Bt — 3 + 4e°%' — e 


For large ¢ this becomes of course the distribution law (7), already derived 
by Einstein. For t—>0 it becomes 6(x — xo) as it should. 

§8. When we want to derive (24) in the same way as G(wuo, u, t) froma 
partial differential equation we run into the following difficulty. According 
to the general Eq. (19), we have to calculate Ax and Ax’. Now it follows from 
the equation of motion, when the prime denotes the value of the quantities 
at the time /+A/, that: 


ei+Al 
u—u= B(x’ x) + / A(é)dé 
a ; 
so that: 
B(x’ — x) = — BAx = Ww’ — u = tage F*(e®4* — 1) 
ol 
Ax = uoe "Al. (25 


When one now calculates in the same way Ax, then one finds that Ax? be- 
comes proportional to Af, so that the function f, in (19) would become zero, 
and the differential equation would become: 


OF oF 
al ot 
which does not become the diffusion equation for >8-!. On the other hand, 
when we suppose />§~' and At so large that we may apply the formula of 
Einstein for Ax®, we have: 
Ax = 0 
Ax* = 2DAi 


i 


and this substituted in (19), gives immediately : 


oF _aF 
ale 
dt Ox? 


It seems impossible to derive from (19) the rigorous differential equation 
for F(xo,x,t), which for >8-' would become the diffusion equation, and of 
which (24) would be the fundamental solution. The reason for this, it seems 
to us, is that in the derivation of (19) we suppose that the change Ax in the 
time Az is independent of the fact that at the time ¢=0 the particle is at 
x =x» and has the velocity wo. 
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IV. THE BRowWNIAN MOTION OF A HARMONICALLY BouND PARTICLE 


§9. We will first derive, following Ornstein'® the equation (9) first pro- 
posed by Smoluchowski from macroscopic considerations. We have to de- 


termine again Ax and Ax*. Now, when there are external forces the equation 
of motion is: 


du 1 
— + Bu = A(t) + —K(x). 
dt m 
Integrating as in §8, we get: 
t+At 1 
u’ —u = — B(x’ — x) +f A(t)dt + —KAt 
t 


m 


from which follows, when we may neglect the influence of the initial velocity: 


2 1 
BAx = —K(x)Al (27) 
m 
so that: 
5 . \ l r 
fi(x) = — K(x) = —K(zx). 
Bm f 


When again At is not too small, we may put: 


; 2kT 
Ax? = ——Ai = 2DAl (28) 
mB 
and substituting in the general equation (19), we get: 
OF 
— =n — — —( KF) + D— 
ot f Ox Ox? 


which is (9). 


Let us apply this to the case of a harmonically bound particle, for which: 


1 y 
—K(x) = — wx 
m 


where w is the frequency in 27 sec. We get then: 


oF w* @ o°F 
— =— —(xF) + D—- 
ot 8B Ox Ox? 


This is completely similar to the equation (20) for G(uo, u, t). We find there- 
fore for the fundamental solution 


2 9 


F w w? (x — xe" /8)*) 
(059 =\ Tepe ann) OP ‘ A= ne 


10 L. S. Ornstein, Proc. Acad. Amst. 21, 96 (1919). 
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which gives: 


a kT 
\ = i. = e722 [pt 
mw mu? 


This shows how the equipartition value is reached. For w*® very small we 
get approximately : 


| RT 
\ = a t l 
mp 
which are the results for a free particle. We may not expect though, that the 
equations are generally valid. According to the derivation, there are clearly 
two limitations: 
a. Because we have used (27) and (28) which correspond to (26) in §8, we 
must expect (30) to hold only for times (> 8"! 
b. Because we have in (28) used the result for a free particle, we must expect 
(30) to hold only when 8 is large, the motion therefore being strongly over- 
damped. This is also the reason why apparently there is no distinction be 
tween the periodic, aperiodic and overdamped cases in the result for x? 
$10. To get exact results, we have to use the same method as before. 
We have first to integrate the equation of motion, and then take the average. 
The periodic, aperiodic and overdamped case must now be treated separ- 
ately. We will indicate the calculations only for the periodic case. 
The equation of motion is: 
d*x dx 


T B 7 w*A 


dt? dt 


i 


t) 


when at /=0, x =x» and u=dx/dt=wuy we get from this: 


2w* Xo + Buoy . 
“= - eP'!? sin wit + ue %'?)! cos wil 


aWy 


; ae - } 
} I(E)ePH/24, — — sin wi(t — &) + wi cos wi(t —£) pede 
e | 


1-3 Sita, ’ 


Bxo + 2uo l 
t+ = ¢ P ‘sin w)/ + Xe Pie ‘cos wl T A(é)e pres sin w (t—é)dé 


) 


LW) Wy 


where: 


Supposing, in correspondence with (3): 


4 
he | 


A(&) = () 
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this gives immediately, for instance: 


Bxo + 2to 
Er0%0 = —————-¢~ 8/2)! sin wit + xoe 8!” * cos wif. (31) 
2w; 

The mean value here has to be understood as follows. We have a canonical 
ensemble of harmonic oscillators, from which at t=0 we pick a sub-ensemble 
(A) of oscillators, which have a deviation and velocity xo, uo, resp. and which 
we follow in their motion. At the time / we take an average over the x of the 
different members of this sub-ensemble (A), and the result is then given 
by (31). If we would follow a sub-ensemble (B), of which the members at 
t=0 had the deviation x» but arbitrary velocity, we would get at the time ¢ 
a mean deviation, which will follow from (31) by taking the average over 
Wo. Since in a canonical ensemble of oscillators the deviation is not correlated 


with the velocity, we may put: 


tig7™? = V 
kT (32) 
ec = 
m 
Uisng this, we get: 
8 
\ = xe F!? (- sin wt + COS wi }. (33) 
2w\ 


Let us now consider wu? and x*. Using again the assumption analogous to 
(4): 


A(t)A(ts) °° = (ty — te) 


where ¢(x) is an even function with a sharp maximum at x =0, and calcula- 
ting the double integrals exactly as before, we get: 


Bxo + 2u T1 
r = e~F'2)t sin ant + xpe~%'*! cos wit F + (1 — eF*) 


) 2w 78 


2W1 
(8 — Be*' cos 2wit + 2w ec! sin 2w)h) 


where we have put: 


+x 
m1= J o( w) COs w, wdw 
2 
poe 
r= f o(w)dw. 
2 


The condition, that for ‘—+* we must get the equipartition value, gives us 
one relation between 7; and rz. One would expect that from: 
— kT 
lim «? = — 
_— m 
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we would get a second relation, but the calculation of u?’*’* shows that this 
is the same as the first. The fact that ¢(w) has such a sharp maximum sug- 
gests, that in the integral for r; we may replace cosw, w by unity, which would 
make 7;=7T:. We can prove this more exactly by calculating xyu*"*" and 
determining the limit for t+, which must be zero, because for t+ sub 
ensemble (A) must again become a canonical ensemble. We get in this 


way: 
28kT 
tT) = Tt? = ——: 
m 
This solves the problem completely. Averaging again over uo, using (32) 
we get: 
|, kT B 
a | 9 Bt . 
a ° +{x° - — ~ JeP4 COS wil + — sin wl (34) 
ma? ma? 2w 


which shows how the equipartition value is reached. So we can calculate 
all sorts of mean values. The further result is perhaps interesting, that: 


Se 1 kT \ Re 
6m = ——— — Xo* Je sin wif cos wit + — sin wil 
ww *\mw" 2w 


which shows how the correlation between x and u, beginning with being 
zero, oscillates and goes to zero again for >. Of course, averaging over 
Xo, we get »,,=0 as it must be. 


$11. In the aperiodic case we get: 


7 Bt 
a of 1 + =e (8/2)¢ (33a) 


ae, at is 2 Bi\? 
Pe +[ a ~~ fine Fr. (34a) 
ma" mu” a (2 
The equipartition value is now reached monotonously. The calculation 
goes similarly, except that instead of the integral 71, we have to introduce an 
integral: 
tT) = | w'o(w)dw. 
x 
The calculation of },°°" proves then that this is zero, which could be ex- 
pected. 
In the overdamped case we get: 
=z, ee : ahs 
x = Xoe . =)6 cosh wi + = > sinh wl (33b) 
2w 
ss, %&T > kT ; ios Mi * 
ge = — + | xo? — — Je cosh wt + — sinh w'l (34b) 
mu* ma” 2w 


+e 


Here we use: { ¢(w)sinw,w dw=0, which follows from the fact that ¢(w) is an even 


—« 


function, 













































THEORY OF BROWNIAN MOTION 


where: 
B? 


, = 9 2 
or =— — w = — wo)’. 


The equipartition value is again reached monotonously. It is easy to show 
further, that when 6>2w and >" these last equations go over into the 
results (30) of v. Smoluchowski, as we would expect according to the remarks 
at the end of §9. 

§12. The problem of the rotatorial Brownian motion of a small mirror 
suspended on a fine wire, has been treated recently by S. Goudsmit and one 
of us,” by a method analogous to the well-known treatment of the shot 
effect by Schottky.” If the displacement, registered during a time, long com- 
pared to the characteristic period of the mirror, is developed in a Fourier 
series, an expression was derived for the square of the amplitude of each 
Fourier component. It was found that this depended, besides on the tem- 
perature, on the pressure and molecular weight of the surrounding gas. 
This explains in principle, why the curves registered by Gerlach" at dif- 
ferent pressures, though all giving the same mean square deviation, are 
quite different in appearance. The calculations were made under the condi- 
tion that the surrounding gas is much rarified, and though they can easily 
be generalized, the exact comparison with the experimental data of Gerlach 
is very difficult. 

The results (33) and (34) (when we replace m by the moment of inertia) 
are in this respect much better. They could be tested easily, and they hold 
for all pressures of the surrounding gas. They show that, though the mean 
square deviation depends only on the temperature, the correlation between 
successive values of the deviation depends in a more interesting way on the 
surrounding medium. Its influence is expressed by the friction coefficient 8. 


NoTES 


I. To prove that for U=u—wuexp(— ft) the normal Gaussian distribution 
law holds, we have to show that: 


[int = 0 
U% = 1-3-5--- (2n — 1)(U? 


(A) 
We have from §5: 
U=0 
. Ti 
U? = —(1 — e™**), 
28 
From (11) we get further: 


t t t 
[3 = ¢ wf f f ef (it trt &) 4(£E,) A (Eo) A (Es) dé dt odes. 
0 0 0 


2 G. E. Uhlenbeck and S. Goudsmit, Phys. Rev. 34, 145 (1929), 
8 W. Schottky, Ann. d. Physik 57, 541 (1918), 
 W. Gerlach, Naturwiss. 15, 15 (1927) 
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According to the assumptions made about A(£) the integrand will be dif- 


ferent from zero only in the neighborhood of the line £;==&. Taking 


cylindrical coordinates with this line as z-axis, and using (5), we find: 


where rT, denotes the constant: 


Tr. = odo| r. A\rdrdé. 


The value of 7, follows again from the equipartition law. For t—«, U* must 
go to zero, so that r.=0. 
Going to the fourth power we find: 


t t t t 
. . 
Us =< “SIS Better b+ 8) A(E,)A (Ea) A (Es)A (Ea) dE dade ad. 
* 


When £, and & are lying near each other and also &; and &, (but far from 
&,, £2), we will have according to (6) 


A (&,)A (&2)A (Es) A (Eg) = ACED)A (Ee) - A (Es) A (Es) 


so that this integration region will contribute: 


co (e?! 1)° 


We will get this 3 times because we can divide A(£&,) A(£) A(&) A(&) into 
two pairs in 3 ways. There remains the region in the neighborhood of the 
line &;= &=£;=£,. For this we get, introducing cylindrical coordinates and 


using (5): 


et etht — | 

28 

where: 
tT, = | tJ 3 r, 6, Oo)\drdw 

For i we get therefore: 

7 3r\ T3 

lim? = - 

{+ 2 48° 28 


but according to the Maxwell distribution law, we have: 


, : . a 3r;’ 
lim U+= lim «* = 3( lim w*)? = —- 
f+ x [+* _— 48 
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so that r;=0 and we get: 
Ut = 3( UL? 


To write down the general proof for (A) is tedious, because one has more 
and more integration regions to consider. However, since (A) holds for 
t—+% , one can convince oneself of the fact that only those regions where the 
£ are lying in pairs near each other give a real contribution. All the other 
regions give contributions proportional to constants t;.(k>1) which by the 
equipartition law prove to be zero. This gives A; immediately and since the 
number of ways in which we can divide 2 objects into m pairs is 1.3.5 
(2n—1) we get A, also. 


Il. When we substitute in (20): 


vr = pl 
28\' 

y= u 
we get: 

Os Oo: a 

= Z + \ + 

OX ov OV 

and we have to solve this when for x=0, z=f(y) and for y= +, 2=0, 


By separating we find as a particular solution: 
1 ,.¢ , D, Vie 


where D,, denotes Weber’s function of the mth order 


We have then to determine A,: 


which gives: 


and we get for the solution: 


s(x, v) = — | dnf(n)e\"~¥ ‘> : . hp (B) 


2r)*!: : n! 


We have now to sum the infinite series. As Professor H. A. Kramers showed 
to us, this can be done in the following way. Put, suppressing the arguments 
yand n: 


2 ie 


M(x) = >> 


, 


nm 


6 Comp. Whittaker-Watson, Modern Analysis, p. 347 
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then: 


dM ~. DaswDasi 


> it e n+l - 


' 


dx ) nN ° 


Using the recurrence formula: 


Da+s(2) a 2D,(z) — nD, (2) 
we get: 
dM dM 2 WDaaiDn + nD,Dasi — DD, 
—_ = yne r M — °¢ 2z _ Zz: . : A ? e - 
dx d Yr n n! 


Calling the last sum N and using again the recurrence relation, we find: 


* yDnDusi + nDnyrD, 
N = (y?+9?-1)e*M — > - ————¢ 


n! 
Again using the recurrence relation, we find for the last sum 
L= (2 yne Sz — ¢-47)M — eo **N. 

Substituting back, we get for M the differential equation: 

dM | | | 
*) = M\ yne — (y* + 9° — L)e** + yne-™ — € * | 

dx 

This we can immediately integrate, which gives: 


C(y, n) y + 1° — 2yne-* ) 
M 


II 
2 
| 


(1—¢-22)V/2 } 2(1—e-2) f 
The integration constant C(y,y) can be determined from the fact that: 


lim M = D,( y)Do(n) = (| y, ne y*+1° 


which gives: 
Cy, ) = et 9/4, 


Substituting in the solution (B) gives finally: 


l ies 1 (y — ne *)* 
(x, y) = —— f dnf(n)————-- exp — ———— 


9 


(2r)'/? J_e (1 — e~**)¥? 
which shows that the fundamental solution (f(7) is then 6(y— yo)) is given by: 


: 1 { (y _ Vor *)*) 
G| Vo, V; xi=-— _ ne ae ) > A D> 


9 


(2r(1 — e~**))!/? 


Introducing again / and u, we get (15). 


III. To prove that for S=s—wo/B(1—e-*') the Gaussian distribution law 
holds, we have to show again: 
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S** = 1-3-5--- (2a — 1)(S*)" (C) 


We have from §7: 


S=0 


Ss 


c 
7 — 3+ 4c — ¢-%), 


The calculation of the 3-fold integrals in S* is analogous to the calculation 
of U* in Note I. We find that the result is proportional to rz, and from Note 
I we know that r.=0, so that: 


SS = 0. 


In the 4-fold integrals occurring in S‘ we have to consider only the regions 
where £, &, &, & are lying in pairs near each other, because the other re- 
gions will give results proportional to 7; which is zero, as is proved in Note I. 


The calculation gives: 

Si = 3(S*)? 
as could be expected. The factor 3 comes again from the fact that we can 
divide £;,, &, &, & into two pairs in three ways. In the same way as in Note 
I then, one convinces oneself further of the truth of the general relations (C). 
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ABSTRACT 


A rough calculation shows that the quadrupole term in the radiation of a for 
bidden line is usually larger than the dipole produced by an external electric field 
This is not true, however, when there is an intermediate state, with which both 
initial and final states combine, and which lies close to one of them 

If the J selection rule is violated, and the Laporte rule is obeyed, the radiation 


cannot be due to the quadrupole term and must be ascribed to the octepole. Hg 2270 


is such a line. An octopole transition will have a Zeeman effect distinctively different 


from that of a dipole or quadrupole 


HE ordinary spectroscopic selection rules are derived from a considera 

tion of the “dipole radiation” only. This dipole radiation is essentially 
the first term in the series when the vector potential is developed in powers 
of the atomic radius divided by the wave-length of the emitted light. For 
most practical purposes, the first term of this series is amply sufficient to 
represent the experimental results; but in some cases where the first term 
is zero, it is necessary to consider the higher terms which give the quadrupole, 
octopole, etc. 

Rubinowicz' has recently written a series of papers in which he has devel- 
oped general methods for dealing with multipole radiation, and has applied 
them in some detail to quadrupole radiation. We wish to call attention in 
this note to a few additional properties of quadrupole radiation, and to 
point out the existence of lines which represent octopole radiation. 


INTENSITY OF QUADRUPOLE RADIATION COMPARED WITH THAT DUE 
TO THE PERTURBATION OF THE ATOM BY AN ELECTRIC FIELD 


The presence of an external field will always disturb an atom so that the 
dipole selection rules will no longer be strictly valid. Thus, it is sometimes 
thought that the appearance of a “forbidden line” is to be ascribed to an 
interatomic field sufficient to break down these rules. It is possible, however, 
to express the intensity of the quadrupole radiation, and of the radiation 
of the disturbed atom, in so nearly the same form that their relative proba- 
bilities can be inferred from a knowledge of the ordinary features of the spec- 
trum. This comparison shows that in most cases, and particularly in the 
case of the auroral line, the fields necessary to produce the perturbation are 
much larger than are to be expected under the conditions of the experiments. 
With respect to the auroral line, Frerichs and Campbell* have already shown 

! A. Rubinowicz, Zeits. f. Physik 53, 267 (1929); 61, 338 (1930) 

? Frerichs and Campbell, Phys. Rev. 36, 151 (1930) 
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its quadrupole nature from its Zeeman effect; but it is also of interest to see 
how the relative intensities of quadrupole and perturbed dipole may be 
correlated with other features of the spectrum. 

Since the total intensity, in the presence of a vanishingly small magnetic 
field, is the same in all directions, we may take 47 times the intensity per 
unit solid angle in the z direction as the total intensity. For quadrupole 
radiation, we may write this as follows: 


“~~ 
II 


( 16m4e?/c® WY , foe x+ iy)W,dr | 


II 


6 
, 9 5 ' ; {2 
167 *e? CV EG) Doze(x + Wigs” (1) 


l 


1 = J veonar. 


In this equation & and j represent the states between which the quadrupole 
transition takes place, »%.; represents the frequency of the emitted light in 


where 


sec~', while x, y, and z represent the coordinates of the electrons. A summa- 
tion over all electrons is implied. The coordinates with the subscripts at- 
tached represent the components of the dipole moments connected with the 
indicated transition. Thus the quadrupole radiation may be expressed in 
terms of the dipole moments.’ 

The intensity of the quadrupole is thus expressed in terms of a sum of 
products of the dipole transitions to all the states / with which both k and 7 
combine according to the dipole selection rules. In many cases the order of 
magnitude can be estimated by considering one term. However, an investiga- 
tion of the convergence of the series would probably be rather difficult. 

The intensity of a transition produced by a weak uniform electric field 
may be expressed in a similar way. Of course the interatomic fields which 
actually produce violations of the selection rules are not uniform fields, but 
the deviations from uniformity will produce an effect of higher order which 
we may neglect for a first approximation. 

The solution of the Schroedinger equation with an electric field may be 


written in the first approximation 


vi =e + F An (2) 


where the y; are the solutions with zero field and F is the field strength in 
electrostatic units per cm. The coefficients have the definition 
CZ ik ~ CZK 


Ay, = — and Ay, = - 
hv; hv». 


* Bartlett, Phys. Rev. 34, 1247 (1929). 
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The electric moments connected with a transition k-j are then 


(x + ive; =F] >> Ajax + iyder + YS Anda + iy),;} 
i 


l 
¢ 
. } . . 
= ff I goed 10 $ LY) e121 VI + o.(x + iy)1;¥1;} ; 
I hy, Vi 
With this expression, it is possible to write the intensity of the perturbed 
dipole transition. 


é ‘ 
Ty; = (29*v, AF’ a] ae p(X CV) eS Mer H Zerl XY + ty) |. (4) 
l WV; Vy 


The summation is seen to contain the same quantities as are in Eq. (1) 
but with a slightly different dependence upon the frequencies. If we consider 
only one intermediate state, we can divide out the frequencies and deter- 
mine the ratio of the radiation caused by an electric field to that normally 
due to the quadrupole term. For the auroral line if we consider only the 'P 
state next above the 'S and the 'D states, we get this ratio equal to 3.10-"V 
where V is the electric field in volts percm. This indicates that, under or- 
dinary conditions of excitation, the quadrupole term is much larger than the 
dipole. If, however, the intermediate state were closer to the two states 
involved in the transition or to one of them, so that the frequencies in Eq. 
(4) were smaller, the dipole would be relatively somewhat stronger. This is 
the case in the Stark effect in He where the intermediate level / is very close 
to the initial level k.* 

Eq. (1) shows that a quadrupole transition between terms of different 
multiplicities will be weaker than the corresponding transition between 
terms of the same multiplicity in the same ratio as in dipole radiation, since 
one of the dipole moments must be that of an inter-combination. This ex- 
plains why the auroral line is so much easier to produce in the laboratory 
than the corresponding intercombinations which appear in the nebulae. 


SELECTION RULES FOR MULTIPOLE RADIATION 


Rubinowicz has worked out the selection and intensity rules which are 
to be derived from Eq. (1). It is important, however, to notice the place 
which Laporte’s rule holds. As this rule is now formulated, there are two 
kinds of terms which may be designated as odd and even terms. The rule 
states that for dipole radiation, odd terms combine only with even terms, 
and}vice versa. In the quadrupole, however, odd terms may combine with 
odd terms, and even with even, since there are terms of the other kind with 
which each combine. But an odd term cannot combine with an even, since 
there can be no common state with which both can combine with a dipole | 
moment. This can also be shown by the group theory of Neuman and Wig- 
ner.’ It is essential, then, for the existence of a quadrupole moment, that the 
Laporte rule be violated. 


* Jane Dewey, Phys. Rev. 28, 1108 (1926). 
* Neumann and Wigner, Zeits. f. Physik 49, 73 (1928). 

















FORBIDDEN LINES IN SPECTRA 845 


The two selection rules which are rigorously valid for dipole radiation in 
any atom are Laporte’s rule and the inner quantum number or the J rule. 
If the Laporte rule is obeyed, and the J rule is violated, neither the dipole 
nor the quadrupole moments can be different from zero. If such lines do 
appear, and 'S,—*P:, \2270 in Hg is one of them, the radiation must be 
ascribed to an octopole moment. 

We may make the following tabulation of the selection rules where the 
first column gives the first term in the series expansion which can be different 
from zero. 


Radiation Laporte’s Rule J Rule 
Dipole Obeyed Obeyed 
Quadrupole Violated Obeyed or Violated 
Octopole Obeyed Violated 


The 0-0 transition for J is always forbidden in the absence of an external 
field. 

The intensity for an octopole transition can be represented in the same 
form as the quadrupole in Eq. (1), except that it is a function of a sum of 
products of three dipole moments involving two intermediate states. The 
intensity is correspondingly less than for a quadrupole. 


THE ZEEMAN EFFECT OF OCTOPOLE RADIATION 


The fact that the line Hg 2270 is much harder to produce than the auroral 
line lends some experimental support to the idea it is an octopole transition. 
If would be of some interest, however, to confirm the fact by an observation 
of the Zeeman effect. In an octopole line the magnetic quantum number can 
change by 0, +1, +2, +3, but in the line Hg 2270 the change of +3 can- 
not appear since one state has an inner quantum number 2 and the other 0. 
Hence the pattern will be equivalent to a quadrupole except for the polariza- 
tion. By the method of Rubinowicz it is possible to determine this polarization. 
It is not necessary to indicate the calculations since they follow Rubi- 
nowicz exactly; but the results are given in the table. This is distinctly 
different from the quadrupole polarization when viewed at right angles to 
the lines of force. 


Polarization of the octopole Zeeman effect. 














Polarization 
Octopole Moment mjumpsto a=0 a=35° a=45° a =55° a =90 
2° m 0 Fg 7 7 0 
2(x+iy) (x—ty) m ~ 7 7 r 0 
2*(x+7y) m—1 0 Elliptical Elliptical o Left 
Circular 
2*(x—ty) m+1 0 - 5s o Right 
Circular 
(x+1iy)? (x—iy) m—1 o . - Elliptical 0 
(x+iy) (x—ty)? m+1 o . ° . 0 
2(x+ty)? m--2 7 g . . 0 
s(x—iy)* m+2 7 a sa . 0 
(x-+4y)* m—3 o Elliptical . si 0 
(x—ty)* m+3 o “< . 0 
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It is interesting to notice that the longitudinal effect has the same pattern 


in the octopole term as in the dipole and the quadrupole. Although in general 
an undisplaced component is permitted in the transverse effect, for the line 
Hg 2270 this will have zero intensity, so that the pattern will be the same as 
the quadrupole except for the reversed polarizations. 


Note Added August 15: Dr. Bowen has called our attention to the fact 
that the line \2270 in Hg is probably due to the coupling of the nuclear spin 
with the electronic angular momentum. An estimate based on the relative 
separation of the multiplets and the hyperfine structure gives the right order 
of magnitude for the intensity. The statements made above with respect to J 
really refer strictly to the total angular momentum. 
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THE HYPERFINE STRUCTURES OF SOME CADMIUM LINES 
AND THE HYPOTHESIS OF NUCLEAR SPIN 


By C. L. ALBRIGHT 
DEPARTMENT OF Puysics, UNIVERSITY OF IOWA 
(Received July 21, 1930) 
ABSTRACT 

Measurements have been made of the hyperfine structures of the cadmium lines 
\A5086, 4800, 4678, 3614, 3613, 3610, 3468, 3466, 3404, and 6438 A.U. (2°P 2: »—3*S), 
2*P2— 3D, 2,3, 2°P: — 3D; 2,3, 2°3Po—3*D,, and 2'P;—3'Dz) using two quartz Lummer 
Gehrcke plates. The results are compared with those of MacNair and Schrammen, 
with fair agreement in general. \A3613 and 3466 A.U. are single in agreement with 
Schrammen. Structure ascribed to \3466 A.U. by MacNair and to \3613 A.U. by 
Wali- Mohammad belongs to \\3468 and 3614 A.U. respectively. An attempt is made 
to extend the application of the hypotheses of Schiiler and Briick to the *P —*D lines 
This succeeds fairly well save in the cases of \\3466 and 6438 both of which are 
single whereas if the ideas of Schiiler and Briick are accepted they apparently should 
show readily resolvable fine structure. It is also pointed out that the hypotheses of 
the above authors would require incomplete polarization of the 1'S)—2*P, resonance 
line in contrast to the observed value of 100% 


Y APPLYING Pauli’s' idea of nuclear spin, Back and Goudsmit® have 
successfully explained the hyperfine structures in the bismuth arc spec- 
trum. Schiiler and Briick,’ in attempting to explain the hyperfine structures 
in the cadmium are spectrum, have advanced the hypothesis that certain 
isotopes of cadmium have a nuclear moment of 1/2 (measured in units of 
h/2m), whereas other isotopes have a zero nuclear moment. They assume 
that in most lines the strong or main component is due to the isotopes with 
zero moment and attribute the remaining components to the isotopes having 
a nuclear moment 1/2. These assumptions they showed were sufficient to 
explain the observed hyperfine structures of the cadmium lines starting on 
the *S and ending on the *P levels, provided the doubtful component at 
— (0.060 cm~ observed by Miss Schrammen* in AA4800, 3133, and 2775 A. U. 
is real. Schiller and Briick® state that they observe a —0.060 cm™ fine struc- 
ture component in their work on the above cadmium lines. However, 
Janitzki® using an echelon, and Fabry and Perot® using their interferometer, 
did not observe the — 0.060 cm in A4800A.U. Janitzki,’? Wali-Mohammad,* 


1 Pauli, Naturwiss. 12, 741 (1924). 

? Back and Goudsmit, Zeits. f. Physik 43, 321 (1927); 47, 174 (1928). 
* Schiiler and Briick, Zeits. f. Physik 56, 291 (1929); 58, 735 (1929). 

‘ Schrammen, Ann. d. Physik 83, 1161 (1927). 

5 Janitzki, Ann. d. Physik 19, 36 (1906). 

* Fabry and Perot, Compte rendus 126, 407 (1898). 

? Janitzki, Ann. d. Physik 29, 823 (1909). 

8’ Wali-Mohammad, Ann. d. Physik 39, 225 (1912) 
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Takamine,’ MacNair,'® and the writer, using Lummer plates also have not 
observed it. Collins," in this laboratory, using a Fabry and Perot etalon 
with separations 16, 10, 8, and 6 mm, has been able to find no evidence of this 
particular fine structure component. 

Only three authors have investigated A3133A.U. Miss Schrammen* in 
her work on this line, questions the reality of the —0.060 cm component, 
while MacNair'® and Wali-Mohammad! fail to observe any fine structure 
having the value —0.060 cm™. 

Miss Schrammen and Wali-Mohammad have investigated \2775A.U. 
Here, again, Miss Schrammen is doubtful about the appearance of the fine 
structure component —0.060 cm. Wali-Mohammad does not observe this 
particular satellite in X2775A.U. The results of the above authors are stated 
in Table I. 


Tanix I.* 
45086 45086 | 4678 
+76 —26 {entahe +-30 56 a A 
+76 26 fali-Mohammad® +31 56 V ali-Mohammad?® 
+77 25 Takamine* +31 —57 lakimine® 
77 25 MacNair! +31 5¢ MacNair’ 
+76 26 Schrammen‘* +30 57 Schrammen 
+85 Gehrcke and v. Baeyer! +35 55 Gehrcke and v.Baeyer 
+76 24 Hamy*® +32 56 Luneland ¢ 
+79 Luneland™ +31 —56 Author 
+76 24 Fabry and Perot - 
+79 Author 43133 
44800 +25 —12 33 MacNair! 
- +25 +-6? —1i1 ~32 Schrammen‘ 
+58 34 —81 = Janitzki 33 -28 Wali-Mobammad" 
+58 34 81 Wali Mohammad’ 
+59 — 33 —80 Takamine’ 42775 
+58 34 —81 MacNair! - 
+62 +14? 29 —78 Schrammen‘ +20 +-5? ~ 8 —24 Schrammen‘ 
+63 38 83 Gehrcke and v. Baeyer' —27 Wali-Mohammad" 
+61 —35 ~—80  Luneland™ 
+82 —82 Fabry and Perot* 
+62 —79 Author 





* The wave-lengths are given in milli-Angstrom units with the zero or main line com- 
ponents omitted in each case. 


Whether their hypotheses will apply with equal success to the explanation 
of the hyperfine structures of other cadmium lines Schiiler and Briick do not 
say, though considerable data on lines other than the S-P triplets are available. 
The results of Miss Schrammen, of MacNair, and of the present author are 
presented in Table II. MacNair used two quartz Lummer plates of lengths 
13 and 20 cm and thicknesses 4.40 and 6.55 mm respectively. Miss Schram- 
men had at her disposal one Lummer plate 14.5 cm long and 4.81 mm thick. 
As a source of light MacNair and Schrammen both used a water-cooled cad- 
mium arc. The writer’s observations were made with two Lummer plates of 


* Takamine, Proc. Tokyo Math-Phys. Soc. 8, 51 (1915). 
4° MacNair, Phil. Mag. 2, 613 (1926). 

" Collins, Results communicated verbally to the author. 
 Gehrcke and v. Baeyer, Ann. d. Physik 20, 269 (1906). 
* Hamy, Compte rendus 130, 489 (1900). 

“ Luneland, Ann. d. Physik 34, 505 (1911). 

% Wali-Mohammad and Mathur, Phil. Mag. 4, 112 (1927). 
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lengths 20 and 13.5 cm and thickness 6.42 and 4.92 mm respectively, using 
as a source a long hydrogen discharge tube having a side tube containing a 
small amount of metallic cadmium. Heating this side tube distilled a small 























TaBLe II.* 

45086 43610 
+77 —25 MacNair"® — 36 MacNair 
+76 —26 Schrammen‘* +3? — 37 Schrammen 
+79 Author —37 Author 

44800 | 43468 
+58 —34 —81 MacNair +31 —15.5 MacNair"* 
+62 +14? —29 —78  Schrammen +31 —15 Schrammen 
+62 —79 Author +30 —17.9 Author 

4678 3466 
+31 —56 MacNair Single MacNair"* 
+30 —57 Schrammen Single Schrammen 
+31 —57 Author Single Author 

\3614 } 3404 
+37.5 —2: MacNair +17 MacNair 

? —22 Schrammen ! +17 Schrammen 
+39.9 —21 Author | +16 Author 

43613 

Not reported by MacNair 

Single Schrammen 
Single 


Author 


* The wave-lengths of the components are given in milli-Angstrom units with the zero or 
main line component omitted in each case. 


amount of cadmium into the discharge resulting in an intense emission of 
the cadmium arc spectrum. The advantage of this source is that the vapor 
pressure of the cadmium may be kept so low that self reversal is entirely 
eliminated. 


DISCUSSION 


The results obtained on the lines AA5086, 4800, 4678, and 3133 A.U. 
obtained by different observers appear to be in good agreement. Miss Schra- 
mmen alone has observed the —0.060 cm component in AA4800, 3133, and 
3775 A.U. The writer was unable to observe dA = —0.025 A.U. in 5086 A.U. 
and —0.030 A.U. in 44800 A.U. The source used by the writer apparently 
emits many satellites with an intensity relative to the main line much lower 
than that usually observed in a vacuum arc. This statement is based on a 
comparison of the reproductions of MacNair’s spectrograms with the author’s 
photographs, and on the fact that Lummer Gehrcke spectrograms made 
from a water-cooled mercury arc and from a mercury hydrogen discharge 
of the type here used for cadmium show that the satellites are far more in- 
tense relatively in the arc. 

There is disagreement between MacNair and Wali-Mohammad as to the 
hyperfine structure of the cadmium triplet AX3614, 3613, and 3610 A.U. By 


1 The structure MacNair gives to 3466 is that for 3468. 
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using an E-1 Hilger quartz spectrograph, the lines \A3614 and 3613 A.U. 
can be resolved. It is found that A3613 is single. 

MacNair'® and Schrammen‘ disagree on the structures of the \A3468 and 
3466 A.U. lines. The results of the writer substantiate the conclusion drawn 
by Miss Schrammen that the hyperfine structure must be attributed to the 
A3468 A.U. line, while \3466 A.U. remains single. 
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Fig. 1. Energy level diagrams for \3468 A.U 


(a) Inverted D-Level (b) Normal D-Level 
Fig. 2. Structure of 43468 A.U 
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Fig. 3. Energy level diagrams for \3614 A.U 


If we accept the hypothesis of Schiiler and Briick* that the nuclear spin 
of certain cadmium isotopes is 1/2, then each gross level, save those having 
the inner quantum number zero, will split into two, having fine quantum 
numbers f=J+1/2. The levels 1'S) and 2*P) must therefore be assumed to 
be single, each having a fine quantum number 1/2. That the levels are in- 
verted has further been pointed out by Goudsmit.!’ 

Since on the hypotheses of nuclear spin the 2°P, level does not divide, any 
structure found in the lines ending on this level must be attributed to the 
upper levels involved. This fixes the doublet separations of 2°S,, 3°S,, and 


17 Goudsmit, Naturwiss. 41, 805 (1929) 














HYPERFINE STRUCTURES OF Cd LINES 851 
4°S, at 0.397, 0.369, and 0.354 cm™ respectively. As 2°S; is expected to be 
double any further frequency differences found in \A4800 and 4678 A.U. 
must be due to the splitting of the 2°P, and 2°P, levels. To these levels 
Schiiler and Briick* assign separations of 0.210 and 0.300 cm~'. Goudsmit!” 
however, has pointed out that 0.281 cm™ is a more probable value for 2°P». 
With the structures of the 2°P».; . levels known, the lines A\A3614, 3613, 3610. 
3468, 3466, and 3404 A.U. should give the separations of the 3°D, + levels. 
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Fig. 5. Energy level diagrams for \3044 A.U 
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Fig. 6. Structure of \3404 A.U 


A3404 A.U. is found to be double with a separation of 0.133 cm~', which 
requires 3°D, to have approximately this separation. As the line is double it 
follows that one of the observed components, the stronger of course, must 
be due to the fusion of the line due to the i=0 isotopes with one component 
of the pattern due to the i=1/2 isotopes. The i =0 line will, save for isotope 
shift, lie at the center of gravity of the i=1/2 pattern, and hence closest to 
the stronger component of that pattern, so that the long wave-length com- 
ponent observed in \3404 A.U. must be due to the i=0 isotope fusing with 
the stronger component of the i=1/2 isotope pattern. In order that the 
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stronger component of this pattern should have the longer wave-length, the 
f=1/2 fine structure level of 3°D, must lie above the f= 3/2 level. That isto 
say, 3*°D, unlike the *P levels, is not inverted. Its separation must be some- 
what greater than 0.133 cm~ as this merely measures the separation of the 
weaker component of the i=1/2 isotope from the center of gravity of the 
stronger component due to this isotope and the line due to the i =0 isotope. 
Just how much greater the separation is we may see from the lines \\3468 
and 3614 A.U. The patterns of these lines have a spread of 0.394 cm= and 
0.466 cm respectively. Substracting from these the separations of 0.281 
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Fig. 7. Energy level diagrams for \3613 A.U. 
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Fig. 8. Structure of \3613 A.U. 
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Fig. 9. Energy level diagrams for \3466 A.U. 





cm and 0.210 cm™ found in 2°P,; and 2°P, we find 0.184 cm and 0.185 cm™ 
as the values of the separation of 3°D,. The diagrams shown in Figs. 1 and 
3 have been constructed using this separation, and the patterns shown in 
Figs. 2 and 4 are those to be expected if the line from the i=0 isotope lies 
at the center of gravity of the pattern due to the i=1/2 isotope. Components 
of the compound pattern which might ve expected to fuse are bracketed. 
The agreement with the observed patterns drawn below is about as good as 
could be expected except that in 43468 A.U. the calculated intensity ratio 
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for the two clearly resolved satellites is 5/2 whereas the observed intensities 
are in the opposite order, namely 2/4. 

The energy level diagrams for \3613 A.U., using a normal and an inverted 
3°D, level, are shown in Fig. 7 while the structures which would be expected 
due to the i=0 and the i=1/2 isotopes are found in Fig. 8. If the 3*D, level 
separation is 0.281 cm then 3°D,-2*P, would have strong components close 
together so that they would coincide with the i=0 isotope. The two satellites 
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Fig. 10. Structure of 43466 A.U. 
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Fig. 11. Energy level diagrams for \3610 A.U. 
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(a) Inverted D-Level (b) Normal D-Level 
Fig. 12. Structure of \3610 A.U. 


+0.281 cm™ are probably too weak to be observed. The pattern to be ex- 
pected if a normal 3*D, level is used (see Fig. 8a) is three strong lines, two 
of which are due to the i=1/2 isotope and the other to the i=0 isotope. 
From A4800 A.U. 2°P, was found to have a separation of 0.210 cm™ 
which if used in \3466 A.U. (2°P;-3*D,) results in a triplet structure, whereas 
the line is observed to be single. There is no possibility for the two strong, 
components having wave-lengths d\ = +0.035 and —0.053 A.U. to fuse with 
the 1=0 isotope. If in Fig. 10b we use a normal 3*°D, separation in (3466 
A.U. there should be predicted three clearly resolved components. 
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The line \3610 A.U. (2°P,-3°D;) is double whereas we would expect to 
find three components. However, two of these may be made to coincide if 
we give to 3°D; the same separation (0.281 cm™') as 2°P:. In Figs. 11 and 12 
are shown the energy level diagrams, using inverted and normal 3°D,; levels, 
and the predicted and observed structure of 43610 A.U. The —0.013 cm 
component shown in Fig. 12a lies very close to the 7=0 isotope and as its 
intensity is large the fusing of this component with the 7=0 isotope is en- 
tirely possible. The wave-length of the satellite would be about +0.280 
cm™~!, whereas the observed wave-length is +0.285 cm“. 

A difficulty arises in the calculation of the structure of \6438 A.l 
(2'P,-3'D,), the cadmium red line. Wood'* has shown the presence of a fine 
structure component at dy = +0.324 cm™ in A2288 A.U. (1'Sp-2'P;). Since 
1'So must be supposed to be single, the separation of 0.324 cm~' must be 
placed in 2'P,. If this value is used in 2'P,--3'Dgs, there is no separation that 
can be given to 3'D, to give the observed single structure of 46438 A.U. 

The calculation of the polarization of resonance radiation for the \3261 
A.U. line leads to values which are much lower than those which are actually 


observed.!® 
CONCLUSION 


Since there is some doubt as to the reality of the —0.060 cm~! component 
found in AA4800, 3133, and 2775 A.U. by Miss Schrammen*‘ the hypotheses 
of Schiiler and Briick can be said to apply only in part to lines beginning 
on the *S and ending on the *P levels 

The structures of the lines \A3468, 3614, and 3404 A.U. show 3°D, to 
be a normal level having a separation of 0.184 cm~!. The lines \A3613 and 
3610 A.U. show that the 3°D,. and 3°D, levels are inverted. The 3*°D, level 
was the only one found in this investigation to be normal. 

The hypotheses of Schiiler and Briick apply reasonably well to the AA3468, 
3614, 3404, and 3613 A.U. lines but fail to account for the structure of 
43466 A.U. They predict structure for the \6438 A.U. cadmium red line 
whereas the single character of this line is definitely established. Finally, 
they predict a polarization of resonance radiation which disagrees materially 
with the observed value of 100°, 

In conclusion the writer wishes to express his sincere thanks to the mem- 
bers of the Department of Physics for their interest. He particularly wishes 
to express his gratitude to Dr. A. Ellett who suggested the problem and whose 
interest and encouragement made the completion of this problem possible. 


‘8 Wood, Phil. Mag. 2, 611 (1926). 
 Ellett, Phys. Rev. 35, 588 (1930) 
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NEW LINES IN THE ARC AND SPARK SPECTRUM OF 
HELIUM 


By P. GERALD KRUGER* 
PHYSIKALISCH-TECHNISCHE REICHSANSTALT, BERLIN 


(Received July 28, 1930) 


ABSTRACT 

Light source. The glow inside a Paschen hollow cathode was used as the light 
source. Carbon, tantalum, and tungsten were used as the cathode materials. Helium 
gas for these experiments was specially refined, so that only very slight traces of 
neon could be detected. 

Apparatus. The spectra were photographed by two different gratings used 
alternately in a Sawyer vacuum spectrograph and in a grazing incidence vacuum 
spectrograph. 

Results. The 1s*S,;—np*P,, y series of He II was extended to nine members, 
and the wave-lengths of the intensity maxima were calculated, so that these wave- 
lengths can be used for standards in this region. 

Lyman’s line at 600.019A has been found to be a He band. The forbidden line 
1s? 1So—1s2s ‘So is present. Another line, thought to be 1s2s 'So—2s* 'So, has been 
observed. The line 320.3924, first observed by Compton and Boyce, is surely a helium 
line, and very probably the transition 152p*P%q.—2p* *P os. 

The 303 series is by far the strongest series in the helium spectrum when pure 
helium is used in the discharge lamp. When, however, slight impurities of oxygen or 
carbon are introduced, the 584 series of He I as well as the 600.019A band is greatly 
enhanced, and the 303 series is weakened. 

The presence of the forbidden line 1s? 'So—1s2s ‘So is probably due to the fact 
that the levels concerned are metastable, and that the gas pressure in the discharge in 
the lamp was exceedingly low. 


HE present investigation was carried out at the suggestion of Profes- 
sor F. Paschen, and was an attempt to excite the 1s? electrons of He I 
into the 2p’, 2s?, and corresponding states. 


LIGHT SOURCE 


The glow in the inside a Paschen hollow cathode was used as the light 
source. During the course of the experiments a carbon cathode 10 mm in 
diameter, a carbon cathode 22 mm in diameter, a tantalum cathode 10 mm 
in diameter, and a tungsten cathode 10 mm in diameter were used. 

The helium gas used for these experiments was specially refined at the 
cold temperature laboratory of the Physikalish-technische Reichsanstalt 
to remove traces of neon. This was done by liquifying the helium. One 
sample was collected during the liquification process, the other while the 
liquified helium was allowed to evaporate. Both samples were very pure, 
and only showed traces of the strongest neon lines when the discharge was 
maintained in the helium gas at high pressure. At low pressures, such as 


* National Research Fellow. 
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were used when all exposures were taken, not even traces of the strong neon 
lines were visible. 


APPARATUS 


A vacuum one-meter spectrograph designed according to Sawyer’ 
with a glass grating from Wood, ruled 30,000 lines per inch, was used to 
photograph the first thirteen exposures. The glass grating was then replaced 
by a spectrum metal grating from Hilger, ruled 15,000 per inch. Five more 
exposures were photographed with this set-up, repeating the most favorable 
conditions during the first thirteen. 

In the meantime a grazing incidence spectrograph, built in the shops of 
the Physikalisch-technische Reichsanstalt largely according to the design 
of Siegbahn and described by Ericson and Adlen? was adjusted with the glass 
grating from Wood. This set-up gave a dispersion of about 3A per mm at 
300A, and about 6A per mm at 1000A. Eight more exposures were made 
with this instrument, repeating the above experiments. The glass grating 
was then replaced by the metal grating, and seven more exposures taken in 
order to check completely all work. Thusa total of thirty-two photographs 
were taken under varying conditions of gas pressure, current density, cathode 
material, and type of apparatus and grating. 

The essential difference between the grazing incidence spectrograph and 
the design of Siegbahn was that the slit, grating, and cassette were all 
mounted on a solid aluminum block which could be pulled out of the hull 
of the spectrograph without disturbing either the vacuum set-up or the ad- 
justment in any way. This arrangement has several obvious advantages. 

The reason for using the different cathodes mentioned above was to 
eliminate the possibility of attributing lines from the cathode substance to 
helium, and to find a cathode substance which sputtered as little as possible 
and which gave no lines in the vacuum region. Tungsten was found to be 
the most favorable. 

Although various helium gas pressures and current densities were tried 
in the light source, it was found that the best conditions for exciting the 
helium spectrum were an exceedingly low gas pressure (i.e. a gas pressure so 
low, that it was just possible to maintain the glow discharge under a poten- 
tial of 800 volts) and a current density of 150 to 200 m.a./cm’. 


RESULTS 


Table I gives all of the observed members of the 1s°S,;—np*P,, ; 
series of He II, and includes those members of the series which have pre- 
viously been observed by Lyman* and Compton and Boyce.‘ Column one 
gives the estimated intensities of the lines; column three gives the calculated 


1 Sawyer, Jour. Opt. Soc. Am. 15, 305 (1927) 

* Ericson and Adlen, Zeits. f. Physik 59, 656 (1930). 

* Th. Lymann, Astrophys. J. 60, (1924). 

‘K. T. Compton and J. C. Boyce, Journ. Franklin Inst. 205, 497 (1928). 
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values which have been computed by using the formula given by F. Paschen® 
and which applies the general and special relativity correction. These values 
are much more accurate than the observed values, and make the best avail- 


TABLE I. Helium IJ lines 


Int " obs Avec. Cal yom Combination 
ls—np 
50 303.782 303.7788 329 186.8 1°S3—2*Pi 4 
30 256.547 256.3145 390 , 145.6 12S) — 3*Fh 4 
20 243.222 243.0244 411,481.3 12S; —4°P§ 1) 
15 237 .264 237.3297 421 354.7 12S, —5?°Pi 
10 234.340 234.3452 426,720.9 125; —6°P% ; 
7 232 .540 232.5821 429 955.5 1284, —7°F 4 43 
! 231.472 231.4520 432 054.8 12S; —8®F% ; 
2 230.691 230 .6836 433 494.1 12S; —92P§ 
1 230.208 230.1370 434 523.6 12S, —10°F% 4 
0 229.7343 435,285 .4 12S; —11°P§ 44 


able standards for this region. The observed values of this series given in 
column two have been computed from plates taken with the grazing inci- 
dence apparatus according to the following formula: 


nX = e(sing — sin(@ — x/R) 


where @¢ is the angle between the incident ray and the normal, R is the dia- 
meter of the Rowland circle, and x is the distance from the direct image to 
the line. @ was empirically determined to be 81° 34.225 

This computation, however, assumes that the plate, slit, and grating 
all lie accurately on the Rowland circle, and since this is probably not true, 
the deviations in column two may be explained in this way. 

Column four gives the vy values in cm™! for the wave-lengths in column 
three. Column five gives the spectroscopic transition. 

Table II gives only those additional lines which have been photographed 
by both gratings used in both spectrographs, and which, therefore, may be 
attributed to the helium spectrum. 


raBLe Il. Helium J lines 


int " obs \ cal cm Combinatiou 
5 601.418 601.415 166 ,274.6 ls? 1S 1s2s'So 
? 357 507 279 714.8 1s2s 'So—25s* 1So(?) 
8 320 .392 312,117.6 ls2p'*P 2p™P» 


Line 600.019A has been commented upon by Lyman,’ Compton and 
Boyce, Paschen,' and Sommer.* During the course of the present investiga- 
tion it has been photographed under all conditions, and always appears as 
a band having the sharp edge on the violet and shading toward the red. 
The band undoubtedly belongs to the helium spectrum, and may therefore 
be attributed to Hes. 

F. Paschen, Sitzungsberichten der Preussischen Akademie der Wissenschaften 662, 


Berlin (1929). 


6 Sommer. Proc. Nat. Acad. Sci. 13, 213 (1927). 
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Line 320.329A was first observed by Compton and Boyce,‘ and is very 
likely the transition 2p? *Po.—1s2p*Po 2°. This places the 2p*%P 2. term at 
— 282894 cm™ with respect to the He I limit. On the other hand, no trace of 
their line at 309.04A has been found on any of the plates taken during the 
present work. Other lines at 321.186A int. 2 and 322.517A int. 2, which 
would probably be 2p? 'S,—1s2p 'P,° and 2p? 'De—1s2p *P,° and which 




















— 256 





=— 303 


— 320 


Fig. 1. mp series of helium II 

would strengthen the classification of the line at 320.392A, have, however, 
only been photographed with the glass grating in the Sawyer spectrograph 
and are therefore not included in Table II. 

Line 601.418A is without doubt the forbidden line 1s 2s'S° — 1s? 'So. 

Line 357.507A may be 2s*!S,—1s 2s 'So, for it has the same characteris- 
tics as 601.418A, and never occurs when 601.418A is absent from the spectra. 
Moreover, G. W. Kellner’ has very kindly computed that the 2s? 'S) should 
lie between 180,000 cm=! and 200,000 cm~ below the limit of He II. The 





7 Privately communicated to the author. and for which due thanks are acknowledged. 
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above value would give 2s*.S, a value of — 247,681 which is about 191,000 
cm below the limit of He II, thus fitting Kellner’s calculation nicely. 
A general survey of all plates taken shows the following results: 


se 


1. The 303 series is by far the strongest series in the helium spectrum, 
and appears most strongly when the pressure in the lamp is the smallest 
possible. In one hour, using the grazing incidence spectrograph, it was 
possible to photograph 8 members of the 303 series, and only four members 
of the 584 series which is the next strongest series in the helium spectrum. 
Increasing the time of exposure to six hours only added one member more 
to the 303 series. (See Fig. 1). It may also be remarked that under the same 
discharge conditions only four members of the 303 series could be photo- 
graphed using the Sawyer spectrograph. This shows the enormous gain in 
light intensity which is obtained by the grazing incidence instrument when 
working in this region. 

2. The 584 series as well as the band of Hee, 600.019A, is greatly enhanced 
by the presence of small quantities of O, or C. 

3. The 1s2s 'S)—1s? Sy never appears when the band 600.019A is mis- 
ing, although the band has been present when 601.415A was not present. 

4. Line 357A appears only when 601.415A is present. 

The presence of the forbidden line 1s? 'S,—1s2s 'S, is probably due to 





the fact that the discharge in the lamp was maintained in a very low pressure 
of helium. It is estimated that the pressure was 0.1 mm or less. Moreover, 
the levels concerned in this jump are highly metastable, which may account 
for the phenomena. 

If the present interpretation is assumed to be correct, one would expect 
to find other radiation from transitions of the nature 2s*— 2s2p or 2s*2s— 3p, 
etc. Although the plates were examined for such radiation, none were found. 

The author wishes to take the opportunity to thank Professor F. Paschen 
for placing at his disposal the apparatus and shop at the Physikalisch-tech- 
nische Reichsanstalt, and for the constant interest and kindly criticism which 
has been given him during the course of these investigations. 
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THE STRUCTURE OF EMISSION LINES 
By Frank Hoyt 
RYERSON PHysicAL LABORATORY, UNIVERSITY OF CHICAGO 
(Received June 16, 1930) 
ABSTRACT 


A method for obtaining the intensity distribution in a spectral line is derived from 
Dirac’s quantum theory of the radiation field. The calculations are carried out for the 
case of emission from a first excited state (resonance line) and show that the intensity 
of frequency » is, in this case, proportional to 1/|42*(»)—v)?+(A .2)?] were A is the rate 


at which atoms are leaving the upper state and » is the frequency of the transition 
The half-width is therefore 1/2x times the Einstein probability coefficient for spon- 
taneous transition to the lower state. The more general case where the lower state 
has a finite life time is not treated. 

A general method for the treatment of radiation problems, which is essentially 
Weyl’s modification of Dirac’s method, is briefly described. 


NY theory of radiation predicts a finite width for emission lines, even 

under experimental conditions which eliminate Doppler effect and 
pressure broadening. Classically this “natural width” is attributed to the 
damping of the atomic oscillations which must accompany an emission of 
energy, and in the quantum theory a similar result is to be expected from 
the correspondence principle, the rate of damping being the total rate at 
which atoms are leaving the upper state. The calculations of the present 
paper confirm this expectation for the case of a resonance line,' and a formula 
is derived for the structure of the line. The method of treating the radiation 
field, which is that of Dirac as modified by Wey], is briefly described, and 
appears as a very natural extension of the usual procedure of wave mechanics. 


THE RADIATION FIELD 


If the configuration of a dynamical system can be described by any 
number of variables and the equations of motion written in the Hamiltonian 
form, the methods of wave mechanics are applicable. If the system is a 
radiation field the number of variables is infinite; nevertheless, if questions 
of mathematical rigor are disregarded, it seems possible to set up a wave 
equation and interpret its solutions in the usual way when these variables 
form a denumerable set, such as the development coefficients of the field 
vectors in a system of orthogonal functions. 

Consider an electromagnetic field inside a cubical inclosure whose di- 
mensions will eventually be allowed to become infinite. It can be completely 
specified by the values of a vector potential A at all points inside the in- 


' Regarding the generalization to other cases see the note at the end of this paper. 
* P. A. M. Dirac, Proc. Roy. Soc. All4, 243, 710 (1927); H. Weyl, Gruppentheorie und 
Quantenmechanik, Leipzig (1928) p. 89. 
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closure, provided A satisfies the relation Y-A=0. The fields are then E 
= —(1/c) (@A/dt), H=V XA and the total energy is 


1 ff 1/0A\? 
c= | =(=) +x a" lv. (1) 
Sr c ct 


The “equations of motion” are then the Maxwell field equations, but they 
may be replaced-by the single equation 
1 @A 


V°A -_ 
( . or 


Il 


which is completely equivalent to them. It is readily shown that this equation 
gives a set of ordinary equations for the development coefficients of A.’ If 
a Fourier development is chosen the variables have a direct physical signifi- 
cance; we therefore write, for the field within a cube of length L, 


A= >a, exp 2rik,-r, a, =a," (3) 


where a, =a,;+€,2 is a complex vector, r a real vector from the center of the 
box, and k, is the vector with components 7,/L, 72/L, 73/L. The integers 
Ti, Tz, Ts take on all positive and negative values. The condition Y-A=0 
is fulfilled by taking a, perpendicular to k,, and a, is then specified by only 
two components. 

Substituting Eq. (3) in Eq. (2), regarding the a, as functions of the time, 
gives the equations 


which are the equations of motion for a system of independent linear oscil- 
lators with frequencies v,* =c*k,*. On substitution of the solutions in Eq. (3) 
the field is represented as a linear superposition of plane-polarized, progres- 
sive waves, so that classically the a, are the amplitudes of such waves. 

The Eqs. (3) may be put in canonical form with the Hamiltonian 


H = > }| b,|* + 20%,?| a, |? 


where b, =a, is the “momentum” conjugate to a,. It is easy to show, by 
substituting Eq. (3) in Eq. (1), that, independently of any boundary con- 
ditions, 
13 1 
E = —— )° —|b,|* + 2n,?| a, 
4rc? : 2 
Therefore H =(L*/4mc*)€, and the Hamiltonian is the energy of the in- 
closure, except for a constant factor. 
For the purpose of quantization it is preferable to have real, scalar 
quantities for the variables instead of the complex vectors a,, and to have 
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the Hamiltonian equal to the energy. This is accomplished by using a 
slightly different representation of A. Let 1(°(¢=1, 2) be two unit vectors 
chosen in some definite way in the plane perpendicular to k, (plane of polari- 
zation), and a,‘ (9 =1, 2) be the components of a,; and a,2 in these directions. 
Then, on making use of the reality condition a_, =a,* Eq. (3) may be written 


bs 1) (1 l . 
A=x?2 (4: > O)a,, 1, cos 2rk,:-r — a,21]™ sin 2rk,-r 


9 9 


+a,,1, cos 2rk,-r— a1, sin2rk,-r 


if one of the integers, 7, is restricted to positive values. It is therefore seen 
that any real vector A satisfying the condition Y-A=0 can be written in 
the form 


, p=1 =| 


where q,,. replaces +2a,,“ and the A,,, are orthogonal vector functions 
into which, for convenience, a constant factor 2c(27/L*)'/? has been intro- 
duced; explicitly they are 


Arie = 2¢(2r/L*)'/*1, cos 21k, - 


Arvoe = 2c(2r/L*)''*I, sin 27k;:-r. 


cn 


The constant factor has been so chosen that the energy is simply the Hamil- 
tonian 





© = Hp = Y(r: = 0) [FP 0 + 2 7V,7 Gree? ], 
where Proc = Grpe- The index r determines the frequency and direction of a 
plane wave component, p distinguishes cosine from sine terms, and @ gives 
the direction of polarization. 

For simplicity the vector potential may accordingly be written 


A= > daAa (6 


where a stands for r, p, ¢. The Hamiltonian for the radiation field is then 


Hr = > hp? + 29*va"Ga" (7) 
where g. and p, are real. 


WAVE MECHANICS OF AN ATOM IN A RADIATION FIELD 


Suppose an atom, represented for simplicity as a single electron (mass 
mu, charge —e, momentum p) is placed at the center of the box. The classical 
Hamiltonian for the system “atom plus radiation field,” neglecting spin 


9 


and assuming v*/c? < <1, can then be written 
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iP a ~(p+ <a) +U+Hp 
2u Cc 

where U is the potential energy of the electron in the field of the nucleus and 
A and Hz are the functions of ga, Pa given by Eqs. (6) and (7). The corre- 
sponding wave equation is Hy+(h/27i)dW/dat where H is the operator ob- 
tained by making the substitutions p=(h/27i)V, pa=(h/27i)d/dq, and y 
is a function of the time /, the atomic coordinates r, and the variables ga 
which specify the field. This wave equation may be written 


: h oy 
(Ho + V(t, r, da) + — — = 0 
271i Ot 
with V=//,+J/., where 
h? kh? 9? 
H,=- —V?+U+ >( —-— — + 219,44") (8) 
Sar7u e 8m? Oga’ 
eh 
H,=— teas > daAa V (9) 
2wipe a4 
e 
H, = —— )oqaqsAa: As. (10) 
2yuc? a £ 


(The operators A and V are commutative when VY: A=0.) 

Such a wave equation differs from those usually encountered only in the 
fact that the number of variables is infinite. It may be treated by regarding 
V as a perturbation and using the method of variation of constants. This 
gives the solution in the form 


y= > ca(t) ta(ée (29i/h) Bat 


a 


where =r, qi, Qe, , and the uw, are the normalized characteristic func- 
tions of the unperturbed problem. The c, are determined by the differential 
equations 


a 
— —la = Di V(ab)e~@ri/MEate, (11) 


21 b 


where V(ad) is the perturbation matrix 


V(ab) = J wotV uae. 


In the case of the present wave equation the characteristic functions of 
the unperturbed system are 


U, = u(r) Iu, (ga) 
x a 
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where u,(r) is the k-th characteristic function for the atom alone, and u,, is 
a Hermite orthogonal function, since the operator in H, that involves q. 
is simply that for the energy of a linear oscillator (of unit mass). The cor- 
responding characteristic value of the energy is 


Eo = Ex + Dolra + dhva- 


A state of the unperturbed system is thus represented by a complex of 


quantum numbers a=(k; 11, %, -- - ,) and the c, may be given the customary 
probability interpretation (which is also a consequence of the general trans- 
formation theory). That is, |c(t, k; 71, re, - ~~ ,\? measures the probability 


of finding the atom to have the energy FE, and the a-th radiation component 
to have the energy (r.+4)hva, if the interaction between the atom and field 
is suddenly destroyed or becomes vanishingly small at time ¢. The energy 
of a field component in its lowest state r.=0 is still (1/2)hv.; this “zero- 
point energy” must be regarded as undetectable in the form of radiation. 


PROPERTIES OF THE PERTURBATION MATRIX 


The quantities |V(ad) |? eventually measure transition probabilities 
from state 6 to state a, and certain of their formal properties are of im- 
portance. Using Dirac’s notation for a matrix element we may write V(ad) 
=(k;7n,--:,|Millss,--- +k n, - ,|He\l;s:,---,). A given element 
of H, =(eh/2miuc)A-V is of the form 

eh 


(Rk: 971, Hy il: sy ) = . : fouta. Vu.dv 


20 yc re 


i] f gu > u,,°* dq, 


Since LQattra*tsedQa is the (ra, Sa) element of the coordinate matrix of a linear 
oscillator it is different from zero only when sz=ra+1. Thus the only ele- 
ments of H, different from zero are those corresponding to transitions in 
which the quantum number of only one radiation component changes by 
+1, those of the others remaining constant. Inserting the well-known 
expressions for the coordinate matrices of the linear oscillator and the values 
of A, given in Eq. (5) the non-vanishing elements of H; may be written 


hr.\'!* e€ | 
(B31, °° ‘Te * Ay lini, fo —1, = ( ) 1. Pa( kl) (12) 
TV a bi L’ 
h(rat1)\'" e 1 
(Rk;r1, t.°**| Ay llr, ra + 1, -( ) 1, Pa( kl) -- (13) 
TV im L* 
where 


h cos } cos for p= 1 
P.ne( kl) = 2rk, - ru, *Vujdi icon (14) 
2rid sin I sin for p=2 
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Elements of the first kind correspond to transitions of the atom from state 
l to state k accompanied by emission of radiant energy, those of the second 
kind to the same atomic transition accompanied by absorption. 

It will be seen at once that for radiation components of not too short 
wave-length P,(k/) reduces to the (k/) element of the atomic momentum. 
This will be the case when the trigonometric factor may be replaced without 
appreciable error by its value at the nucleus. In general this means rv, 
=c¢|k,|<<10-* cm, so that for visible light 


Piie( kl) = pl kl) = 2ripr(ki)r( kl) 


(14a) 
P..,( kl) 


Q. 


As will appear later the most important matrix elements for spontaneous 
emission are those of the form (k; 0, »%=1, 0,---, |b; 0, ---), 
which may be abbreviated to (k1, |; |/0), if it is understood that all quantum 
numbers not specified are zero. Their squares 


h fe? ] 
(kl,| H,|0)|? =— ( : 1, Pal ki) | * 


Wa b Ba 


refer to transitions of the atom accompanied by “emission of one quantum” 
of a definite frequency, direction and state of polarization specified by a. 
In their dependence on frequency and direction as specified by 7 they are 
continuously variable in the limit L=«, and may be regarded as point 
functions defined at the points with rectangular coordinates 7,/L, 72/L, 
T;/L, in a three dimensional “k-space.” The volume element dk, dk, dk; 
in this space is 1/L*. It is more convenient, however, to use a system of 
spherical coordinates, as in this case v/c = |k| represents distance from the 
origin. If dQ is an infinitesimal solid angle in the direction of kK we may 
write for the volume element 


dkidkodks = (p*/c*®)dvdQ. 


Direction and frequency are now specified by continuous variables vy and 
Q = (6, ¢) which replace the index 7 so that 

hfjen y? i 
(Rk, lye | H,| 10) |? = —{ — I,(v, Q)-P,( Rl; v, Q) |?-—dvdQ. (15) 
3 


TVN c 


It will be convenient to replace sums of such elements over 7 by integrals 
over v and Q. 

The matrix elements of H,=(e?/2uc*)A-A, on the other hand, are of the 
form 


, 
e- 


(k3n,-+-|Milia,--) = 2 A. Agu; *u,dv 
a 8 


f 


Zuc* 


J sete u,* Us, dq, 
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For optical frequencies they will vanish except when k =/, i.e. when the state 
of the atom does not change; at the same time two radiation components 
can change their quantum numbers, again by +1. These elements are 
responsible for direct scattering of light (Dirac’s true scattering) but are 
unimportant for spontaneous emission. Since they are of the second order 
in (1/L*)"/? they are negligible when added to elements of H/;. 


SPONTANEOUS EMISSION OF A RESONANCE LINE 


The usual method of solving the variation equations (11) is to substitute 
in the right hand members the values of the c, at time ¢=0. Integration then 
gives an approximation which is valid for a short time—in general short 
compared to the life-time of an excited state. On re-substitution, higher 
approximations may be found. By proceeding in this way it is possible to 
obtain all of Dirac’s results for emission, absorption, and dispersion. In 
fact, the present equations differ from those of Dirac only in that the c’s 
give the probability of finding a system in a given stationary state, while 
his give the probability of finding a given distribution of a number of systems 
among the various stationary states. 

This method of solution is inadequate, however, if we wish to investigate 
the structure of a line within its natural width, as may be seen by appealing 
to the uncertainty principle. As applied to energy and time this states that 
any limitation Af in the time of an energy measurement will introduce an 
unavoidable uncertainty in the energy of amount AE=h/At. For a com- 
ponent of the radiation field E ~hyv, and hence 


l 
Al 


Ap 


It is well known that the natural width of an emission line is approximately 
1/T, where 7 is the life-time of the upper state. Hence a solution of Eqs. 
(11) which is valid only for '< <7 cannot predict the result of a frequency 
measurement of accuracy greater than Ay=1/7. Actually, as Pauli has 
shown,’ Dirac’s results give only the total probability of finding a light 
quantum in a given range of stationary states extending over the natural 
width. 

It is possible to obtain, however, a solution of the variation equations 
which is valid for any value of ¢ much greater than the life-time. This will 
not be subject to the foregoing restrictions, and we shall see that it gives a 
reasonable formula for the shape of an emission line. 

Written explicitly the Eqs. (11) are 


h 
- c(k: ry, ) = > (kin, A, \l; 17, fo = bs 


2m1 


gsetihr Sethe te(f. ¢, t. + 1, ) 


+ terms in Hf,» 


* Probleme der Modernen Physik, Leipzig, 1928, p. 30 
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where the + sign means inclusion of both terms in the sums. If we are 
interested only in the solutions for large values of the time it will be legitimate 
to retain on the right only those terms which are constant or vary slowly 
with the time, since the effect of those which vary rapidly and periodically 
will average out. The “resonance” or “secular” terms are those for which 
E,=E,+hv, is zero or very small, so that they are just those which cor- 
respond to transitions in which the total energy is conserved. 


To describe spontaneous emission we wish a solution for initial conditions 
such that at time ¢=0 it is certain that all atoms are in an excited state m, 
while all radiation components are unexcited. We therefore suppose only 
c(m; 0,--- ), is initially different from zero. From the infinite set of equa- 
tions it is then possible to discard any sub-set containing only c’s which are 
not coupled with c(m; 0,---) since such a set will have only the trivial 
solution that all the c’s which it contains remain practically zero. Terms in 
HT, may also be neglected compared to those in H; as they are of the second 
order in (1/L*)'’*. At the same time we may retain only the resonance terms. 
If this process of elimination is carried out consistently for the special case 
that m is the first excited state of the atom, so the only state of lower energy 
is the normal state k= the only equations which survive are the following: 


h 
- ——€(mla) = H,(ad)e~*** a) ‘c(m0), (16) 

21 
h : ; 
€(m0) == H,(Oa)e?**e-’a)'c(m1,). (17) 

2r1 


where (E,,—E,)/h=vo and H,(a0) is put for (m1, | H,;|m0). 

A solution of these equations which is valid when only c(m0) is initially 
different from zero may be obtained in the following manner: From Eqs. 
(16), 


2T1 ' 
é(n1,) = — —A;(al) e728! (o-"a) “¢( m0) ds 


h 


and substituting these integrals in Eq. (17) gives the integral equation 


2r\? 
(m0) = — (- bs H (a) | 2e2*i@o-%a)! 
h . 


t 
J e728 o-%) *¢(mO)ds (18) 
0 


for c(m0) as a function of the time. 

The sum with respect to a may be partly replaced by an integral, since, 
as already explained, |H,(a0) |? is a continuously varying function of » and 
Qin the limit L= ©. From Eq. (15) it is seen to be of the form 


~ 


H (a0) |? = Soel¥, Q)vdvdQ, (19) 
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hfe 
fielv, 2) = —- 1 
ro M 


Eq. (18) then becomes 


ar 2 s?r . 
é(m0) = - ( ) > | dQ J»! f gt? tio 
hh Sy ' “ 


| e~27*("o-”) *c(mO) ds t dy. 


where 


2): P,(mm; v, Q) | *. (20) 


(The integration with respect to 2 is only over a hemisphere because of 
the restriction 7, = 0.) 

It will now be shown that Eq. (18) has a solution of the form c(m0) 
= Ce-*', and «x will be determined. Substituting this expression in Eq. (18) 


) 9 » lg v vit OG 
2 1 e* od. 
ieee > fao[y,. viv. (21 
Rs 2mt we K 
1 i 


Yo + 1- 


gives 


The integral with respect to vy may be written 


where F(v) =vf,-. The three integrals may be evaluated without difficulty 
when it is assumed that « is vanishingly small compared to vo and that F(v) 
vasnishes for large values of v in such a way that the integrals converge for 
high frequencies. The first assumption is certainly valid, since, as will be 
seen, 2x is the transition probability; the second has not been rigorously 
proved, but has been assumed by Dirac in his calculations, and is plausible 
because F(v) contains factors of the form / cos 27k: ru,*Au,dv which vanish 
for high frequencies. The limits of integration may then be extended from 
0 to ©, and F(v) replaced by F(vo), since, because of the resonance when 
y=vo the contribution to the integral near the resonance point is the pre- 
dominant part. The first integral may be extended to a closed path in the 
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complex plane and by Cauchy’s theorem its value is =27i F(yy)e~". The 
second vanishes because of the factor v»—v, while the last may be reduced 
to the form /  d&/(&+a*) =x/a and contributes ir F(vo)e. Hence 


I = — Tivofpe(¥o, Qhe™, 


and Eq. (18) is satisfied with 


” 


1 /2z2\? d 
c= — (- )» > | AQT o6(Vo, {2). 
) h « 


~ po 


i) 
m 


The solution of the set of differential equations is completed by sub- 


stituting c(mo) =c (mo)e~* in Eqs. (16) and integrating, which gives 


2T1 g tg-3* ae | 

c(m1,) = c' (m0) H (ad) -——- ——— (23) 
h 2ri(¥o — Va) + kK 

c(mO) = c"’?(mOde*. 24) 


Turning to the physical interpretation of the results just obtained, it 
is seen from Eq. (24) that the number of atoms in the upper state m falls 
off exponentially with the time, since |c(m0) |? is the total probability of 
finding the atom in state m. This number is proportional to e~**/', so that 
x =(1/2)A, where A is the Einstein probability coefficient for spontaneous 
transition. (It will be shown presently that the value of A given by Eq. (22) 
coincides with that derived from the correspondence principle.) From Eq. 
(23), on squaring, we obtain the total probability of finding the a‘ radiation 
component to have the energy hv.. For {> >1/x this is 





2m 2 
H (ad) 
h 
c(m1,) | 7 = | c£? (m0) | ? eee Rete se 


which gives the final energy distribution in the line. (For sufficiently large 
values of the time the atom and field can certainly be regarded as uncoupled.) 
On summing over all values of @ it can be shown that the total energy is 
c°(m0) *hya, as it must be. Since, for v.=vo, |/1;(a0) |? can be regarded 
as independent of a, and since, in the limit L= «, |//,(a0) |* is proportional 
to dv, the intensity /(v) per unit frequency interval is 


1 
I(v) = const —__—__—_—. (25) 


A\? 
4n*(vo — v)? + ( 
) 


This is just the intensity distribution calculated from the Fourier analysis 
of a classical oscillator with damping constant (1/2)A. Since this damping 
of the amplitude of the virtual oscillator is just what is required to preserve 
the energy balance when the atoms leave the upper state, according to 








eh Oy we 
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Einstein’s law, at rate A, it is seen that Eq. (25) gives the result to be ex- 
pected from the correspondence principle. The half-width (width at half 
maximum is readily seen to be (1/27)A, or (1/27) times the reciprocal of the 
lifetime of the upper state. 

In conclusion it will be shown that the value of x given by Eq. (22) is 
actually 4 the usual expression for the probability coefficient: 


( 2rrv,)4/f 2e? 
A(mn) = - ~ }2\ r(mn) 
hyo 3c3 


derived from the correspondence principle on the assumption that only 
dipole radiation need be considered. Under these conditions (not too short 
wave-length) the factor =, |J,-P,(vo, 2) |? occuring in Eq. (22) becomes simply 
4n*uy,? |1,:r(mn) |? (Cf. Eq. (14a)). If the space degeneracy of the atom is 
not removed by an external field the cos? in the scalar product may be 
averaged over all orientations of the atom, introducing a factor of 1/3 and 
removing any dependence on the direction of polarization (¢) and Q. With 
this simplification it is readily seen that x is 1/2 the value of A(mn) given 
by Eq. (26). For short wave-lengths the factor cos 2rk-r in P cannot be 
regarded as unity. It can be shown, however, that in this case x is still 
one half the rate of emission of radiant energy calculated classically from 
the Schrédinger charge and current density associated with the transition, 
the trigonometric factor taking care of the retardation. 

The method which has been used for emission lines is obviously capable 
of extension to the case of absorption under various conditions, and the 
results will be discussed in a future paper. 


Note added in proof: Since the above article was sent to press a paper has 
been published by Weisskopf and Wigner* on the natural widths of emission 
lines. 

Comparison with their results showed an error in the author’s generaliza- 
tion of the above results to the case of lines other than a resonance line. A 
paragraph dealing with this generalization has therefore been deleted in 
the proof. Weisskopf and Wigner arrive at the important conclusion that 
the half-width in the general case is 1/2 times the sum of the total proba- 
bilities of spontaneous transition from the upper and lower states. Their 
method is similar to that of the present paper and gives, of course, the same 
result for a resonance line. Equations equivalent to those on which they base 
their treatment of other cases can be derived from Eqs. (11) above. 


5 Cf. W. Pauli, Handbuch der Physik, Vol. XXIII, p. 70. 
* Zeits. f. Physik 63, 54 (1930). 
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NOTE ON FREQUENCY SHIFTS IN DISPERSING MEDIA 
By G. Breit ANpD E. O. SALANT 
DEPARTMENT OF Puysics, NEw YorK UNIVERSITY 
(Received July 1, 1930) 


ABSTRACT 


The propagation of a light wave through a dispersing medium is discussed. The 
absorption frequencies of the medium are shown to be the absorption frequencies of 
the coupled system formed by molecules contained in a cavity elongated in the direc- 
tion of the electric intensity of the incident wave. The cavity is supposed to contain a 
large number of molecules and yet to be small compared to the wave-length. 

The absorption bands of the coupled system are discussed. For tenuous media 
the shift is small and of the order of the Lorentz-Lorenz shift. The modification 
introduced by the quantum theory consists in replacing the classical e*/8x*mv by 
jx(I, II) |? where x(I, II) is the unperturbed matrix element of the polarization in 
the fixed direction X , the normal state is I, the excited state II. In this approxima- 
tion the shift is obtained by replacing the classical e by Dennison’s effective charge 
For regular arrangements of molecules, no broadening due to coupling is expected 

For dense media there are additional effects even to the first order. These are: 
(1) the electrostatic interaction of a molecule with its neighbours due to its excita- 
tion, (2) the effect of the finite space extension of the u;*uy charge distribution. A 
comparison of the measured shifts in liquid HCI and HBr with the extrapolation of 
the Lorentz-Lorenz formula modified by lx(I, IT) |? is made. The observed shift is 
much too large to be explained without taking into account effects (1), (2). Particle 
exchange has been neglected. 


T IS well known that the modern quantum theory explains satisfactorily 
the main features of the phenomena of dispersion. In the considerations 
published so far the main emphasis has been on the behavior of a single 
atom. The conclusion reached is that an atom scatters electromagnetic 
waves as though the incident wave induces a polarization given by the Kra- 
mers-Heisenberg formula. The coherent radiation is therefore reradiated 
by the atom very much as though it contained a number of classical har- 
monic oscillators with resonant frequencies equal respectively to all the possi- 
ble atomic absorption frequencies. It is our purpose to consider here the 
effect of the interaction of neighbouring molecules and in particular to as- 
certain the difference between the absorption frequencies of the dispersing 
medium and the corresponding frequencies of free atoms.' 
Just as in the classical theory of dispersion we may define in the quantum 
theory local and average field intensities.' The local electric intensity d 


1 In the classical theory of dispersion there is a difference between these two. The effective 
dielectric constant ¢ is connected with the deformability a by «—1=Na/|4r+<a(«—1)] where 
a depends on the geometrical arrangement of molecules and N is the number of molecules 
per unit volume. The atomic absorption frequencies correspond to a= © and the absorption 
frequencies of the medium correspond to «= #. The two occur in general for different fre- 
quencies. See H. A. Lorentz Theory of Electrons, Chapter IV, Wolf and Herzfeld Handbuch 
der Physik Geiger Scheel, Vol. XX, p. 511. 
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varies rapidly within a molecule and the average electric intensity E varies 
appreciably only in a region containing many molecules. The validity of 
Maxwell’s equations for the local field quantities (d,h) implies by the classi- 
cal reasoning of averaging also the validity of similar gross equations for 
the averaged field quantities (Z,H). This part of the theory is entirely un- 
changed. For nonmagnetic media the modification introduced by the quan- 
tum theory comes in only at the point of establishing a relation between 
E and the average polarization P. 

To find this relation we use again the well-known classical reasoning. A 
cavity containing a large number of molecules is formed. A molecule inside 
the cavity is acted on (1) by E, (2) by E’ due to the other molecules in the 
cavity, (3) by the surface charges due to P giving a local intensity E”. It 
is not quite right however at this point to adhere to the classical reasoning. 
The force E’ is not the only effect of the neighbouring molecules. All the 
molecules in the cavity must be considered as forming one coupled system. 
The polarization of this under the influence of E+ E” may be worked out. 
For a cavity of a known shape E” depends on P in a known way. In particular 
an elongated cavity parallel to P gives E”=0. The resonant frequencies of 
the coupled system formed by molecules inside an elongated cavity give 
therefore the absorption frequencies of the medium, for at these resonant 
frequencies P/E is infinite. 

At this point we call attention to the fact that the coupled system formed 
by molecules inside a spherical cavity has a different set of absorption fre- 
quencies. They are exposed however also to a different field: E+47rP/3. 
The spectrum of the spherical cavity does not correspond to P/E= but 
to P/ E= —3/4r. We shall see presently that the results of considering these 
two shapes are consistent with each other, as one would expect. 

We must also point out that a system of loosely coupled molecules in a 
cavity has a very large number of absorption frequencies lying close to an 
absorption frequency of a free molecule. They form a band having a certain 
width which as has been pointed out by Schiitz-Mensing’ is in some cases 
approximately equal to the Lorentz-Lorenz shift. The polarizability of a 
quantum system is given by 


) X (mn) 


h es Vane — v? 
where is the normal level in which the system is supposed to be, m is any 
excited level, and X (mn) is the matrix element of the polarization of the sys- 
tem in the direction of the incident electric intensity. Our problem consists 
in finding the maximum of (1) as a funcition of v. The frequencies lie so 
close together that we cannot observe the individual maxima of (1). Also 
a does not actually become infinite at y=yv,,, on account of radiation damp- 
ing. The maximum of (1) can be taken to lie at 


y= > Vmn | X(mn) |? .¥ | X(mn) |? (2) 


mr 


* Schiitz-Mensing, Zeits. f. Physik 61, 655 (1930) J. Frenkel, Idem. 59, 198 (1930). 
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the weighted mean of the individual absorption frequencies in the band. 
Most of the calculations necessary for the evaluation of (2) have already been 
carried out by Frenkel*® in connection with the resonance broadening of 
spectral lines. 

All the molecules in the cavity form a coupled system. For each indivi- 
dual molecule there is a normal state I and an excited state II. For the whole 
system we consider the non-degenerate state described by the zero approxi- 
mation function 


WV, = ur(gi) 1 (ge) - > > Ur (gn). (3) 


Here the w’s are eigenfunctions of the individual molecules and the gq; are 
the coordinates describing their configuration. We also consider the degen- 
erate excited state described in the zero approximation by a linear combina- 
tion 


vu = > at1(q1) -* + Uyr(gi) - + > Uy( gn). (4) 


There are in general m functions ¥:; corresponding to m levels. The pertur- 
bation energy may be taken to be 


H’ = DOHiulqi, qe)- (5) 


i<k 


The mutual coupling gives to the first order of the perturbation calculation 
a change in the energy of the state described by (3) 


w= > Hi(II/1D (6) 
where 


H(ab/cd) = J t@ut@HG q’)u.(q)ua(q’ )dgdq’ . 


The perturbations of (4) are given by the secular equation 
wns =( Caan + CACY), + CHa /TMa. (7 
k k lpi k 


Multiply (6) by a; and subtract from (7)... Then 
(wi — w)a,= > (Ha(I1 I/D) — Aa(L 1/1 D Ja, + SOA u(Il 1/1 Ia (8) 
k k 


is the secular equation determining the shifts in the frequency (wy; — wy) /h. 
This is very similar to Frenkel’s (7a) although we do not confine ourselves 
to atoms describable by simple linear displacements as he does. In (8) we 
see first of all a frequency displacement given by the coefficient of a; 


1 
= Ll#a(M 1/111) — Hal /10), 
k 


1 
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This is easily interpreted as the increase of electrostatic energy of the single 
molecule i due to its excitation I-—II with all the other molecules. For 
molecules well inside the cavity (9) is independent of 7. At the boundary it 
depends on i. The number of molecules inside is much larger than that at 
the boundary and to a first approximation we consider (9) as a constant. 
The non-diagonal terms in (8) are intimately connected with the Lorentz- 
Lorenz shift. Their character stands out best if the molecules are supposed to 
be small in comparison with their distance apart. The coefficient H;, 
(II I/I II) is then the mutual electrostatic energy of two dipoles of moment 


x(1, IT) (10) 


at a distance r;, (the distance between molecules i and k). In the matrix 
element (10) x is the resultant polarization of an individual molecule in the 
fixed direction x. Under these conditions the problem is mathematically 
equivalent to that treated by Frenkel. Neglecting the effect (9) the energy 
shifts Wi — Wy == satisfy 


Ards = Diaindre, Aix = rie (1 — 3 cos* Ojx) | x(I, IT) | ? (11) 
where 6@;, is the angle made by r;, with the x axis. The total and individual 
polarizations are connected by 


X,(1, 11) = )oa,;x(I, I). 12 


: 


It is a mathematical consequence of (11) and (12) that 


It should be noted here that these formulas can be applied to the calculation 
of the weighted mean of any power of X. 

The results of (13) depend on the space distribution of molecules. A 
simple type of distribution is the cubical arrangement discussed by Lorentz 
The number of molecules in the cavity being large 2)a;; is practically inde- 
pendent of i as long as the molecule is inside. The number of particles at the 
boundary being relatively small we have from (13) 


- | . = 
A™ = —-(mA)-A -AmA., 14) 
n 


This is not an exact result but it is the more exact the larger the cavity and 
becomes therefore applicable in the case of very long wave-lengths. It means 
that in this limiting case the frequency is shifted without broadening. In 
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order that this be true it is essential to have a regular arrangement of mole- 
cules i.e. such an arrangement that 2,a,, is independent of k. A statistical 
space distribution will of course give rise to broadening as has been found by 
Frenkel. For a longitudinal cavity 2,,,@%; can be evaluated by surrounding 
the point k by a sphere S. Then 2,a,; inside S vanishes for the cubical ar- 
rangement. In the region between S and the outside boundary of the cavity 
the summation is replaced by an integral which is identical with the integral 
of the classical dispersion theory. It is transformed into a surface integral 
representing the effect of classical surface charges due to polarization. The 
contribution of the boundary of the cavity is zero if it is sufficiently elongated. 
The contribution of the surface of S is 


— (4n/3) | x(I, IL) | *N 


where N is the number of molecules per unit volume. Summing this over k 


is equivalent to multiplying by m. Substituting 2,,,a@,,; in (13) it is found 
that 
N= — (4n/3) | x(I1, ID) | AN. (15) 


In the special case of an almost harmonic oscillator of charge e, mass m, 
frequency v the frequency shift \/h is on substitution of |x(I, II) |?=eh/ 
8x°myv for the fundamental, Avy = — Ne®/(6rmyv) in agreement with the result 
of the classical dispersion theory. 

Let now the cavity be spherical and the arrangement of |molecules cubical 
as before. Then the surface integral over the sphere S is equal and opposite to 
the surface integral over the boundary of the cavity and \=0. By (1) and the 
first equation (13) 


P Na 2Nry | xX L, Ti) i * 
—--— = — = —-— -—- (16) 
E + (49r/3)P n h(yy 1? — v*) 
the other states III, IV,.... being neglected here. The external force acting 


on the spherical cavity is, as mentioned before, E+(4r/3)P. The absorp- 
tion frequency always corresponds to P/ E=0 and the right side of (16) is 
therefore 3/47. This gives 


8rNvyz | x(1, ID 


7-ag° - — mye 
3h(y 1 + v) 


which agrees with (15) if »—», 1 is small. 

If the arrangement of molecules if not cubical 2 ,a,,, over a sphere does not 
necessarily vanish. This changes the factor 42/3 in (15) into a where a de- 
pends on the geometry of the arrangement entirely as in the classical theory. 
Also if the distribution of molecules is sufficiently statistical D,a,; is not 
independent of k. Then (14) is not true. Still for a spherical cavity and a 
statistical distribution 2,,,.@,;=0 so that in this case (15) holds although the 
line is broadened as shown by Frenkel and Schiitz. 
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For molecules which are not small in comparison with their average dis- 
tance apart formula (8) may be used. Formulas (13) may not be used ac- 
curately. Approximately however they remain correct if aj, is replaced by 
Hy, (U1, 1/1, 11). In performing >,/7;; between S and the outside boundary 
of the cavity, H,; may be taken to be a,;,; quite accurately because S itself 
contains many molecules and r;,,; is large. Over the inside of S however 
2 sH,,#0. We have then in general 


X= >) {A«w(I, 1/1, 1) — Ax(l,1/1,D} + 5(S)A2 (11, 1/1, 
k k 


— (4/3) | x(I, ID) | ?-N (17) 


the averaging being performed over the molecule 1. 

Measurements of shifts of the 0-1 vibrational frequency of HCl and HBr 
have been made by E. O. Salant and A. Sandow.* The frequencies observed 
in the liquid state were different from those in the gaseous. The pure 
Lorentz-Lorenz shift given by (15) (15’) can be calculated from a knowledge 
of the absorption coefficient. This is 


Jiu = 82° Nv} x(1, ID) | 2/(3he). (18) 


Expressing with Dennison‘ J; 1 in terms of the effective charge e;. 1 of the 
molecule i.e. defining e: 11 by 


x(1, IL) | ? = e; 1°h/82?myp (19) 
the frequency shift 


Ayn = — Ney, /6rmr, 1 (20) 


where m is the reduced mass. For HCl Dennison’s best value of e; 1; is 0.949 x 
10-'* e.s.u.,v9 is 2886 cm™. Substitution into (9) gives Avy 1; = 2.99 X 10-°cm=" 
per atmosphere pressure at 0° C. Applying the formula to the liquid state 
we find that the observed shift of 105 cm™ is roughly 48 times larger than 
that given by (20). (In the note by Salant and Sandow’ a factor 1/42? has 
been omitted in the expression Av which led to the impression that the 
difference between Dennison’s effective charge and the electronic charge e 
accounted for the observed shift). It thus becomes apparent that there are 
other more serious reasons for the shift than the pure Lorentz-Lorenz effect 
(20). This is further supported by the fact that the harmonic of HCI slows 
a shift of the same order as the fundamental. Since by (15) and (18) the Lor- 
entz-Lorenz shift is proportional to J/v and since the absorption coefficient of 
the 0—2 transition (unpublished infrared measurements of West and Salant) 
is weaker than that of the 0-1 the Lorentz-Lorenz shift alone cannot account 
for the observed shift.5 The actuat shift must therefore be connected with the 
other effects given by the first two terms of (17). 


+E. O. Salant and A, Sandow, Phys. Rev. 35, 214 (1930) 

* D. M,. Dennison, Phys. Rev. 31, 503 (1928). 

* Dunham calculates from his own and Bourgin’s data Jm/J™ =0.0161. See J. L. Dunham, 
Phys. Rev. 34, 438 (1929). 
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This conclusion has been reached above by considering the measurements. 
It can also be seen by taking into account the mutual distances of molecules 
in the liquid and their dimensions. It is clear that they are by no means far 
apart and that the space occupied by u;*u; is by no means negligible. The 
molecules are in fact so close together that we would not expect the first 
order result (17) to hold with any accuracy. All that can be claimed is that 
the three kinds of effects given in order in (17) as the pure electrostatic, the 
energy exchange, and the Lorentz-Lorenz effect will all contribute to the 
shift. In addition there may enter the effect of particle exchange which, 
for simplicity, has been neglected. The degeneracy connected with space 
quantization has not been considered explicitly. It is however easily removed 
by applying an auxiliary field parallel to E. Formulas (18), (19) have been 
used as though this were done. 
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THE THEORY AND CALCULATION OF SCREENING 
CONSTANTS 
By Cart EcKART 
RYERSON PHYSICAL LABORATORY, UNIVERSITY OF CHICAGO 


(Received July 26, 1930) 


ABSTRACT 


It is shown that if H is the negative energy operator, and ¢ any function satis 
fying the boundary conditions of quantum dynamics and possessing the symmetry 
properties characteristic of a given spectral series, then E = {¢*Hodr is a lower limit 
to the term-value of the lowest level of that series. If the integral is evaluated for 
various ¢'s, the largest value obtained will be the best approximation to this term 
value. The method is applied to various electronic configurations with satisfactory 
results. The degree to which ¢ approximates the wave function of the state is not 
determined, but it is shown to be likely that the approximation is not good at large 
distances from the nucleus 


HE empirical interpretation of x-ray spectra has long been based on the 

idea that each electron of an inner shell screens the outer electrons from 
the field of the nucleus. The outer electrons are supposed to move in an 
approximately central field, much as though the inner electrons were not 
present and the nucleus had an effective charge less than its true charge. 
Millikan and Bowen have also shown that this idea is applicable to many 
optical spectra. 

Quantum dynamics has furnished a qualitative justification for this 
idea, but the effective nuclear charges have never been deduced from first 
principles in any systematic way. It is true that L. Pauling' has obtained 
numerical values for them which are in excellent agreement with observation, 
but his calculation begins with the wave equation of a single electron moving 
in the field of an artificial distribution of charges on spherical surfaces. This 
amounts to assuming the general form of the result, and neglecting some of 
the finer features of the problem. J. Frenkel? has used the method which 
forms the subject of the present paper. He calculates the screening constant 
for the normal state of helium-like atoms, but assumes it to be applicable to 
any state. It was found empirically (cf. Section 5) that the method fails 
miserably when applied to (1s)(2s) 2'S, but, remarkably enough, gives very 
good results for (1s)(2s)2°S. This is shown to be a consequence of a definite 
limitation on the method, which is applicable only to the lowest state of 
any spectral series. (Section 1.). 

The method is analogous to that first used by Ritz’ to calculate charac- 
teristic numbers. The Ritz method has already been used to solve problems 

1 L. Pauling Zeits. f. Physik 40, 344 (1926). 

? J. Frenkel, Einfiihrung in die Wellenmechanik, p. 291. (Berlin, Julius Springer, 1929). 
Also Guillemin and Zener, Zeits. f. Physik 61, 199 (1930). 

3 W. Ritz, Journ. f. reine u. angew. Math. 135, 1 (1909). 
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of quantum dynamics,‘ but the investigators have not adhered very closely 
to the original procedure,® and it appears that the deviations are largely re- 
sponsible for the success of the calculation. They are all in the direction in- 
dicated by the empirical theory of screening. In this paper, a theoretical 
justification for them is given and the original Ritz procedure is abandoned® 
entirely. This simplifies the calculations considerably without greatly 
reducing the accuracy of the result. If higher accuracy is required, however, 
the Ritz method may be superposed as was done by Kellner and Hylleraas. 

It may be well to make a few general remarks about the various kinds 
of screening constants’ (or effective nuclear charges). These numbers are 
essentially parameters determining an average value of the electrostatic 
field in which an electron moves, and there will be as many different ones as 
there are different ways of averaging. The present paper will be primarily 
concerned with that effective charge which is to be used in the wave function. 
The approximate value of the main energy term is also obtained, from which 
that screening constant called oa, by Pauling could be calculated if it were 


‘ 


desirable. This latter is responsible for the “screening doublets”; the “spin” 


screening constant is not calculated. 


1. THe Drrect METHOD OF CALCULATING CHARACTERISTIC 
NUMBERS 


The fundamental equation of a characteristic value problem may be 
written 


Hy, = Wadn, (1) 


which is normally a partial differential equation, 1 being an operator, W,, 
the characteristic number, and y, a function of the coordinates. This equation 
is to be solved subject to certain boundary conditions, and possesses solu- 
tions satisfying these only for certain values of W,,, say 


Wi2e2W2e Wse:::. (2) 


(In quantum dynamics there is always a greatest W if this letter denotes the 
negative energy or term value.) For the following, it will be convenient to 
use the letters ¢, d’, 6” - - -to denote functions which satisfy the boundary 
conditions just mentioned, but are otherwise arbitrary. If the operator H 
is hermitan the characteristic solutions y, of Eq. (1) may be normallized 


so that 
J vovatar = (4) 


*G. W. Kellner, Zeits. f. Physik 44, 91, 110, (1927), E. Hylleraas, Zeits. f. Physik 48, 
469 (1927). 

* Courant-Hilbert, Mathem. Methoden der Physik p. 157 (Berlin, J. Springer, 1924). 

® This has also been done by V. Guillemin, Jr. and C. Zener, Zeits. f. Physik 61, 199 (1930); 
C. Zener Phys. Rev. 36, 51 (1930). 

? For details, see L. Pauling and G. Goudsmit “Structure of Line Spectra,” pp. 61, 180, 
188 (McGraw-Hill, 1930). 
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and any of the functions @ may be expanded in a convergent series: 
@ = La,v,, where a, = J ovarar (S) 


If @ is itself normallized, i.e., if 


then the integral 


E = f o*teas (7) 


possesses certain important properties. For convenience, it will be called 
the variational integral and any normallized @ will be called a comparison 
function. 

On substituting the expression (5) for @ into Eq. (7) and making use of 
Eqs. (1) and (4), it follows that 


E=2Z\|a,|? Wa. 


It is immediately seen that if all the a’s are zero except one (¢=y,,) then 
E=W,,; if @ differs only little from y,,, E will approximate W,,. To inves- 
tigate this approximation, it is necessary to study the difference 


Wn —-E= > \a,|2(Wa — W,). (8) 


Because of the inequalities (2) the difference W, — E must always be positive, 
since W,— W, 20, and W, is therefore the maximum value assumed by the 
variational integral for any comparison function whatever. If E has been 
evaluated for various comparison functions, then the largest of these values 
will be the best approximation to W,. 

This reasoning applies only to the largest characteristic number, but if 
the first m—1 coefficients of the expansion (5) are all zero, it will apply 
equally to W,,. It is often possible to find comparison functions satisfying 
this condition, even though the functions y, are not known exactly. A simple 
example is afforded by an atomic system with two electrons. If x, x2 be 
their cartesian coordinates (the spin variables are entirely neglected) it is 
known that 


Wil X1, X2) = Wil Xe, X1) 
and hence if 
Q(X}, Xe) = — QO Xo, X)) 


it follows from Eq. (5) that a,=0. Any antisymmetric comparison function 
will thus furnish a lower limit to the second characteristic number. 
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Similarly, if M be the operator associated to the angular momentum of 
the system and the comparison function be restricted by the equation 


M’*o = LiL + 1)¢ 


where L=0, 1,2, - - - , then the value of E obtained will be a lower limit 
to the lowest (largest W) S, P, D, - - - , term, respectively. 

These results afford a basis for a direct method of calculating those charac- 
teristic values to which they apply. If comparison functions ¢, ¢’, ¢” - - - 
are known, which result in values ESE’ SE" <s - - -, it may be presumed 
that this sequence of numbers will converge toward the corresponding W,,. 
The proof of this convergence will usually be difficult, and no attempt 
will be made to construct one in this paper. Instead, a mode of reasoning 
will be adopted which is much simpler. 

It depends on the fact that there exists one comparison function which 
has a certain theoretical justification :* if the operator H be written H’+H”, 
it is known from perturbation theory that 


Vr =o, + - 


(9) 
W, = W,’ + W,” + - 
where 
H'o, = W,'dn (10) 
and 
WwW, = J ott" ouar. (11) 


The function ¢, is the first term of an infinite series and is generally accepted 
as a “zeroth” approximation ot ¥,, while W,’+W,” is the “first” approxi- 
mation to W,. For physical purposes, they may therefore be taken as stand- 
ards by which other approximations are to be judged—if |W,—E | < |W, — 
W,’ —W,.’| then E will be a good approximation according to this criterion. 
The direct method immediately enables us to find a good approximation 
whenever it is available and @, is known. 

The operator H’ and the function @, will usually depend on a numerical 
parameter Z (say the nuclear charge); if this parameter, whose true value 
is a part of the given data, be allowed to assume arbitrary values a in @,, 
then 


E(Z, a) = J o=*(a)H"(Z)en(aar (12) 
will certainly be a lower limit to W,. If E(Z,a) possesses a maximum for 
a=Z, then it immediately follows that 

W, — E(Z,Z.) = W, — E(Z, Z) = W, — W,’ — W,”. 


8 The mathematician might not agree to the soundness of the theory, but it has the general 
assent of physicists. 
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Hence E(Z, Z,) is a good approximation according to the criterion adopted 
above. This is the explanation of the recognised fact that the substitution 
of effective charges and quantum numbers in formulas deduced from pertur- 
bation theory usually improves their agreement with observational data. 
It goes farther, however, and indicates when the process will certainly be 
successful and when it is likely to fail; in the former case, the numerical value 
of the “effective” parameter is determinate. It should be noted that E(Z,Z,) 
depends on the true, as well as on the effective, value of the parameter. This 
affords a theoretical clue to the use of “inner” and “outer” effective charges. 

In the previous paragraph, only one parameter has been treated, but there 
is no limit to the number which can be introduced into ¢, provided only 
that its symmetry properties be left undisturbed. Any degeneracy in the 
characteristic values of H/’ must be removed in determining ¢, by perturba- 
tion theory. 


2. APPLICATION TO THE CONFIGURATION (1s)? 

The details of this method may most simply be illustrated by its applica- 
tion to the configuration (1s)? (normal state of helium), and this case will 
therefore be treated even though it has already been published by Frenkel.’ 

The operator // is 

H = Vi? + V2? + 2Z2/r; + 22/re — 2/riv 13 
where the indices denote the coordinates of the two electrons, which are 
measured in units of ay=0.528A. The constant W is the negative energy, 
measured in units of RA cm~!=13.53v., and Z is the true nuclear charge in 
units of e. These units and designations will be used throughout the follow- 
ing. The operator //’ is taken to be 

H’ =V,°+ V.2+ 22 r, + 2Z/re 
whose characteristic function for the (1s)? configuration is 
o(Z) = u(Z, 1)u(Z, 2) 
u(Z, k) = (Z*/m)'!* exp (— Zrx.) 14) 
A comparison function may be obtained from this in various ways, the 
simplest being 
Q\ a) ula, 1)ula, 2): (15) 
substituting this in the variational integral, one finds (cf. Section 7) that 
E(Z, a) = 2(24Z - 5/16)a - a? |. (16) 
This expression has a maximum for a=Z,=Z—5/16 so that 
E(Z,Z.) = 2Z,? 


is independent of Z in this case. The ionizing potential of the (1s)? state may 
be calculated from this by subtracting Z*, the energy of the hydrogen-like ion. 
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The values given by this formula are compared with those from other sources 
in Table I. 


TABLE I. Jonizing potentials of (1s)?. 


V= V V 
Atom 2Z2-—Z, (Calc. $6) (Observ. ) 
He I 1.70 1.81 
Li Il 5.45 5.50 5.564* 
Be III 11.20 11.26 11.315* 
B IV 18.95 19.00 
ev 28.70 28.75 


* B. Elden and A. Ericson, Nature 124, 688 (1929). 
A somewhat better approximation would be obtained by using 


o(a, 8) = [ula, 1)u(B, 2) + ula, 2)u(B, 1)]/[2(1 + c*)]'” (17) 


ll 


} u(a, 1)u(B, 1)\dr; = 8a*/2B3/?/(a@ + B)? 


as comparison function. The variational integral is then 


E( Z, a,B) = 2Za+ 2(Z —- a)p — (a* + 2aBc* + B?), (1 + ¢*) 


os = [d(a, 8) |? rodT \dT2 


8 2x + 1 20x3 
= i— ——— + - ,x=a/B. 
i ol (x + 1)* x + 1)5 


It is difficult to determine the maximum of this function analytically, but a 
numerical approximation method yields a value of 5.755 for a =2.14, 8 =1.19 
in the case of He I (Z=2). This corresponds to 1.755 for the ionizing poten- 


where 


tial—a value as good as Kellner’s fourth approximation. 

The interest does not center on an accurate determination of this ionizing 
potential, however: in the case of He I, it has been calculated very accurately 
by Hylleraas (loc. cit.) and the others of this isoelectronic sequence may be 
calculated more accurately by the indirect method explained in Section 6. 
The comparison function of this configuration is of great interest, however, 
for it enters into many of the other configurations considered later. The 
relative simplicity of the function ¢(a), Eq (15), leads one to use it rather 
than the more elaborate one. 


3. APPLICATION TO THE CONFIGURATIONS (1s)(2p) AND (1s)(3d) 


The wave equation for these configurations is that of Eq. (13); the com- 
parison function is to be taken as 


o(a, 8) = [u(a, 1)v(8, 2) + ula, 2)0(8, 2) }/2'? (18) 
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where u is the function defined by Eq. (14) and in the case of (1s)(2p), 
v(8, k) = Y,-(8*/6)'/2(Br,/2) exp (— Br:/2) (19) 


is the characteristic function of the (2p) state of a hydrogen atom with 
nuclear charge 8; Y; is a normallized surface spherical harmonic of order 1. 
The upper sign is to be taken for the 'P, the lower for the *P level. The value 
of the variational integral is found to be 


E(Z, a, 8) = (2Z — ala + [2(Z — o) — BIB/4 (21) 


where 


and, with x=a/8 


se 


I=(4 a) [fi [u(a, 1)0(B, 2) ]*/ry2} dridrs 


= 1— (6x + 1)/(2x + 1)5 


J=(4 a) ff } (ax, 1)0(B, 1)u(a, 2)0(B, 2)/rie} dridre 


(7/3)64x7/(2x + 1 


The function E(Z, a, 8) has a maximum for the values of a and 6 which 
satisfy the equations 0E/da =0, 0E/d08 =0, or 


a = Z — (da/dx)/4 
5 = Z _— = xdo dx. 


(24) 


These are readily solved by a semi-graphical method of approximation: ¢ 
and do/dx are plotted from the values of J, J, and their derivatives given in 
Table II. As a rough approximation, (1—o) and do/dx may be neglected, 


raB.Le II. Values of I, J, and their derivatives. 


x l dI/dx J dJ/dx 
tea 0.9854 0.0302 0.0418 —0.0654 
1.4 0.9881 0.0234 0.0358 —0.0556 
..a 0.9902 0.0182 0.0308 —0.0468 
1.6 0.9919 0.0146 0.0265 —0 .0396 
1.7 0.9932 0.0118 0.0230 —0.0334 
1.8 0.9943 0.0094 0.0200 —0.0292 
1.9 0.9951 0.0077 0.0175 —0.0236 
2.0 0.9958 0.0066 0.0153 —0.6204 
) 


| 0.9964 0.0051 0.0135 —0.0184 


whence a=Z,8=Z—1. The values of ¢ and da /dx for these values are taken 
from the graphs and substituted in Eq. (24), giving a better approximation 
to a and 8; continuing the process, the roots are soon found with sufficient 
accuracy, and the maximum value of E is then calculable. The results of 
such calculations are summarized in Table III, V being the ionizing poten- 
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tial of the state in units of 13.53 v. The numbers in the last two columns 
are the roots of Eq. (24). 


TABLE III. Jonmizing potentials of (1s)(2p). 











V/(Z—1)2 
Level Calc. Obs. a 8 
He I, 2'P 0.245 0.2475 2.003 0.965 
Hel, 2°P 0.262 0.2657 1.99 1.09 
Li II, 2'*P 0.245 0.250 3.007 1.94 
0.263 2 


 Uien _. ae 98 2.16 


To treat the configuration (1s) (3d) only slight changes are necessary: 
the function uw remains the same, while 


(8, k) = V2: (88*/1215)'/*(Br,/3)*-exp (— Bri/3), 
E(Z, a, 8B) = (2Z — ala + [2(Z — co) — BIB/9, 
ga f’ + J’, 
' ' (25) 
I’ = (9/B) ) [u(a, 1)0(8, 2) }?/ri2} dridre 
= 1 — (12x + 1)/(3x + 1)’, 
J' = (9/B) ff } u(x, 1)0(B8, 1)e(a, 2)0(B, 2)/ri2} dridre 


= (4/5)-7292x°/(3x + 1)°. 


In this case, ¢ is so nearly unity that a=Z and 8 = Z —1isa sufficient approx- 
imation if only the center of gravity of the 'D and *D terms is required. 
Their separation may be calculated from J’: it is 


AW = 4(Z — 1)J’/9 = (6)4Z9(Z — 1)'/[5(4Z — 1)*]. 
The numerical values of this expression are compared with the observed 


values in Table IV. 


TABLE IV. #D—3D. 





~ Cale. ie 
He I 5.14107 3.68X10- 
Li 1 3.80 X10- 2.68 10- 





4. THE CONFIGURATION (1s)? (2p) 


For this configuration, the energy operator is 


3 
H = D(¥i2 + 22Z/n) — D(2/r3). (26) 


k=] (k,7) 








886 CARL ECKART 


Since two electrons are in the 1s state, the two ways of introducing variable 
parameters discussed under Eqs. (15) and (17) are available; the former is 
much the simplest, so that it may be chosen: 


o(a, B) = ula, 1)[u(a, 2)0(8, 3) — ula, 3)0(8, 2) ]/2'/?, (27) 


v having the significance of Eq. (19). The variational integral reduces to 
E(Z, a, 8) = 2[2(Z — 5/16) — ala + [2(Z — o) — B]8/4 (28) 
with (cf. Eqs. (22) and (23)) 
o=2/ —J. 


The maximum value of this expression may be determined as already de- 
scribed. The results are shown in Table V, the ionizing potential of the state 
being obtained by subtracting 2(Z —5/16)* from the maximum value of E. 
There are systematic differences between the calculated and observed values 
of V/(Z —2)* but both sequences show a flat maximum near Be II. This indi- 
cates that the method is capable of giving information even regarding the 
finer features of the dependence of W, on Z. The systematic deviations could 
undoubtedly be diminished if the more complex function (17) were used for 
(1s)*. 


raBLe V. lonizing potentials of (1s)*(2p 


V/(Z-—2) Z-B 
Atom Cale Obs.* Z—at (Cak Obs.)* 
Li I 0.255 0.2605 0.31 1.98 2.019 
Be II 0.258 0.2620 0.32 1.95 1.937 
B Ill 0.258 0.2609 0.32 1.93 1.884 
a 0.257 0.2595 0.32; 1.91 1.858 
N \ 0.257 0.33 1.89 1.838 
O VI 0.256 0.33 1.88 1.816 


: * Millikan and Bowen, Phys. Rev. 27, 144 (1926). The observed values of Z—8 are taken 
from the spin doublet separation, and are only qualitatively comparable with the calculated 
values 

+ Cf. Guillemin and Zener, loc. cit 

5. THe CONFIGURATION (1s) (2s) 

This electronic configuration gives rise to two levels, 2°.S, 25S, of which 
the former is the lowest, the latter is the second term of its series. The method 
may be expected to fail when applied to 2'S, and does so. 

The energy operator is that of Eq. (13), and the comparison function is 


@ = |u(a, 1)0(8, 2) + ula, 2)0(8, 1)]/[2(1 + 8?) ]'/?, 29) 
u being given by Eq. (14) and 


? 


v(B, k) = (8°/87r)'/*(1 — Br,./2) exp (— Br;/2) (30) 


6 = fue 1)0(B8, 1)dry = (2x)9/2(x — 1)/(x% + $)*. (31) 
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The variational integral reduces to 


E(Z, a, 8) = }(2(Z — 01) — ala + [2(Z — ox) — B)B/4}/(1 + 8%) 


with 
o, = + (Z — B)b*x/(1 — x) 
oo = Ast [B— (Z — a)b?/(1 — x)] 
4 * [u(1)0(2) }? 1( 4x+1 5x +1 3 6x+1 ) 
A= ff —dr,dtz = 1 — —: — + ne 
3 Pas 4 \ (x+43)3 (x + 4) 8 (x+4)5 
4 u(1)v(1)(2)0(2) x* 20x% — 30x + 13 
B= ff drt \dT2 = ae ae ¥ (33) 
re} rie 2 (x + +)? 


The derivatives of the function E are too complex to be used in computa- 
tion, and it is simpler to calculate E numerically for various values of a and 
x, the maximum value being determined by graphical interpolation. The 
numerical work was simplified considerably by first tabulating the values 





of A, B, and 8? (Table V1); this was also a saving of time, since these func- 
tions also enter into the work on (1s)? (2s) and other more complex config- 
urations. 





TABLE VI. 

x bP A B G 
1.0 0.0000 0.8396 0.0876 0.00000 
7 0.0025 0.8504 0.1044 0.00216 
1.2 0.0079 0.8604 0.1220 379 
1.3 0.0143 0.8692 0.1400 497 
1.4 0.0205 0.8772 0.1564 582 
1.5 0.0263 0.8848 0.1716 641 
1.6 0.0312 0.8916 0.1844 681 
Pi, 0.0352 0.8980 0- 1952 706 
1.8 0.0381 0.9036 0.2040 719 
1.9 0.0404 0.9092 0.2112 724 
2.0 0.0419 0.9140 0.2164 723 
2.1 0.0429 0.9184 0.2204 716 
2.2 0.0434 0.9228 0.2232 707 
ye 0.0435 0.9268 0.2248 694 
2.4 0.0433 0.9304 0.2252 680 
2.5 0.0428 0.9336 0.2252 


The values of the ionizing potential and effective charges as calculated 
for 2°S are given in Table VII. The ionizing potential calculated for 2'S 


raBLe VII. Jonizing potentials of (1s)(2s)2°S. 


Atom Cal Obs. a B 
He | 0.334 0.350 2.01 1.53 
Li Il 1.21 1.22 3.03 2.56 


was in each case somewhat greater than that for 2*S—in direct contradiction 
to observation. It was attempted to improve matters by chosing 8 = Z — 5/16 
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which makes the ¢ of Eq. (29) orthogonal to the approximate wave function 
for 1'S: 
u(Z — 5/16, 1)a(Z — 5/16, 2). 
This reduced the calculated ionizing potential too much. Perhaps a method 
of this sort might be worked out using the expression (17) for the wave func- 
tion of 14S. 
6. THE CONFIGURATION (1s)? (2s). 
The operator //7 is that of Eq. (26) and the comparison function is 
@ = ula, 1) [u(a, 2)0(8, 3) — ula, 3)v(B, 2))/(201 — 5?) }'”? (34) 

with v defined by Eq. (30) and 6? as in Table VI. The variational integral 
reduces to 
E(Z, a, 8) = }((2 — b*)(2Z — a) — rTla + [2(Z — o) — BIB/4}/(1 — 6?) (35) 
where 

o = 2A — B+ & — (sz — 1 — @)b?/(x — 1) 

r = 5/4 — 2(2 — 1 — B)b*x/(1 — x). 


(36) 


A and B have the values given in Table VI and 


b*(a? — B?/4) ' 
C = ——— —— (b/B) ) [e( 1) ]?0(2)0(2)/rioj dridre 
2B(a — B) 


= (2x*)'/2b(3x2 + 2x — 4)/(3x + 4)! 
is also given in that table. 


TABLE VIII. Jontzing potentials of (1s)*(2s). 


P 
Atom Calc. Obs. Z-—a Z-8 
Li I 0.456 0.397 0.30 1.22 
Be II 1.41 1.34 0.30 1.16 
B Ill 2.85 2.79 0.28 1.07 
C IV 4.80 4.745 0.29 1.04 


The maximum value of this function was again determined by plotting 
it for various values of a and x. The resulting ionizing potentials are all 
too high, as is shown in Table V. This is because the value 2(Z —5/16)? is 
consistently less than the energy of (1s)*; a better comparison with observa- 
tion is obtained if the observed ionizing potential be subtracted from the 
maximum value of E. The result should be a lower limit to the true energy 
of (1s)*. The third column of Table I contains the values of the ionizing 
potential of helium-like ions calculated in this way; the agreement with 
observation is good. The values for B IV and C V are as good as any avail- 
able, and are presumably about 0.05-0.06 units lower than the true values. 
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7. FORMULAE USED IN EVALUATING THE FOREGOING INTEGRALS 


The following is a brief summary of formulae, most of them well-known, 
which were used in evaluating the integrals of the foregoing sections. The 
functions u and v satisfy the equations 

A*u + 2au/r = a®u/n* 


A*y + 28v/r = B*v/m?* 


n and m being integers. Each has the form X(r) Y, (0, ¢), Y: being a nor- 
mallized surface spherical harmonic of order / (/ is the aziumthal quantum 
number). The X’s are also supposed normallized. From these definitions, 
it follows that 


ftv + 2Zu/r\dr = (2Z — a)a/n’? 


(« may of course be replaced by v if other appropriate changes are made); 


| [uV2v + vV2u + 4Zu/r \dr 


T 


2b} la2(Z — B) | n*? — 


if uv dr, 


The quantity } will vanish unless the aziumthal quantum numbers of u and 


r ot 
B(Z — a)|/m*;/(a — 8), 





i a) 
II 


v are equal. 
If f and g are any functions independent of ¢ and @, it may be shown that 


sy f(s) [Y¥(,, $1) |*g(r2) rio} d7\dT2 
-{ finn f 2(re)re*dredr; (40) 
+. | fin f g(r2)redredr, 


i 


and 


fJ tf (ri) V (01, di) g(r2) V (02, 2)/riz} drdre 


= qi f(ri)ri' f g(r2)re't*dredr, 
0 r==() 
+ f finn f g(r2)re! ‘drsdr (21 + 1). 


1 
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In evaluating the integrals with respect to 7; and rz the following formula 
is useful: 


@ n 
f r"e~*"dr = (n!/a"t') > (ar)* k!. (42) 


k=O 


8. DISCUSSION OF THE RESULTS 


The primary object of all calculations like the foregoing must be to 
determine the functions ¥, approximately, or at least to approximate the 
electron density which is defined by 


D(1) = af Wa(1, 2) | 2dr 


in the case of two electrons. It may be hoped that an approximation will 
be obtained if a comparison function is substituted in this integral and its 
parameters are given the values determined as described. 

While this paper was being written, two others dealing with the same sub- 
ject were published by C. Zener® and J. C. Slater.’ These authors use com- 
parison functions @ which are much simpler than those used in the present 
calculations. This is presumably justified, for Zener has shown that the 
first term of the parenthesis (1—8r;,/2) in Eq. (30) has very little effect on 
D, If this is true only for that value of 8 which makes the variational integral 
a maximum, then it is significant in the matter discussed in the preceding 


D 





A. | 4 


Pr 1 





Fig. 1 


paragraph: it indicates that the same D is obtained for two comparison 
functions. But if the same is true for a wider range of 8, then the observation 
merely means that this term may be neglected in evaluating D(or £), but 
does not give any information regarding the invariance of D—the difference 
between the two comparison functions is then trivially slight. 


°C. Zener, Phys. Rev. 36, 51 (1930). 
10 J. C. Slater, Phys. Rev. 36, 57 (1930). 
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The functions ¢(@), Eq. (15), and ¢(a, 8), Eq. (17), may be compared 
in this respect. At first glance, they are widely different, but a closer examina- 
tion shows that if r,; and r2 are of the same order of magnitude and not too 
large, ¢(a, 8)~exp|—(a+8)(ri+r2)/2]. In this region the two are not 
appreciably different, therefore, and the result of the comparison will be 
open to much the same doubt as Zener’s. It is to be noted that the varia- 
tional integral is a maximum for 2a = 3.38 if @(@) is used, and for a+8 =3.33 
if d(a, 8). In Fig. 1, the curve represents the D obtained from ¢(a), the cir- 
cles, the values of 1.56 D obtained from ¢(a, 8). The relative values of D 
obtained from the two functions are thus nearly the same in the region 
r<1.5ay but their absolute values differ by more than 50%. The reason 
for this becomes apparent on noting that D[¢(a)] approaches zero like 
exp( — 3.38r) for large values of r, while D \d(a, 8) | approaches exp( — 2.38r). 
The only rigorous conclusion is that the electron density calculated in this 
way may be quite inaccurate at infinity. It seems quite likely, however, 
that its behavior for small values of r is correctly given. 

I wish to acknowledge my indebtedness to Mrs. Ardi’s T. Monk, who 
performed many of the computations required for this work. Among other 
things not so easily enumerated, Tables II and VI are due to her. 


Note added in proof: The following considerations afford a means of 
estimating the error introduced by the use of approximate wave functions. 
Let y, be the true wave function of the lowest state of a series and @ an 
approximation to ¥,; both will be supposed real and normalized. The 
error introduced by using @ will generally be of the order of magnitude e, 
where 

= f(y — o)*dr 
= 2—2a, by Eq. (5 
The expression for E (Eq. 7)) may be written 
E=a;?W,+2,514,°W, 


43 
y | ) 


<a’?W,+W, Za>l a,” by Eq. (2), 


=a,;*W,+ W2(1—a;’) by Eq. (6); 

hence 

(W,—E)/(W,— W,) 21-—a;?=1-—(1-—e&/2)?. 
If € is not too great, this is equivalent to 

es (W,—E)/(W,— W32). (44) 
The values of W,; and W, are known from experiment so that an upper limit 
for ¢ may be calculated, which probably does not differ greatly from the true 

value. 
Eq. (44) indicates that W,—E is proportional to the second power of e— 
a result which was obvious anyway—and that the factor of proportionality is 
not W, but (W,— W:)<W;. These two facts explain the remarkably small 
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values of W,—£ obtained above. They also show why the calculations of 
Section 6 yielded better values for the ionizing potentials of (1s)* than did 
those of Section 2. 

In calculating other quantities than the energy, the error will be of first 
order in ¢, which may therefore be taken as the probable fractional error. 
This should be the case in calculating the density function D; for ¢(a) Eq. 
(44) yields «$0.27 for ¢(a, 8), «$0.19. The difference 50 percent in the 
values of D obtained from the two functions is thus no greater than might be 
expected. 

In the case of Li II, 2°P and Li I 2?P, the values of ¢ for the functions given 
in Sections 3 and 4 are $0.12 and $0.19 respectively. These functions have 
been used elsewhere to calculate the relative displacements of Li (6) and Li (7) 
11 


lines because of the motion of the nucleus.'' The probable errors of these 


calculations can now be estimated: 

Lill A5485 Av =0.327 +0.031 cm 

Li I 6708 Av =0.123+0.007 cm 
The errors are small since only a part of the calculated value is affected by 
the error in the wave function. 


i —D. S. Hughes and C. Eckart, Phys. Rev. 36, 694 (1930). 
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ABSTRACT 


\ beam of zinc atoms reflected from a sodium chloride crystal is in part specu- 


larly reflected. The specular beam was investigated: (1) by measuring the velocity 


) 


distribution of the atoms composing the specular beam; and (2) by examining the 


specular beam after reflection from a second crystal. A difference in angle of 22.5 be 
tween the two crystals does not greatly reduce the intensity of the specular beam 
It is concluded that if velocity selection or a space-grating type of reflection of zinc 
IS present it is not very pronounced 

Double reflection experiments of cadmium from sodium chloride crystals have 
been repeated and apparently evidence for both space and surface-grating phe- 
nomena found in certain cases. It is suggested that individual differences in crystals 


may be an important factor in causing these differences 


INTRODUC TION 


HE wave-particle dualism of an atom required by the new quantum 
mechanics has for some time been investigated by the reflection of atoms 
from a crystal or ruled grating.' 

In a paper by Ellett, Olson and Zahl? it was shown that a beam of un- 
charged cadmium atoms undergoes reflection from a sodium chloride crystal 
such that the specular beam consists of atoms possessing for the most part 
a velocity within a definite range. They suggest that the phenomenon may 


be due to a space-grating type ol reflection. A formula of the type 


hh @ 
r Id 1 COS 0 
mi Lint 


may be made to fit their data if ¢, the average potential energy of the cad- 
mium atom within the crystal, is not taken as constant but as varying with 
the angle of incidence. As further evidence for a velocity selection the same 
writers show that a beam of cadmium atoms incident on a first crystal of 
sodium chloride is not specularly reflected from a second crystal unless the 
angle the incident beam makes with both crystals is the same or nearly the 
same. 

The reflection experiments of Knauer and Stern’ who used helium and 
molecular hydrogen incident on sodium and potassium chloride crystals, 
indicate the presence of a surface diffraction phenomenon. Estermann and 


See J B. Tavlor. Phys. Rev 35, 375 (1930) for a more complete list of references 
- A. Ellett, H. Olson and H. Zahl, Phys. Rev. 34, 493 (1929 
F. Knauer and O. Stern, Zeits. f. Physik 53, 779 (1929 
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Stern‘ find that the reflection of helium and molecular hydrogen from crystals 
of lithium flouride conclusively shows the cross-grating nature of the diffrac- 
tion. Johnson® has found that atomic hydrogen reflected from lithium 
flouride produces a pattern which satisfies simple cross-grating formulae. 

Ellett and Olson® have shown that a beam of sodium atoms incident on 
sodium chloride gives no indication of specular reflection. Taylor! has worked 
with alkali metals other than sodium and finds no specular reflection of 
lithium, potassium or caesium from crystals of sodium chloride or lithium 
flouride. There is also no evidence of specular reflection of cadmium or 
arsenic from crystals of orthoclase or flourite.” 

It is difficult, at this stage of the problem to conceive why some atoms 
and molecules should be reflected from crystal surfaces in accordance with 
surface-grating theory while a heavier atom such as cadmium should pene- 
trate at least apparently through several reflecting layers of the crystal and 
be specularly reflected only if the atom’s initial velocity corresponds to a 
certain wave-length. There is also the question why in certain cases no 
reflection occurs at all.’ 

It is not the purpose of this paper to attempt a solution of the problem. 
The apparent necessity for the consideration of two distinct phenomena adds 
considerable complexity to the general case of the reflection of atoms and 


molecules from crystals. 





Fig. 1. Specular deposit obtained with zinc reflected from sodium chloride 


at an angle of 45°. 
EXPERIMENTAI 
I. Reflection of zinc from sodium chloride.* 


A beam of zinc atoms issuing from a molybdenum boiler at 600°C is 


‘1. Estermann and O. Stern, Zeits. f. Physik 61, 95 (1930). 
r. H. Johnson, Phys. Rev. 35, 1432 (1930) 
6 A. Ellett and H. Olson, Phys. Rev. 31, 643 (1928 
Taylor suggests in the case of the alkali metals mentioned above that the presence of no 
reflection may in part be due to the ease of absorption of these metals on surfaces 
’ A preliminary report of part of the work on zinc herein described was read at the Christmas 


meeting of the American Physical Society at Des Moines 
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in part specularly reflected when incident upon a freshly cleaved clean sodium 
chloride surface. This was determined by placing a crystal within a bulb 
which was surrounded by liquid-air, a defined beam of zinc atoms enter- 
ing through a small opening and striking the crystal surface. Since all atoms 
after leaving the crystal must strike a liquid-air cooled surface every atom 
could be accounted for. Fig. 1 shows a specular spot thus obtained when the 
crystal surface was set at 45° relative to the direction of the incident beam. 
The specular spot is not sharply outlined and fades into a back-ground of 
diffusely scattered atoms which possess a maximum on the normal to the 
crystal surface. It will be remembered that random scattering results in a 
distribution according to the well-known cosine law. 


II. Direct measurement of the velocity distribution of the atoms composing 
the specular beam. 


The apparatus employed was essentially the same as that by which the 
velocity distribution of cadmium atoms after reflection was measured.’ 





Fig. 2. A typical deposit obtained with specularly reflected zinc afte 


passing through the velocity-analyzer 


Briefly, the atoms after reflection from a large area of the crystal surface were 
all condensed except a narrow beam which passed through a slit placed very 
close to the first disk of a rotating sectored-disk velocity-analyzer.? The 
atoms which passed through the defining slit and were moving in a direction 
appropriate to the velocity of the analyzer passed through the sectored disks 
and were condensed on a liquid air cooled glass surface. Rotation of the 
analyzer first in one direction and then the other resulted in the formation 
of two deposits. Fig. 2 shows a photograph of a typical set of deposits 
obtained in this manner. Microphotometer curves of the deposits when trans- 
lated into relative density gave the velocity distribution of the atoms con- 
tributing to the deposits. Such curves for zinc reflected from sodium chloride 


* J. A. Eldridge, Phys. Rev. 30, 931 (1927 
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0 


are shown in Fig. 3,'° together with the rate of rotation of the disks, the 
geometric outline and the velocity corresponding to the observed separation 
of the deposits. The best mean values for the velocities corresponding to 


different angles of incidence are given in Table I. 


TABLE |. Experimental values of the velocities of a specular beam of zinc atoms reflected from 
crystals of sodium chloride 
A vel (m/sec Average 
22.5 763 736 761 753 
15 600 672 683 674 
67.5 712 689 695 699 


It is a question as to how much weight may be assigned to these measured 
values of the velocities. The resolving power of the apparatus was consi- 
derably lower in the case of the high-speed zinc atoms than in that of the 
much slower cadmium atoms. A monochromatic (single velocity) beam would 


Fig. 3. Density curves obtained from deposits such as are shown in Fig 


give a velocity distribution closely resembling the triangles of Fig. 3, but due 
to the low resolving power a beam of zinc atoms possessing a Maxwell dis- 
tribution of velocities would also give an approximate triangle not very 
much wider at the base. The isosceles appearance of the velocity triangles 
is different from a curve produced by a Maxwell distribution of velocities, but 


10 Approximate relative densities were obtained with a microphotometer-density curve 
experimentally calibrated for cadmium. This was deemed permissible since the density of the 
lines was not great enough to cause specular reflection of light. That is, the deposits could 
be considered as made up of an aggregate of individual scattering centers. In regions of 
such low density the calibration curve for cadmium plotted on semi-logarithmic paper is 
quite linear 
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other than that the measurements offer no strong evidence for the presence 
of velocity selection. 


III. Multiple reflection of zinc from sodium chloride. 

If a space-grating type of reflection occurred resulting in the specular 
beam being made up of atoms possessing nearly equal velocities, then reflec- 
tion from a second crystal should be total if the angles were the same and the 
specular reflection should drop off as the angle of the second crystal is 
changed. The rate at which the specular beam dropped off as a function 
of the change in angle would be a measure of the resolving power of the 
crystal for the atoms in question. 

A description of the type of apparatus used may be found in an earlier 
reference to some similar experiments with cadmium.’ Aside from some 
differences in the way the atom gun was mounted the methods were identical. 

Runs were made, first with both crystals making an angle of 45° with 
respect to the incident beam, and second with the first crystal at 45° and the 





Fig. 4. (a) Specular deposit of zinc obtained after double reflection from sodium chloride, 
the incident beam making an angle of 45° with both crystals. (b) Same as (a) except the beam 


was incident on the second crystal at 22.5°. 

second at 22.5°. The alignment of both crystals was taken care of optically by 
sending a beam of light over the path to be traversed by the atoms. Since 
the measurements of II indicate a maximum velocity difference when the 
crystals are set at 45° and 22.5°, it would be under these conditions that selec- 
tive reflection should be in greatest evidence. 

In Fig. 4(a) is shown a specular deposit condensed on the walls of the 
bulb surrounding the second crystal, both crystals set at 45°." The deposit 
was several times dense enough to be opaque yet there was no trace of any 
diffuse back-ground. At a conservative estimate, at least 95 percent of the 
atoms incident on the second crystal were specularly reflected. The presence 
of almost total reflection differs considerably from all experiences with zinc 


 Microphotometer curves of these specular deposits were not made because of their 
opacity to ordinary light. An attempt to obtain a density picture by means of x-rays greatly 
reduced by the characteristic absorption of the metal was not successful 
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reflected from one crystal. Cosine scattered atoms become in evidence, in 
the case of single crystal reflection, soon after the appearance of a specular 
spot. 

Fig. 4(b) is a photograph of a deposit made under identical conditions 
except that the second crystal was set to receive the beam from the first 
at an angle of 22.5°. The specular deposit is quite evident together with a 
faint diffuse back-ground which was entirely lacking in the runs made with 
equal angles. (Photographic comparison of course only serves as an approxi- 
mation). 

A comparison of (a) and (b) of Fig. 4 indicates that if one is to consider 
velocity selection as the explanation of these phenomena then the resolving 
power of sodium chloride for zinc must be extremely low. Following the 
x-ray analogy, the low resolving power shown by the reflection of zinc 
could be explained by assuming that the incident zinc atoms penetrate but 
very few of the reflecting planes of the crystal. If it be assumed that no selec 
tive reflection was present it will then be necessary to introduce some other 
explanation as to why the zinc atoms when both angles are equal, are almost 
totally reflected from the second crystal but not from the first 

In Fig. 4(b) a dense thread-like line can be seen to twist around the lower 
edge of the specular deposit. This curious structure appeared as though it 
was formed by a very dense “ray of zinc” which slowly moved through an 
irregular path and finally stopped after doubling back. The small circular 
spot which represents either the terminus or the start of the trace was many 
times heavier than either the thread-like deposit or the specular deposit. It 
has been observed but once. No explanation can be put forth at this time 


IV(a). Multiple reflection of cadmium atoms from sodium chloride. 


It was considered desirable to repeat the experiments on double reflec- 
tion of cadmium® since the experiments on zinc discussed in III gave no con- 
clusive evidence of velocity selection 

In Fig. 5(a) is shown a typical specular deposit condensed on the walls of 
a liquid-air cooled bulb surrounding the second crystal, both crystals being 
set at 45°. Within one or two percent the entire incident beam was found to 
go into the specular deposit. The deposit was many times dense enough to 
be opaque 

In Fig. 5(b) is shown a photograph of a deposit produced under indentical 
conditions except that the beam from the first crystal was incident on the 
second at an angle of 22.5° with the surface. A specular deposit is clearly 
in evidence but the boundary is not well defined and there is present consi- 
derable diffuse scattering having a maximum on the normal to the reflecting 
area of the crystal. The rim of the hemisphere due to the random scattered 
atoms is clearly discernible. Approximately 50-65 percent of the beam 
incident on the second crystal was specularly reflected, the remaining atoms 
contributing to the diffuse back-ground. 

The absence of any random scattered atoms when the crystals are set 


at equal angles and the presence of such atoms when the angles are different 
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indicate that selective reflection is present though not in so marked a degree 


as found in cases previously reported. 

A curious phenomenon was observed in the particular run illustrated by 
Fig. 5(b). Almost on the normal to the surface of the second crystal a quite 
noticeably dense rectangular deposit appeared. In Fig. 5(c) is shown this 
deposit, the specular deposit of Fig. 5(b) appearing at the edge of the photo- 
graph. 

Because of the incident beam having the shape of a cone it is hard to 
conceive of any mechanism whereby a square deposit could be obtained by 
ordinary reflection or even evaporation from the crystal surface. However, 
since the crystal was fastened to the heating unit by means of fine copper 








Fig. 5. (a) Specular deposit of cadmium obtained after double reflection from sodium 


chloride, the incident beam making an angle of 45° with both crystals. (b) Same as (a) except 


the beam was incident on the second crystal at 22.5 c) Curious rectangular deposit found 


almost on the normal to the crystal surface. 


wires which passed over the unused region of the crystal some of the atoms 
(when the second crystal is set at 22.5° relative to 45° for the first) would 
strike the wires after reflection since the diffusely scattered atoms spread 
over a complete hemisphere. There is no reason to believe however, that 
these atoms which leave the crystal at grazing angles would be scattered in 
any way but at random. Even if these atoms were in some way directed 
towards and contributed to the rectangular deposit the few atoms inter- 
cepted would hardly account for the number found in this deposit 

This phenomenon has not been observed in any case other than when 
the first crystal was at 45° and the second at 22.5°, and in fact, it has been 
observed but twice under these conditions. 


IV(b). Multiple reflection of cadmium atoms using the same set of crystals 
for different angles. 


All atomic reflection experiments so far reported in this paper have been 
made with crystals freshly cleaved before each run. Immediately after clea- 
vage they were mounted, placed into position for the experiment and the air 
pumped from the system. Out-gassing by heating was never commenced 
until shortly before the run. In a word, such a treatment and direct compari- 
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son after wards assumes equal behavior of all sodium chloride crystals under 
like conditions. 

The experiments described here differ from those of III and IV(a 
in that the apparatus was so designed that the reflected beam from the second 
crystal could be studied as a function of the angle of incidence using the same 
set of crystals for the comparison. 

The essential features of the apparatus are brought out in Fig. 6. A 
beam of cadmium atoms defined by a system of liquid-air cooled slits strikes 
the first crystal which is fixed at 45°. A portion of the specularly reflected 
beam is re-defined by a second opening and then passed to the second cry- 
stal which is mounted on a ground-glass joint so that the angular relation 
between the incident beam and the crystal surface can be varied. The second 


specularly reflected beam is thrown on to the liquid-air cooled surface of a 
| | 
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Fig. 6. Apparatus used for experiments described in I\ 


glass cylinder. Two angles were studied during a run, the crystal being 
thrown over from one position to another at ten minute intervals to compen- 
sate for any change in the density of the atomic beam. A complete run took 
about three hours or one and one-half hours at each angle. At the end of a 
run the glass cylinder was cut up and the deposits studied with the help of 
a microphotometer. 

Because of the lack of time only two runs have been made with the ap- 
paratus. In the last of the two runs it was found that even when the second 
crystal was at 18° relative to 45° no trace of selective reflection occurred. The 
greater number of atoms contributed to the specular deposit with but little 
indication of random scattering. 

In Fig. 7 are shown the microphotometer curves across the central sec- 
tions of the specular deposits when the first crystal was held at 45° and the 
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second alternately changed from 45° to 18°. The curves were not drawn to 
represent relative density because the central portions of the deposits so 
closely approached opaqueness that the cadmium microphotometer-density 
curve was not applicable. The relative slopes however, and the breadth of 
the deposit would not be greatly altered even if a translation were made. The 
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Fig. 7. Microphotometer curves across central sections of specular 


deposits shown in Fig. 8. 


agreement of the two curves is within the limits of the microphotometer 
error. 

In Fig. 8(a) and (b) the photographs of the two specular deposits are 
shown. These pictures were taken by means of reflected light unlike the 
transmitted light photographs of the other deposits shown earlier. In Fig. 





Fig. 8. Reflected light photographs of specular deposits obtained with apparatus shown 
in Fig. 6. (a) Both crystals set at 45°. (b) First crystal at 45° and the second at 18° 


8(a) is shown the result obtained when both crystals were set at 45°. Quite 
noticeably, two lines streak across the central part of the deposit. The mi- 
crophotometer faintly records the broader line as a decrease in density. 
Fig. 8(b) represents the situation obtained when the second crystal was at 
18° relative to 45° for the first. A curved broad line traces around the lower 
edge of the deposit. This line is also recorded as representing a decrease in 
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actual density. Other than this principal line three curved streamers can 
be distinguished leaving the central spot. It is difficult to say more than this. 
The pattern is very faint and if the missing part of a symmetrical pattern 
is present it does not appear on the photograph, neither does it show up on 
the original. 

These deposits suggest what may be evidence of a surface-grating phe- 
nomenon 


DISCUSSION 


The double reflection experiments with zinc described in IIIT show no posi 
tive evidence for velocity selection as a function of the angle of incidence 
Moreover, since the measured velocities of specularly reflected zinc fall 
closely in the region of the most probable velocity of zinc at that temperature 
they cannot be considered with the same degree of confidence as the similar 
cadmium measurements which gave values considerably off the most prob 
able velocity 

It may perhaps be a coincidence, but if values for @ be calculated by 
substitution of the measured velocities of zinc into the equation mentioned 
earlier, then values are obtained which closely approximate those for cad 
mium at similar angles. The values obtained for both zinc and cadmium are 
contrasted in Table Il. The agreement is quite close but whether this carries 


any significance is not known 


PABLE I] ( dicuiale LLUCS nc and cadmiun 
i) = 15 6 5 
7,10 +.4 ca<% 22.2 
ocalO 1.84 13.2 19 


The appearance of two distinct phenomena in the case of cadmium afte 
multiple reflection from sodium chloride was rather surprising It was 
believed that all runs were made under identical experimental conditions 
The crystals, however, were not laboratory grown but were the natura 
mined product and although a critical selection was made of each crystal 
before it was used, it cannot be said the crystals were perfect. Unfortunately, 
each group of experiments described was made with crystals cleaved from 
different blocks. It is possible that individual differences in crystals of 
sodium chloride may in part be responsible for the differences in results as 
reported herein. It is of interest to note in this connection that Dempster 
has found that in reflec ting positive 1ons [rom suriaces ol calcite great dif 
ferences have appared with two different crystals 

Whether or not reflection from two different crystals is necessary fo! 
producing patterns as shown in Fig. 8 is not known at present though such 
patterns have never been observed from single crystal reflection. It may be 
that reflection from the first crystal removed atoms of such velocities as 


would have made the pattern obscure had a single reflection alone been 
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recorded. The absence of any appreciable diffuse back-ground of random 
scattered atoms for either angle is an indication that the reflection was not 
devoid of some velocity selection Experience from single crystal reflection 
invariably has shown that with a specular deposit equivalent in density to 
those of Fig. 8 there is always present a considerable diffuse back-ground. 
In fact, early experiments? show but 17 percent of the incident beam con- 
tributing to the specular deposit. There is reason to believe, however, that 
considerable variation from that specific percentage takes place depending on 
the crystal. 

The incompleteness of the patterns of Fig. 8(a) and (b) makes it difficult 
to attempt to fit the data with cross-grating formulae. It is probable that a 
clearer pattern may result if the crystal be oriented so that rows of similar 
ions run parallel and perpendicular to the plane of the incident beam. The 
present experiment was with alternate positive and negative ions parallel 
and perpendicular to the plane of incidence. 


CONCLUSIONS 


No general conclusions can be drawn concerning the above experiments. 
More data are first necessary. The problem of the reflection of heavy atoms 
from crystals is far from a satisfactory solution. It appears that what was 
first thought to be a case of space-grating reflection with velocity selection 
depending on the wave-length of the atom now spreads into a problem of 
greater complexity. 

The writer wishes to express his appreciation to Professor A. Ellett under 
whose direction this work was carried out and to the Research Department 
of the General Electric Company who so kindly furnished the molybdenum 
guns used in the experiments with zinc. 
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ABSTRACT 

The velocity of cathode rays, driven by potentials of from 10,000 to 20,000 volts, 
is measured directly by timing the passage of the electrons between two localized 
transverse high-frequency electric fields 75 cm apart. Those electrons which pass 
undeflected travel the distance between the deflecting fields in an even multiple of 
half a cycle of the oscillating fields. The velocity thus obtained, combined with the 
expression for the energy imparted to an electron in falling through a measured dif 
ference of potential, gives the value of e/my 

The mean value thus obtained is 

e/mo = (1.761 +0.001) X10’ abs. em units 

rhis value is in agreement with the values obtained by spectroscopic methods and 
does not agree with the most accurate previous value obtained for free electrons. A 
possible explanation for the discordant value previously obtained for free electrons is 
given 


INTRODUCTION 


HE ratio of the charge to the mass of an electron has been measured by 

many investigators using various methods, a description of which is 
given in several places, among which may be mentioned the paper, “The 
Probable Values of the General Physical Constants,” by R. T. Birge in the 
first issue of the Physical Review Supplement. It seems unnecessary here 
to review the previous work but it might be helpful to point out that the 
various methods of measurement may for convenience be classed in two 
general groups. The first group includes those experiments made with free 
electrons, as cathode rays, photo-electrons or 8-particles. The second group 
of experiments involves spectroscopic measurements and hence deals with 
electrons within atoms. 

Most of the methods of the first group involve the deflection of rapidly 
moving electrons by transverse magnetic or electrostatic fields or both. 
The most accurate work of this type is that of F. Wolf! using a method first 
suggested by H. Busch.’ Briefly, his experiment consisted in projecting into 
a longitudinal magnetic field a diverging cone of cathode rays and adjusting 
the strength of the field to bring the rays to a focus. Wolf’s result, corrected 
by Birge for the difference between the international and absolute volt, is 


* Holder of the Margaret E. Maltby Fellowship, awarded by the American Association 
of University Women, 1928-1929. 

'F. Wolf, Ann. d. Physik 83, 849 (1927). 

* H. Busch, Phys. Zeits. 23, 438 (1922). 
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DETERMINATION OF e/m 


e/mo = (1.7689 + 0.002) & 10’ abs. em units 


where mp is the mass of the electron at rest. 

A few of the methods of the first group are somewhat more direct than 
those to which reference has just been made. These methods involve a direct 
determination of the velocity of the electrons combined with the equation 
giving the energy imparted to an electron when accelerated by a longitudinal 
electric field. The relativity mass of an electron is 


Mo 


a= — (1) 


(1 — (v?/c*))*/? 
where my is the mass at rest, v is the velocity of the electron at which it pos- 
sesses mass m, and c is the velocity of light. The energy given to an electron 
in falling through a difference of potential E is 


;' | 
J vd(mv) = moc*| — ——1|]=eE. (2) 
——_ -2\1/2 
(1 v*/c*) 


Historically Wiechert* in 1899 was the first to make a direct measurement 
of the velocity of cathode rays by timing their passage between two points 
by means of damped high-frequency electric oscillations. 

In 1912 one of the authors‘ reported at a meeting of the Physical Society 
some determinations of e/my made by an improved direct method. This 
work was suspended, however, until better facilities were available. 

The present work reported below was resumed about two years ago with 
further improvements in method and technique made possible by the devel- 
opment of vacuum-tube oscillators and the installation of the 100,000- 
volt storage battery in the Cruft Laboratory. 

Kirchner® last November reported some preliminary measurements 
using practically the same method as that described in this paper. His 
results, obtained for accelerating voltages not exceeding 2500, agree approx- 
imately with Wolf’s value given above. 

Some of the experiments of the second group made upon bound electrons 
involve the measurement of the Zeeman separation in a known magnetic 
field. The most accurate work of this kind is that of Babcock.* With certain 
selected lines in the spectra of chromium, zinc, cadmium, and titanium he 
obtained a weighted mean value 


e/my = (1.7606 + 0.0012) & 107 abs. em units 


Another method of obtaining the value of e/m» from spectroscopic meas- 
urements depends upon the Bohr-Sommerfeld theory for an atom consisting 
of a single electron moving around a positive nucleus. This method involves 


* E. Wiechert, Wied. Ann. 69, 739 (1899). 

* E. L. Chaffee, Phys. Rev. 34, 474 (1912). 

* F. Kirchner, Phys. Zeits. 30, 773 (1929). 

* H. D. Babcock, Astrophys. J. 58, 149 (1923); 69, 43 (1929). 
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. 
the Rydberg constant for hydrogen and ionized helium. Houston’ using 
this method obtained a value which, corrected by Birge, is 


e/my = (1.7608 + 0.0008) * 10? abs. em units. 


In view of the disagreement in the values of e/m» obtained by the experi- 
ments on free and on bound electrons, a disagreement greater than the 
probable errors of the experiments, Birge said “it seems to be necessary to 
assume two different values of e/m, one to be used in all cases involving 
atomic structure, and the other involving free electrons.” The value of e/mp 
obtained in the present work using free electrons, i.e., 


e/mo = (1.761 + 0.001) & 107 abs. em units. 


agrees well with the values obtained from spectroscopic data, and it is hoped 
will help to resolve the unpleasant suggestion made by Birge of the necessity 
of retaining two values for e/ mp. 


METHOD AND APPARATUS 


The value of e/myp was obtained through a direct measurement of the 
velocity of free electrons, and the use of the energy equation for a moving 
charge. The method of velocity measurement was briefly as follows. 


R,'R 
& +o 
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Fig. 1. Diagram of tube 


A highly evacuated cathode-ray tube was placed parallel to the earth’s 
magnetic field, and a stream of electrons projected along its axis by means 
of a high potential. A diagram of the tube is shown in Fig. 1, in which K 
is the cathode, and the batteries supplying the driving potential are shown 
at FE, and E,.. The anode, shown at A, was a long hollow metal cylinder, 
within which the electrons travelled with constant velocity. Placed in their 
path were two high-frequency electrostatic fields, furnished by small parallel 
plates activated by a high-frequency oscillator. The pairs of plates, shown 
at P; and P2, were a known distance apart, and so connected that the two 
fields were 180° out of phase. A group of electrons passed P,; undeflected 
each half cycle. If the time required for these electrons to travel the distance 
between P,; and P,; was a half cycle (or any multiple of a half cycle) of the 
oscillator, they were also undeflected by P, and so made a single central 
spot on the fluorescent screen S. But if their velocity was too great, they 


7 W. V. Houston, Phys. Rev. 30, 608 (1927). 
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reached P, before the field there was zero, and were deflected. Alternate 
groups were deflected in opposite directions. Hence two spots appeared on 
the screen S. The same was true if the electron velocity was too small. For 
a fixed frequency of the oscillator, the potential on the tube was gradually 
increased until the two spots moved into one. If the voltage was increased 
still further two spots again appeared. The voltages causing similar patterns 
on both sides of the single spot were averaged to obtain the voltage corre- 
sponding to the correct velocity. 

The cathode-ray tube was of Pyrex glass enclosing the metal parts, and 
was evacuated by a four-stage mercury diffusion pump, with an oil backing 
pump. The mercury pump was of steel, and was placed about two meters 
away from the tube to prevent its magnetic field from disturbing the elec- 
trons. The pump tube was 2.5 centimeters in diameter to allow rapid ex- 
haustion, and near the cathode-ray tube it passed through a large trap cooled 
with liquid air. 

The cathode of the tube, shown in cross-section in Fig. 2, was an indi- 
rectly-heated nickel thimble K, with the heating coil of tungsten wire located 
inside along the axis. A small spot of oxide on the end of the thimble gave 














Fig. 2. Cross-section of cathode 


good emission when the nickel was only a dull red. A shallow open cylinder 
attached to and extending beyond the end of the thimble, caused the emitted 
electrons to take the form of a solid cone of rays. The negative terminal of 
the high-potential source was connected directly to the thimble. 

A shielding cylinder of nickel, shown at B in Fig. 2, enclosed the cathode. 
This shield was pierced by a millimeter hole in front of the oxide coating, 
and was kept at a constant potential of about 20 volts positive with respect 
to the cathode by the battery E, in Fig. 1. This small potential started the 
electrons away from the cathode, and those passing through the millimeter 
opening formed a narrow beam of rays falling upon the anode. 

A water-cooled wax joint allowed the cathode to be removed for repairs 
without disturbing the shielding cylinder, whose millimeter opening was 
accurately aligned with two others in the anode. 

The anode was a hollow aluminum cylinder 150 centimeters long, which 
was connected to the positive side of a 2,000-volt storage battery through a 
potential divider shown at R, in Fig. 1. The negative side of this battery 
was grounded, as was also the positive side of the high-potential battery £, 
connected to the cathode. The battery E; was a portion of the 100,000-volt 
storage battery in the Cruft laboratory, and could only be varied by steps 
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of 1,600 volts. The use of the second battery permitted continuous variation 
of the driving potential. 

The deflecting plates at P; and P:., together with their neighboring 
diaphragms, were similar, and a cross section of the arrangement (labelled 
for P;) is shown in Fig. 3. The deflecting plates were of aluminum, approxi- 


mately 5 millimeters long and 3 millimeters wide, and were separated by 























Fig. 3. Arrangement of deflecting plates and diaphragms 


about 3 millimeters. A diaphragm with a central millimeter hole, shown 
at D, in Figs. 1 and 3, was located above the plates P, to limit the electron 
stream to a narrow pencil of rays. A similar diaphragm D, was located above 
the plates P, to allow only the electrons that were undeflected by P; to pass 
through P,. Diaphragms with 3 millimeter holes were placed below the 
plates, to prevent reflection of electrons from the inside of the tube and to 
balance geometrically the diaphragms D,; and D,. One of these is shown at 
D’, in Fig. 3. 














Fig. 4. Arrangement of connections. 





A fluorescent screen S was placed at the lower end of the cylindrical anode, 
and a window was cut in the metal tube for observation of the fluorescent 
spot. The diaphragm D, was also covered with fluorescent material, and a 
similar window supplied. This was used to observe the amount of deflection 
caused by the plates P; and also for the adjustment of the focusing coils, 
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the use of which is discussed farther on. Both windows in the tube were 
covered with fine copper gauze. 

The distance between P, and P, was taken as the distance between the 
centers of the two pairs of plates, and was found to be 75.133 centimeters. 
This distance was accurately determined by means of a cathetometer and 
comparison with a standard meter rod checked by the Bureau of Standards. 

The oscillator consisted of two 75-watt vacuum tubes, type 846, connected 
in push-pull arrangement to reduce second harmonics. The connections are 
shown in Fig. 4. The plate potential was 2000 volts. Small variations of 
wave-length were produced by means of a tuning condenser connected across 
the inductance in the oscillatory circuit. Larger variations were made by 
changing the inductance. In this manner the wave-length was varied from 
3 to 6 meters. 

The short-wave oscillator was inductively coupled at the center to a pair 
of parallel wires. These parallel wires were about 5 centimeters apart, approxi- 
mately one-half wave-length long, and bent into a V with rounded vertex 
so that the ends could connect with the pairs of plates P; and P,. The mid- 
points of the parallel wires were connected by a two-megohm resistance, 
the center of which was grounded to drain off any accumulated charge on the 
plates. 

The success of this method of velocity measurement depends upon the 
accuracy to which the phase difference between the electric fields at P,; and 
P, is 180°. Although theoretically the phase difference should be 180° if the 
node of the stationary wave system on the wires remains fixed, the system 
was constructed to be geometrically as symmetrical as possible to aid in 
securing this result. The position of the grounding resistance on the parallel 
wires could be varied considerably without any detectable effect upon the 
experimental results, showing that this resistance had no appreciable in- 
fluence upon the phase difference at P; and P,. In the course of the experi- 
ment different degrees of coupling to the oscillator were used, the oscillator 
was tuned above and below resonance with the wire system, the time of 
flight of the electrons between P; and P, was in some cases a whole cycle 
and in others a half cycle of the oscillations and yet all results were in close 
agreement. This consistency seems to allay all doubt as to the correctness 
of the assumption of the 180° phase relation. 

For any one reading, the frequency was kept constant as indicated by 
beats with a harmonic of an oscillating crystal. Since the harmonics used 
ranged from the 28th to the 49th, it was impractical to make direct use of 
the beats between the crystal and the short-wave oscillator. Hence an inter- 
mediate oscillator of wave-length about 28 meters was used to produce beats 
with both. During each reading the frequency was checked several times 
by listening to the two sets of beats. The harmonics used were the 4th to 
the 7th of the crystal, and the 4th to the 8th of the intermediate oscillator 
and were identified by means of a calibrated wavemeter loosely coupled to 
the intermediate-frequency oscillator. 
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The frequency of the crystal was measured with the aid of Professor G. W. 
Pierce, in terms of a 1000-cycle clock, driven by a magnetostriction rod. The 
frequency of the crystal was found to be 

n = 1,680,890 cycles per second, 
correct to 1 part in 40,000. 

Allowing liberally for slight variations from zero beats in the case of 
both oscillators, (200 cycles for the intermediate, and 1000 cycles for the 
power oscillator), the error in frequency was less than 1 part in 20,000. 

The voltage between ground and cathode (£; in Fig. 1) was measured by 
means of two resistances R; and R’; and a potentiometer. R’; was an ac- 
curately-known resistance of 89.958 ohms, and the potential drop across it 
was measured with the potentiometer and a standard cell. For potentials 
less than 12,000 volts, R; was a manganin wire resistance of 895,130 ohms, 
while for higher potentials a similar resistance of 6,936,600 ohms was used. 

The high resistances were measured on a Wheatstone bridge, carefully 
insulated for leakage. The other members of the bridge were composed of 
two resistances of 500,000 ohms, and two of 100,000 ohms, which were care- 
fully measured by building up from a 10,000-ohm Leeds-Northrup sealed 
standard. A substitution method was used throughout this work. The Wheat- 
stone bridge was balanced by the addition in one arm of a decade box with 
a maximum resistance of 99,999 ohms. Each coil of this box was measured 
in terms of a sealed standard of the same size, and here again the substi- 
tution method was employed. The resistance of 6,936,600 ohms was meas- 
ured in sections of about 1,000,000 ohms each for greater accuracy. 

The 10,000-ohm Leeds-Northrup standard was checked against two 
others of the same type, and all three agreed to better than 1 part in 10,000. 
The one with the most recent certificate from the Bureau of Standards was 
taken as correct. 

The resistance of 895,130 ohms was tested for changes in its value due 
to the current carried, and corrections of 3 to 5 parts in 10,000 were made 
according to the load. The resistance of 6,936,600 ohms carried so little 
current that no correction was required. 

The 89.958-ohm resistance was measured in terms of a 100-ohm sealed 
standard, which had recently been checked. 

The potentiometer was a new one, and was checked for equality of in- 
tervals. The standard cell was checked against three others, one of them a 
new one, and all four agreed to better than 1 part in 10,000. The new cell 
was taken as correct. 

The variable voltage applied to the anode was measured by a General 
Electric voltmeter, which had been calibrated by a potentiometer for di- 
vision errors. Allowance was made for a slight irregularity at the beginning 
and end of the scale. 

The adjustment of the voltage until the two electron spots just came to- 
gether, and again, until they just separated, was the most uncertain part of 
the experiment. A single spot appeared throughout a voltage change of 400 
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or 600 volts, and separate settings on either side of this range could not be 
made with more accuracy than one division on the voltmeter, corresponding 
to 20 volts. Hence many pairs of settings were made for one determination, 
and the midpoints of these pairs averaged. All settings were made in the 
dark, and so should be truly independent, and for reasons of symmetry, the 
voltage was always changed in such a manner that the two spots were brought 
together for each setting. 


The use of concentrating coils to focus the electron stream, which was 
mentioned above, was necessary and yet undesirable. They were coils of 
about 2,000 turns, 15 centimeters in diameter, encircling the tube, and giving 
magnetic fields symmetric with the axis of the tube. One was placed mid- 
way between the deflecting plates at P; and P2, and the other an equal dis- 
tance below P,. These are shown at C in Fig. 1. Without the coils, the elec- 
tron stream spread out, giving a spot about a centimeter in diameter on the 
screen just above P,. This was too large and also too faint for accurate 
work. Furthermore, the axis of the tube was not placed exactly parallel 
to the earth’s field, and hence the electron spot was not central. The first 
concentrating coil focused the electrons in a small, intense spot, and brought 
them over to a central position. The second coil merely made the final ad- 
justment more accurate by increasing the intensity and decreasing the size 
of the two spots on the final screen. 

The use of the first coil was, however, undesirable, for it imparted a 
spiral motion to the electrons, thus increasing slightly the distance they 
travelled in the observed time. Also, if the strength of the magnetic field 
was such that the electron stream was accurately focused, the transverse 
electric field at P; had no effect on the position of the spot. In order to get 
a deflection, the coil had to be used off focus, and the amount of deflection 
depended on how much the focus was displaced. As the voltage range 
between each pair of settings depended upon the amount of deflection ob- 
tained, varying the current through the coils greatly varied the individual 
settings. However, readings were made under many different conditions of 
focusing, and the midpoints of the voltage pairs were in close agreement as 
shown by the following tables. 

As to the increase in path due to the spiral motion of the electrons, the 
following estimate was made. By gradually increasing the current in the 
coil, the amount of rotation of the spot was found to be less than 180°. The 
distance from the center of the screen to that of the undeflected spot was 
about 1 centimeter, which would make the electron stream about 0.5 centi- 
meter from the axis of the tube in the plane of the concentrating coil. With 
the magnetic field acting, however, the electron path would be concave to- 
ward the axis and so this distance would be decreased. From symmetry the 
maximum departure occurs in the plane of the coil. Assuming the path to 
be a helix on a cylinder of diameter 0.5 centimeter, the increase in path was 
found to be 1 part in 4500. This makes a decrease in e/mp of 1 part in 2,250, 
or 0.0008. 
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As the voltage on the tube was increased to 20,000, the undeflected spot 
became more central, and so this error should have been reduced. Therefore, 
a definite upward trend in e/mp with increasing voltages would have indi- 
cated an appreciable error due to this cause; however, no such trend was 
observed. Hence it seems reasonable to state that the error in e/m» from the 
use of the coils was not more than 0.0008. 


RESULTS 


Voltage measurements were made for six frequencies of the oscillator, and 
in order to average out unknown errors as much as possible, the settings for 
each frequency were made in groups over a period of several days. A sample 
group of such measurements is shown in Table I, where the actual voltmeter 
settings are given, with the midpoint of each pair, and the corresponding 


TABLE I. Sample group of settings. 48th harmonic of the crystal beating with the funda- 
mental of the oscillator. Frequency = 80,683,000 cycles/sec. Times of passage between plates = 
1 cycle. Velocity =0.60619 < 10" cm/sec. 





EB, + Ey 


Voltmeter Midpoint Total 5 from the average 
settings voltage voltage 

(factor = 20) for midpoint 
63-79 71 10776 10 
61-80 70.5 10766 0 
62-79 76.5 10766 0 
62-80 71 10776 10 
63-77 70 10756 10 
64-76 70 10756 10 
65-76 70.5 10766 0 
61-79 70 10756 10 
62-79 70.5 10766 0 
61-80 70.5 10766 0 
62-79 70.5 10766 0 
63-79 71 10776 10 

Av. 10766 Av. 5 


voltage. The pairs of settings were influenced by the intensity of the spots, 
the power of the oscillator, and how close together the spots were brought, 
and so varied considerably. However, their midpoints were in good agree- 
ment, each group being very consistent within itself, and all the groups for 
any one frequency agreeing well with each other. 

Tables II to VII give all the settings made at each frequency, arranged 
in groups as they were taken. For each group, the settings giving the same 
midpoint are combined, and the corresponding voltage listed. The average 
voltage for this frequency is also given, and the deviation of each setting 
from this average. The value of e/mo corresponding to the average voltage 
is computed from the energy equation 


€ c? 1 
eS ee 
Mo EL(1 — v?/c*)'/? 


The average deviation and probable error of e/mp are calculated from the 
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voltage deviations. In these tables, all voltages have been changed to 
absolute volts by use of the conversion factor 1.00046 given by Birge.*® 


TABLE II. Summary of observations with frequency of 80,683,000 cycles/sec. 48th harmonic 
of the crystal beating with the fundamental of the oscillator. Times of passage between 
plates =1 cycle. Velocity =0.60619 X 10'° cm/sec. 














No. of settings Voltage = 5 from the av. 
E, +E: voltage 
11 10759 4 
6 10769 6 
1 10749 14 
1 10739 24 
1 10729 34 
10 10757 6 
7 10767 4 
1 10777 14 
10 10760 3 
4 10770 7 
2 10790 27 
8 10769 6 
2 10759 
6 10766 3 
Table I 3 10776 13 
3 10756 7 
6 10764 1 
6 10754 Q 
Total No. 88 Av. 10763 Av. 6.2 
“Av. e/m= 1.761 3 x 107 abs. em un is. ~ Ay. deviation =0.0010 = 
Max. e/mo=1.7668 X10’ Prob. error =0.0001 


Min. e/mo=1.7568 X107 


TABLE III. Summary of observations with frequency 82,364,000 cycles/sec. 49th harmonic of 
the crystal beating with the fundamental of the oscillator. Time of passage between plates = 
1 cycle. Velocity =0.61882 X 10" cm/sec. 














No. ofsettings Voltage é from the av. 
Ei+E£, voltage 

7 11235 3 

4 11245 13 

1 11215 17 

1 11255 23 

5 11236 , 4 

4 11226 6 

2 11246 14 

7 11220 12 

6 11230 g 2 

Total No. 37 Av. 11232 Av. 7.9 

Av. ¢/mo=1.7612 X10’ abs. em units Av. deviation =0 .0012 
Max. e/my= 1.7639 X10’ Prob. error =0 .0002 


Min. e¢/mo =1.7576 X10? 


®§ R. T. Birge, Phys. Rev. Supp. 1, 1 (1929). 
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The error introduced by assuming that the midpoint of the two voltage 
settings agrees with the midpoint of the two corresponding velocities, is 


TABLE IV. Summary of observations with frequency 47,065,000 cycles/sec. 28th harmonic 
of the crystal beating with the fundamental of the oscillator. Time of passage between plates = 
i cycle. Velocity =0.70723 10" cm/sec 


No. of settings Voltage 6 from the av 


E,\ +E, voltage 
5 14853 28 
l 14843 i8 
3 14824 1 
2 14814 11 
2 14804 21 
1 14834 9 
4 7 8 
3 27 2 
3 7 12 
& 14818 7 
2 14828 3 
2 14808 17 
1 14798 27 
Total No. 37 Ay I $825 = 7 Av 11.6 
Av. e/mo=1.7608 X10’ abs. em units Av. deviation =0 .0014 
Max. ¢/my=1.7640 X 107 Prob. error =0 .0002 


Min. e/mop=1.7575 X10? 


that of substituting a linear for a square root relation. For voltage settings 
differing by 400 volts, this error for a total potential of 10,000 volts amounts 
to 1 part in 10,000. For higher voltages it is less than this, becoming 1 part 


TABLE V. Summary of observations with frequency 50,427,000 cycles/sec. 30th harmonic of 
the crystal beating with the fundamental of the oscillator. Time of passage between plates = } 
cycle. Velocity =0.75774 X 10"° cm/sec 


No. of settings Voltage 6 from the av 
E,+E2 voltage 
6 17117 19 
2 17127 9 
l 17137 1 
} 17157 21 
| 17147 11 
2 17167 31 
6 17127 9 
6 17137 | 
Total No. 31 Av. 17136 Da Av. 12.4 
Av. ¢/mo=1.7601 X10’ abs. em units Av. deviation =0 .0013 
Max. e/my=1.7622 X10’ Prob. error =0.0002 


Min. e/mo=1.7569 X 107 


in 40,000 at 20,000 volts. This enters directly in e/mpo, and is such as to in- 
crease the tabulated values, but is negligible in comparison with other errors. 
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TABLE VI. Summary of observations with frequency of 52,948,000 cycles/sec. 63d harmonic 
of the crystal beating with the second harmonic of the oscillator. Time of passage between 
plates = § cycle. Velocity =0.79563 X 10"° cm/sec. 





No. of settings Voltage 6 from the av. 


E,+:2 voltage 
8 18993 0 
5 19003 10 
2 18983 10 
9 18986 7 
2 18996 3 
1 18976 17 
5 18996 3 
3 19006 13 
1 18986 7 

Total No. 36 Av. 18993 A, 6.0 


Av. e mo = 1.7600 x10 abs. em units 
Max. e/my=1.7616 X10? Prob. error =0 .0001 
Min. e/mo=1.7588 X10? 


TABLE VII. Summary of observations with frequency of 53,789,000 cycles/sec. 32d harmonic 
of the crystal beating with the fundamental of the oscillator. Time of passage between plates = } 
cycle. Velocity =0 .80826 X 10'* cm/sec. 





No. of settings Voltage 6 from the av. 
Ei +E, voltage 
7 19622 4 
5 19612 14 
8 19625 | 
5 19635 9 
l 19615 11 
6 19637 11 
} 19627 I 
2 19617 9 
Total No. 38 Av. 19626 Ay 6.6 
Av. e/mo=1.7610 * 10’ abs.em units Av. deviation =0 .0006 
Max. e/mo=1.7622 X10’ Prob. error =0.0001 
Min. e/mo=1.7599 X 107 


TABLE VIII. Summary of results 





Velocity No. of settings Av. e/mo 5 from Av. 6 of settings 
(<x 107! (weighting (10-7) 1.7609 from 1.7609 
cm /sec factors) abs. em units 
Table II 0.60619 88 1.7613 0.0004 0.0011 
Table III 0.61882 37 1.7612 0.0003 0.0012 
Table IV 0.70723 37 1.7608 0.0001 0.0014 
Table V 0.75774 31 1.7601 0.0008 0.0013 
Table VI 0.79563 36 1.7600 0.0009 0.0010 
Table VII 0.80826 38 1.7610 0.0001 0.0006 





Weighted average ¢/my = 1.7609 X10’ abs. em units 
Weighted average deviation of the six values of e/my from 1.7609 & 107 0.0004 
Probable error (obtained by weighting the deviations from 1.7609 X10”). . .. 0.0002 
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Table VIII summarizes these results, giving the six average values of 
e/mo for the six frequencies used. The values of e/my for each frequency are 
more consistent with each other than with those obtained for other frequen- 
cies, and for this reason the six average values of e/m» are treated as six 
single determinations, weighted proportionally to the number of settings 
from which they are derived. The weighted average e/ mp so obtained is 


e/my = (1.7609 + 0.0002) & 107 abs. em units, 
with an average deviation of 0.0004, and a probable error of 0.0002, both 
similarly computed. 
In view of the foregoing errors the final value of e/m, from the present 
work is conservatively written 
e/my (1.761 + 0.001) X 10’ abs. em units. 


This method is, however, capable of much more accuracy, and the work is 
being continued with some improvements in technique. 


CONCLUSION 
Because of the difference between the present value 
e/my = (1.761 + 0.001) * 10? 
and that obtained by Wolf, 
e/mo = (1.769 + 0.002) & 10? 
it may be noted that in one particular the two experiments differed quite 
markedly, that is, in their sensitiveness to the presence of residual gas. The 


effect of gas in the path of electrons is to retard them by an amount dependent 
upon their speed. J. J]. Thomson® deduced the relation 


for the slowing down of electrons in métals. Here v is the initial velocity, 
v, the velocity after travelling a distance x in the substance, and a is a con- 
stant dependent upon the metal. 

Widdington” tested this formula for metals, and also for air, obtaining 
for the constant in the latter case 


a= 2 x 10%° 
when p=760 millimeters. Assuming that a is directly proportional to the 
pressure of the gas, the equation becomes 


,) 40 . 
a eee 2(10*°) px 


: 760 





* J. J. Thomson, Conduction of Electricity through Gases, 2nd. edition, p. 378. 
© R. Whiddington, Proc. Roy. Soc. A86, 360 (1912). 
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where ? is the air pressure in millimeters of mercury. If the change in velo- 
city is small, 


or 


dv 2(10*) px 


v 4(760)o* 
Thus the percentage change in v is much less at higher speeds. 
To compute a few cases actually involved, take first the present experi- 
ment. Here the distance x was 75 centimeters, and the voltage varied from 
10,000 volts to 20,000 volts. 


dv 


E = 10,000 volts v = 0.60 X 10" cm/sec 0.39p. 


¢ 


dv 


E = 20,000 volts ry 0.80 & 10! cm/sec 


Il 


0.129. 


‘ 


— 


In Wolf’s experiment, x = 3( 
3,500 volts to 4,500 volts. 


centimeters, and the voltage varied from 


dv 
E = 3,500 volts v 0.35 K 10'° cm/sec — = 1.31p 


ros) 


E = 4,500 volts v 0.37 XK 10'° cm/sec — = 1.05p 


Thus the percentage change in electron velocity introduced by the same 
gas pressure is much less for the present work than for Wolf’s experiment. 
To consider the effect of such a change in velocity upon the calculated 
values of e/mp take first the present work. The energy equation gives 
‘ y2 
— = (const) 
Mo E 
approximately, and hence, if the measured velocity is too small for the 
applied potential, the calculated value of e/mp is too small. However, the 
change in velocity increases threefold as the voltage is reduced from 20,000 
to 10,000 volts. Hence, if this error were appreciable, the calculated values 
of e/my should show a definite trend with voltage. The absence of such a 
trend seems to show that this error was negligible in the present work. 
In Wolf’s experiment, 
e E 
— = (const)— 
Mo H? 
approximately, and the energy equation is assumed as the relation between 
the velocity and potential. If the velocity is decreased due to the presence 
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of gas, the potential measured is larger than that actually corresponding to 
the average velocity, and so the calculated value of e/my is too large. More- 
over, no trend in his results can be expected, as the error does not change 
appreciably over the voltage range used. Wolf made no estimate of the gas 
pressure in his apparatus. If Whiddington’s formula is assumed, a pressure of 
0.004 mm would be sufficient to explain the discrepancy between his value 
of e/my and the present one. 

It is fully realized that in applying Whiddington’s formula to the present 
case, a very great extrapolation is made. The value of a was obtained by 
measuring the distance required to halt an electron whose path was through 
air at atmospheric pressure. Yet here it is used to calculate a small percentage 
loss in the velocity of electrons passing through gases at extremely low pres- 
sures. Therefore, no great confidence can be placed in the resulting numerical 
values. In fact for electron velocities approximating those used in the present 
experiment Bohr" obtained from theoretical considerations a value of the 
constant a equal to about one-half that given by Whiddington. 


“ N. Bohr, Phil. Mag. 25, 10 (1913). 
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NEW EXPERIMENTAL DETERMINATION OF EFFECTIVE 
CROSS-SECTIONS FOR THE QUENCHING OF 
MERCURY RESONANCE RADIATION 


By M. W. ZEMANSKy* 
PALMER PHyYsICAL LABORATORY, PRINCETON, N. J 
(Received July 14, 1930) 
ABSTRACT 


Theory of the quenching of resonance radiation. The problem of the quenching 
of resonance radiation by foreign gases is treated on the basis of Milne’s theory 
of diffusion of radiation extended to take account of (1) a collimated incident beam, 
(2) a finite emission line, (3) a finite absorption line, (4) impacts of the second kind, 
and a curve is obtained from which one can find the number of impacts of the second 
kind corresponding to any experimentally observed value of the quenching. The ef- 
fect of metastable atoms is discussed and a theory of their behavior outlined. 

Measurement of the quenching of mercury resonance radiation. The scattered 
radiation emerging from an absorption cell containing mercury vapor in the presence 





of a foreign gas was measured as a function of the gas pressure with apparatus de- 
signed to agree closely with the requirements of the theory. From the theoretical 
curve the number of impacts of the second kind was obtained, and from this the 
effective cross-section for quenching was calculated for the following gases: Oz, Hp, 
CO, NH3, COs, H.O, Ns, CH4, CsHe, CsHs, CaHio, He and A. The values of the 
effective cross-section for quenching are tabulated along with those for depolariza- 
tion of resonance radiation and for collision broadening. The quenching cross-sections 
of CO, NH3;, COs, HO, No, CH4, C2Hs and C,H, are shown to be connected with the 
difference between the energy of the transition 2°P,—+2°P» of Hg and the vibrational 
energy of the molecules, in qualitative agreement with the theory of Kallmann and 


London. 


INTRODUCTION 


HE quenching of mercury resonance radiation has been used by many 

investigators as a method of studying impacts of the second kind, and 
has provided rough estimates of the effective cross-sections for such impacts." 
The most extensive investigation was carried out by Stuart® in 1925 who 
obtained quenching curves for mercury resonance radiation in the presence 
of He, O2., CO, CO, HzO, Ne, A, and He, the order representing the relative 
quenching ability. In Stuart’s paper, and in many later papers by others,’ 
attempts were made to calculate from these quenching curves the effective 
cross-sections associated with each gas. It is unnecessary at this point to go 
carefully into all the faults of these calculations, because they will become 
apparent in what is to follow. It is sufficient merely to mention that the 


* National Research Fellows. 

1 P, Pringsheim, “Fluorescenz und Phosphorescenz” Vol. VI Struktur der Materie. 

*H. A. Stuart, Zeits. f. Physik. 32, 262 (1925). 

*M. W. Zemansky, Phys. Rev. 31, 812 (1928); P, D. Foote, Phys. Rev. 30, 288 (1927); 
E. Gaviola, Phys. Rev. 33, 309 (1929); E. Gaviola, Phys. Rev. 34, 1049 (1929). 
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results varied widely among themselves, to such an extent that it was ap- 
parent that what was needed was not more theories to explain Stuart’s 
curves, but new experiments performed in such a manner that they would 
lend themselves to accurate calculation on the basis of the existing theory 
of the process, namely, Milne’s theory of the diffusion of radiation. 

It is the purpose of this paper to treat the problem on the basis of 
this theory taking into account (1) the geometrical character of the incident 
radiation, (2) the finite spectral width of the incident radiation, (3) the ge- 
ometry of the slab of mercury vapor, (4) the finite width of the absorption 
line, (5S) the accurate value of the absorption coefficient of mercury vapor 
for the 2537 line. In part II new experimental data are given on the quench- 
ing of mercury resonance radiation, obtained with apparatus designed to 
comply with the requirements of the theory, and finally, effective cross- 
sections are obtained for the following gases: He, Os, CO, NH;, COs, H.O, 
No, A, He, CHy, CoHe, CsHs, and CyH yp. 


THEORY OF THE QUENCHING PROCESS 


Consider a mass of gas, enclosed between the planes x=0 and x=!/, 
exposed to isotropic radiation at the face x=0 whose frequency lies be- 
tween v and vy+dy and which is capable of raising the atoms from the normal 
state 1 to the excited state 2. Suppose at any moment that there are n, 
normal atoms per cc capable of absorbing this radiation and n, excited atoms 
per cc capable of emitting this radiation. Then it was shown by Milne,‘ 
on the basis of Einstein’s radiation theory, and without appeal to the analogy 
with molecular diffusion, that m2 at any point is given by: 


0? ON» ON» 
NM, + T- = 4x*7— (1) 
dx" Ot Ot 


where rf is the life-time of the excited atom in sec, and x is the absorption 
coefficient of the gas in cm~ for the radiation between v and v+dv. This 
equation holds for all values of m, and m, provided m,n, which is un- 
doubtedly the case for light intensities employed in the laboratory. It is 
not restricted in the way that the molecular diffusion equation of kinetic 
theory is, namely, to short mean free paths. Furthermore, Milne showed that 
the forward flux of radiation at any point is given by 


To ON» , ON» ‘| 
nl. = (ns + T _— = —i No a T (2) 
N) al 2x Ox ot | 


and the backward flux, by 


To One 1 @ One 
rl_=- (ns +1 +— —{ Mm + r— 3) 
nN \ at 2x Ox at 


‘FE. A. Milne, Journ. Lon. Math. Soc. 1, Part I (1926). 














QUENCHING OF Hg RESONANCE RADIATION 


where 
gi 2hy* 
hea tas 
i 
and qg, and q are the statistical weights of the normal and the excited states 
respectively. It must be remembered that m, m2, x, 7, and J_ are all functions 
of the frequency. 

The On./dt that appears in these expressions represents the resultant 
rate of formation of excited atoms under the influence of the absorption of 
radiation, spontaneous emission, and stimulated emission. In order to take 
into account impacts of the second kind, and also a superimposed collimated 
beam of light of the same frequency at the face x =0, we have to consider 
two further rates: (1) rate of decay of excited atoms due to impacts of the 
second kind equal to km, and (2) rate of formation of excited atoms due to 
absorption of the collimated beam incident on the face x=0, equal to 
B, .om,(K’'/4mr)e-** where B,.. is the Einstein coefficient defined in terms of 
light intensity and K’ is the intensity of the collimated beam before it enters 
the slab of gas. In virtue of Einstein’s relation 

- = q2 < 1 “i I 
gi 2hv*® + oT 


rate (2) can be put in the form (m,K’/42ar) -e-*. 
We have now to replace 0n,/dt in Eqs. (1), (2), and (3) by 


OM, n,K’ 
—— + kn, —- —e 
at 4rral 
and to put the new 0n2/dt equal to zero, in order to represent the stationary 
state. Eq. (1) then becomes 
On» a x°n, K'e~* 
— = 4%», — 3—____ (4) 
Ox 1+ rk 4rrao(1 + rk) 


and Eqs. (2) and (3) become 


To 1 One 3 K’ 

rl, = —(1 + ri) 1 - — ) —-—=—¢* (5) 
ny 2x On 24 
To 1 One wy 

rl. = —(1 + rk)l ne + )-5 a (6) 
Ny 2x Ox 2 4 


If, now, we do away entirely with the isotropic radiation and keep only 
the collimated beam, we have the boundary conditions that 
when x=0, J, =0 
and when x=/, J_=0. 
Putting y = 2«(rk/1+7k)*?, the solution of Eq. (4) is 
n,K'e~** 


n2 = A cosh yx + Bsinh yx — 3— Tween 6 (7) 
4ro(1 — 3rk) 
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Introducing the auxiliary parameter 8=sinh ~'\/rk and noticing that 
\/1+7rk =cosh 8, \/rk =sinh 8, Eqs. (5) and (6) become 





To 3K’ e-® 
rl, = cosh 8[A cosh (yx — 8) + Bsinh (yx — 8)] — - 8) 
Ny 2(1 — 3rk) 
TO K’e-* 
ci. = cosh B\A cosh (yx + 8) + Bsinh (yx+ 8] — ; 9) 
n, 2(1 — 3rk) 


The boundary conditions require 


3n,K’ sechgs 
A cosh 8 — Bsinh B = 
2ra(1 — 3rk) 
n,K’ sech B 
A cosh (yl + 8) + B sinh (y/ + 8) = c* 
2mo(1 — 3rk) 


whence 


3 sinh (yl + B) + e*' sinh 8 ,K’ sinh § 


A - 
sinh (yi + 28) 2ra(1 — 3rk) 
3 cosh (yl + 8) + e-*'cosh8 ,K’ sech B 
B 
sinh (y/ + 28) 2ra(1 — 3rk) 
and we have, from Eq. (8) 
K’ {3 sinh [y(t — x) + 28] + e~*' sinh yx ) 
nl, 2 — 3e-* 
2(1 — 3rk) | sinh (yl + 2; 


The scattered radiation emerging from unit area of the face x=/, will then 
be equal to: 


K’ 3 sinh 28 + e-*' sinh y/ 
j 


> 

— 
| 

- 


2(1 — 3rk) | sinh (yl + 28) ) 


and finally, putting in the value of 8 


Tk u/2 
" 6(r7k(1+72))'/*+e-"' sinh i ) 
K 1+ rk 


zat 2(1— 3rk) , / rk 1/2 
sinh (241 - ) + ? sinh l rk)! ‘) 
\y +rk 


K’F (xl, rk). (11) 


Two special cases are of interest, namely rk=0 and rk=1/3. When 


tTk=(0 
_ on : 
2 1 + x«l 
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and when rk = 1/3, going back to Eqs. (4), (5), and (6), we get 


6xl — 1 . eal 
DP on wen ~— 
4 er! —@¢ al 
The function F was evaluated for a number of values of «i and of rk, 


and the results are given in Table I and in Fig. 1 


TABLE I. Values of 











= tk 1/2 = 
6(rk(1+7k))'/2?+e-" sinh ma ) 
1 1+rk 
Fixl, rk) = —3e* ; 
2(1— 3rk tk u/2 
sinh ( 241 ) +2 sinh! (rk)! ‘) 
s 1+rk id 
_ tk 0 0.05 0.10 0.20 0.333 0.50 
xl _ 
0.5 .194 175 . 164 143 125 107 
1.0 290 . 260 . 236 198 . 160 .128 
cia .332 . 282 .244 195 150 118 
2.0 344 273 .227 168 .124 .092 
ae 334 .0968 
3.0 .320 .219 .163 . 106 0704 0488 
-- 300 0504 
4.0 280 .158 .104 0590 .0351 0224 
4.5 260 0241 
5.0 243 .108 0628 0308 .0163 00968 
[—T ae ae BOP 
j ~Zk = C 
| 4 a 
2 } A ; an + 
4 Ts 
| J | 
| : 





| pe 0.20 a 


j 
i ‘ : 
j ' ’ be 
Wy, 4 ESN bs. 5 | — 
ii/f - N , ~ 
Va Ri, a e. a. iat 
Wi) | / TN ; = 4 
Uf ial 7 ™Y,. “= 


7 
Ly 
vA 











I0 40 i 


~*~ 


Fig. 1. The function F evaluated for a number of values of «i and of rk 


It will be remembered that this calculation was carried out for only an 
infinitesimal frequency band lying between vy and v+dv. Let us therefore 
write Eq. (11) as follows: 





wl.(v,l, rk) = K(v, O)F(x(v)l, rk). 
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We now assume that the emission line can be represented by a Gauss 
error curve of half-breadth Avg, and that the values of rk correspond to 
foreign gas pressures that are so small that no Lorentz collision broadening 
results. Then the absorption line can also be represented by a Gauss error 
curve whose half-breadth is the Doppler breadth, Avp. We have then 


K(v, 0) = K(vo, 0)e~(2@—%) /Arg (log e2)h}2 
x(v) = x(po)e [2(»—v) / Av p> (loge2 h)2 
or, calling 
2(v — vo) 
(log, 2)'/* = q 
Avp 


K(y, ) = K (v9, (Q)e~ (esr /Trp 


K(v) = x(vo9)e~? 


The total scattered radiation emerging from unit area of the face x=/ is 


S = i) wl a(v, l, rk)dv 


x 
— J K (vo. Oe ( j.vp Avp *F [x(vo)le 


U 


Tk \dv 


, 


where the integration is to be extended over all the fine structure components 
of both the emission and the absorption lines. 
The total incident radiation per unit area is 


Ko = i) K(vo O)e~{*4*’D/4"E "dy 


and the “quenching” is 
S/Ko for rk = rk 
S/Ko for rk = 0 


x 
i) e~ (arp/S*p) F[ «(vo)le-* , rk ldg 


x 


f e~ (aarRp/Orp "F[ «(vo)le 0 |dg 


x 


J can be obtained by graphical integration with the aid of Fig. 1 as soon 
as x(vo)/ and Avg/Avp are known. A complete discussion of these quantities 
for mercury vapor will be found in a recent paper by the author.’ In these 
experiments «x(vo)/ was 4.44 and Avg/Avp was 1.21. The results of the graphi- 
cal integration are given in table II and Fig. 2. From Fig. 2 we can obtain 
tk for any experimentally determined value of J. It is seen that, when 
J =0.50, rk =0.114, a result very different from what would be obtained if 


*M. W. Zemansky, Phys. Rev. 36, 219 (1930). 
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the theorem of Stern and Volmer* were used. According to this theorem, 


which was used by Stuart in interpreting his quenching curves, when 
J=0.50, rk =1. 




















0.10 2 0.30 
zk 
Fig. 2 
TABLE I] 


| e~(a/4»p/»p)"F(x(vo)le~* , rk) dq 
J 8 eee 


20 
f e (4 Avr 4rp "F (x(yo)le i O)dq 


tk J 


0.00 1.000 
0.05 .683 
.10 .528 
.20 .374 
333 .268 | 
.50 .199 


APPARATUS AND METHOD 

The essential difference between the method of Stuart and the one used 
here is that Stuart measured the resonance radiation that was re-emitted 
from the incident face of the resonance lamp that contained the foreign gas, 
whereas, in these experiments, the scattered radiation that passed through 
a slab of mercury vapor in the presence of a foreign gas was measured. 
Experimentally, Stuart’s method is simpler, but it does not lend itself to 
accurate calculation. The apparatus used in these experiments was designed 
to comply with the calculation that has just been given. It is shown 


®°O. Stern and M. Volmer, Phys. Zeits. 20, 183 (1919). 
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schematically in Fig. 3, and is exactly the same apparatus that was used to 
measure the absorption and collision broadening of the mercury resonance 
line. The arc, resonance lamp, and absorption cell are all described in the 
paper just referred to along with the manner in which the photoelectric 


Ff 


Fig. 3. Diagram of apparatus. A, arc. 5S, shield. R, resonance lamp. Q, absorption 
cell (can move to be replaced by C). C, cellophane (can move to be replaced by Q). D, dia- 


phragm (stationary in space). P, photoelectric cell (can move from position (1) to position (2) 


cell was sensitized. The geometrical features of the photoelectric cell which 
are important in measuring the scattered radiation are shown in Fig. 4. 
The grid, a coarse mesh of fine platinum wire spot-welded to a circular 
frame of heavy platinum wire, was mounted against the window of the cell, 





Fig. 4. Photoelectric cell 


and the plate, a cup-shaped piece of platinum, was placed as close as possible 
to the grid. The plate could receive, therefore, a large solid angle of radiation 
from a source immediately outside the window. 

The radiation passing through the diaphragm D in Fig. 3 is composed 
of two parts: the unabsorbed portion of the incident collimated beam K,’ 
and the scattered resonance radiation S. When the photoelectric cell is in 
position (1), about 7 cm away from the diaphragm, it receives an entirely 
negligible fraction of S, and consequently, in this position K/Ko can be 
measured in the manner described in the paper on absorption. With the 
photoelectric cell in position (2), close up against the diaphragm, both K 
and a constant fraction of S are received, say K+eS, and the measurement 
of (K+6S)/Ko is made. Subtracting K/Ky from (K+e€S)/Ko, we get «S/Ko, 
and dividing by ¢«S/K» when no foreign gas was present, J is obtained. 


1K = K(v,Ddv, Ko K(»,0)dv and K’ = K(v,0) 


“0 “9 
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The fraction ¢ depends upon the relative size of the diaphragm and 
photoelectric plate, the distance between them, and the law of distribution 
in angle of the emerging resonance radiation. It was judged to be in the 
neighborhood of 90%. No attempt was made to take into account the dif- 
ference between the reflecting power of the quartz window of the photo- 
electric cell for the collimated radiation and that for the scattered radiation, 
because it is believed that the error was within experimental error. The 
mercury vapor in the resonance lamp was kept at a density corresponding 
to 0°C by suitable ice baths, and the drop of mercury in the stem of the 
absorption cell was kept at 20°C with an allowance of no more than +0.05°C. 
Under these conditions x(vo)l and Avg/Avp are known to be 4.44 and 1.21 
respectively. 

Every precaution possible was taken to insure purity and dryness of the 
gases that were studied. The pressures employed never reached a value 
sufficient to cause Lorentz collision broadening. It was not possible to 
test carefully the degree to which the absorption cell (which was 0.792 cm 
thick and 4.5 cm in diameter) approximated the infinite slab required by 
theory. No change, however, was observed in the value of J when the 


TaBLe III. 
Pressure in tk Pressure in tk 
Gas mm: p J from Fig. 2 Gas mm: p J from Fig. 2 
H, 0.010 0.90 0.011 
.021 84 .019 
.030 74 037 
043 71 .044 
052 68 051 
.065 62 .067 
072 59 076 
090 56 087 
100 49 119 
107 48 124 
> . 
sl 7 ane NH; 0.15 0.78 0.029 
te 38 60 074 
> ; > 
Or 033 83 021 = "te tre 
043 80 026 4a as 142 
056 72 041 ys = oa 
078 68 051 CO J ae > +4 
‘O78 66 056 .63 62 067 
082 65 .058 1.02 S1 111 
112 60 .073 eS 8 _-26 __ 351 
120 61 .070 H,0 1.0 63 064 
120 57 083 1.5 54 095 
.143 54 .095 2.33 41 .170 
.150 51 .108 
.177 46 136 No 5. .88 014 
2.62 80 .026 
CO 139 81 024 2.95 795 .027 
22 70 .047 4.04 72 O41 
.26 66 .056 5-00 69 -048 
.27 .66 .056 5.70 .05 -058 
36 61 .070 7.50 .58 078 
45 54 095 5:0 59 _-076 
54 48 .127 C;H, .46 .80 .026 
.59 47 .133 1.04 .61 .070 


2.10 43 155 
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diameter of the diaphragm D was varied from 0.5 cm to 1 cm, and when the 
diameter of the collimated incident beam was varied slightly. It is believed 
that a cell whose diameter is roughly five times its thickness is a good experi- 
mental approximation to an infinite slab. 








Fig. 6. rk plotted against pressure, p 


Values of J at various pressures for all the gases studied are given in 
Table III along with the values of rk obtained from Fig. 2, and rk is plotted 
against the pressure p in Figs. 5 and 6. 


FINAL RESULTS 


It is seen in Figs. 5 and 6 that the curves of rk against p are all straight 
lines. It will be remembered that & was defined as the number of impacts 
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of the second kind per second per excited atom. By an impact of the second 
kind, we mean here any process, other than spontaneous or stimulated emis- 
sion, which transfers the excited mercury atom from the 2*P; state to any 
other state, not necessarily to the normal state. For example, in the case 
of Ne, k probably represents the number of times per sec that an excited 
2°P; mercury atom is lowered to the metastable 2°P» level. The fact that 
the rk against p curve for Nz is a straight line, indicates that the metastable 
atoms formed are destroyed by diffusion to the walls so rapidly that the 
number of upward transitions from 2°P,» to 2°P, is negligible. If this were 
not so, the curve would not be a straight line. This point will be treated 
more fully later. If the effect of some gas is to perform both transitions, 
2°P,—2*°P, and 2°P,;—1'So, then k is the sum of the rates at which each go on. 
Since, however, it is impossible to separate the two parts of & in this case, 
we shall have to be content to describe the effect of each gas as due to either 
one or the other of these transitions. It is not likely that a gas will perform 
both with equal probability. A mixture of two gases, however, should give 
a value of k equal to the sum of the separate values. This was tested by 
comparing the effect of air with the effect of N. and O.. For Os, rk =0.68); 
for Ne, trk=0.01 p; and for air, rk=0.14 p, whence for p=1, 1/5X0.68 
+4/5<0.01 =0.144 in good agreement. 
From kinetic theory we have, 


9.71 X 10'8 1 1\\!/2 
tk = 2t0 £*p- 7 (272'7/ + —)) (13) 
m J 


where p is the pressure in mm, TJ is the absolute temperature, k’ is Boltz- 
mann’s constant, m is the mass of a mercury atom, M is the mass of a foreign 
gas molecule, and gg is the distance between centers at impact. We shall 
call og” the “effective cross-section for quenching.” 

Since 7 is 10-7 secs and JT = 293°K 


tk 1 1\\'? 
———- = 3.32 X 10°( + - )) (14) 
op m M 


and from Figs. 5 and 6 
tk/p = slope of line in Fig. 5 or 6 

from which og? can be calculated. The values of rk/p, rk/ox*p, ox*,on* are 
given in the first four columns of Table IV. cy is the sum of the radius of a 
mercury atom (1.8010-* cm) and the gas-kinetic radius of a foreign gas 
molecule. The point of view adopted heretofore has been that there is 
associated with the excited Hg atom and with each foreign gas molecule 
a constant radius, and that the total number of collisions between them 
is given by substituting the sum of these radii for gg in Eq. (13). Then the 
number of impacts of the second kind is obtained by multiplying the right 
hand member of Eq. (13) by a probability. In all of the papers on this 
subject one will find estimates of the radius of an excited Hg atom and 


calculations of these probabilities. The point of view adopted here is 






































O» 
H, 
CO 
NH; 
CO, 
H,O 
No 
CH, 
CoH, 
C;Hs 
C,H, 
He 
\ 
Hg 


colliding molecules. 


employed here. 


(1) (2) 
tk/p | rk/og’p X 
Gas from 10-" 


Figs. 5 and 6| from Eq. (14) 


0.683 0.491 
1.10 1.83 
.212 521 
192 653 
107 431 
0637 638 
0100 521 
004 671 
021 506 
070 431 

0 158 385 
0.00 1.29 
0.00 448 
258 


probability & (excited Hg radius+foreign molecule radius)? 


TABLE V. Comparison 


on? X10" 
Gas Stuart 
1925 
Oz 59 
Hy 27 
CO 48 
CO, 12 
H,O 3.9 
N, 63 


necessary to obtain the correct 
following method was used: A rk — p curve was obtained with this apparatus 
for propane and was compared with a J— p curve for propane obtained with 


M. 


W. ZEMANSKY 





TABLE I\ 
(3) (4) 
og? X10" og X10" 
Quenching Normal 
13.9 10.7 
6.01 8.89 
4.07 11.6 
2.94 10.8 
2.48 11.6 
1.00 10.0 
192 11.2 
0596 11.6 
415 16.4 
1.62 
4.11 
0.00 7.83 
0.00 10.4 
13.0 


comparison is shown in Table V. 


oR «x 10" 
Gaviola 
1929 


20 
54 


mw 
oS oo 


be used for all the other gases studied by Bates. 


’ J. R. Bates, Journ. Amer. Chem. Soc. not yet published 


(5) 
or’ X10" 


depolariz- 


ation 


5.70 
3.20 


- Ww 
> > 


wu 
> 3 


10.7 
19.0 


15500 


more in line with the ideas of quantum mechanics in which one is inclinde 
to ascribe a cross section to each process that can take place between two 
Of course the two points of view amount to the same 
thing numerically, because the a,’ in Eq. (13) is equal to 


Using the values of probability and excited Hg atom radius obtained by 
Stuart,? and by Gaviola,* and using the low pressure parts of the rk—p 
curves given in the author’s previous paper on this subject,*® the corresponing 
values of gy* were obtained and compared with those in Table IV. The 


of values of effective cross-section for quenching 


oR <x 10% 
Author 
1928 


20 
8 
13 
3 
1 


Nm ly hv 


o*) 


The values given in Table IV for the hydrocarbons were obtained from 
measurements of the quenching by Bates* who used the same method as that 
In order to avoid the tedious graphical integration that is 
J—rk curve for Bates’ apparatus, the 


Bates’ apparatus. From these two curves a J —rk curve was drawn that could 








(6) 
OF x 10' 
collision 
broadening 


65. 


24 


Nuun 


+ o 
nN Go < 
o*) uw 


~~! 
o~ 
4 


~ 
7A) 


of’ X10" 
These 
Experiments 


13.9 
6.01 
4.07 
2.48 
1.00 
.192 
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and the effect of these upward transitions was shown very definitely. 


THEORY OF THE EFFECT OF METASTABLE ATOMS 


equations: 
3 3nK’ 
[m.(1 + rky) — rRomo| = 4x*r| kin, — kong | “cc 
Ox 4a 
O7*no 
D = — [kin, — kono| 
Ox? 


eo 3nK’ 
[i(1 + rky) + mo(4x*7D — rko)| = — a*e** 
Ox" 4rro 
oe? 4x*rk; + ko/D 3nK’ ky? 
(kim; — Rony) = ——(kin,; — kono) — 
Ox 1 + rk; 4nro 1+ 7h, 


which can be solved very easily. 
The forward and backward fluxes of radiation are: 


To | se 

rl, = — [m,(1 + rki) — rRomo] — : [mi(1 + rk) — rhomo| — 
nN ZK OX 
Wo | 1 0 

wl. = —< [m(1 + rki) — rkomo| + [ai(1 + rki) — rkomo| — 
n aK OX 


tained from the boundary conditions that 
when x =0) J, =0 
a Ny =0 
and when x =/) ]_=0 
|\nyo =0 
and finally rJ, at x =/ can be obtained. 
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The quenching of argon and helium was tested and found to be negligible 
in the pressure range where there is no collision broadening. At higher 
pressures there would presumably be a decrease in resonance radiation, 
but the correct value of rk could not be inferred from the J—rk curve of 
Fig. 2. It would not be worth while, moreover, to compute a set of J—rk 
curves corresponding to various collision breadths, because at high pressures 
the rate at which metastable atoms are being raised from the 2*P» to the 


2°P, state is no longer negligible. Approximate corrections for collision 
broadening were made by Bates in the case of methane at high pressures, 


Suppose that the following processes are taking place: (1) transitions 
from 2°P; to 2°P», (2) diffusion of metastables to the walls, (3) transitions 
from 2°P, to 2°P;, and that, at any moment there are m 2°P; atoms, mo 
2*P,) atoms and m normal atoms. Let the rate at which (1) is going on be 
kin;, and the.rate of (2) be D(@?nmo/0x*), and the rate of (3) be Romo, where 
D is the diffusion coefficient of metastable atoms. Then, considering the 
equilibrium of the 2°P, and the 2*P, states separately, we obtain the two 


which must be solved simultaneously. They lead to the following equations: 


(15) 


(16) 


oe 
4 
ae 


€ 


4 


The four arbitrary constants in the solutions of Eqs. (15) and (16) are ob- 
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In the final integration over the emission and absorption lines, account 
would have to be taken of collision broadening. It has not seemed worth 
while to carry this out in view of the fact that no experiments have been 
done that can be handled by these equations. It is the opinion of the author, 
however, that no really reliable information can be obtained about the 
formation of metastable atoms until some such procedure is adopted. The 
information yielded by measuring the absorption of a line originating from 
the metastable level is not very exact. Measurements of the life-time of 
metastable Hg atoms in the presence of foreign gases,* however, can yield 
quite reliable values of ky and D but not of &,. 


DISCUSSION 


According to the ideas of Kallmann and London’? the effective cross- 
section for quenching should depend upon the nature of the two colliding 
molecules, the law of interaction between them, and the difference between 
the energy that one has to give and the energy that the other has to take. 
The law of interaction depends on whether the transition of the Hg atom is 
optically allowed or not. We should therefore expect those molecules which 
produce the transition 2°P,—>1'S» to behave differently from those which pro- 
duce the transition 2'P,—>2'P». There is good evidence to show that O, and 
H, produce the first transition and that the other molecules produce the 
second. 

It is generally conceded that excited Hg atoms dissociate H, molecules. 
Since the energy of an excited Hg atom is 4.86 volts and the dissociation 
energy of Hz, is 4.42 volts, the difference is 0.44 volts. To calculate the energy 
difference in the case of oxygen we have to consider two possibilities: (1) 
Hg*+O0,.—Hg +O,*, in which the oxygen molecule is raised to a vibrational 
level. According to Mitchell," the oxygen molecule has a vibrational level 
exactly at 4.86 volts, making the energy difference zero. (2) Hg*+O,.—Hg+ 
O, which” required an amount of energy equal to the heat of dissociation of 
O, (5.5 volts) minus the heat of dissociation of Hg O. Estimating this last 
quantity from thermochemical data to be about 0.5 volt, we get for the de- 
sired energy difference, 5.5 —.5—4.86=0.14 volts. It has not been decided 
which one of these processes is responsible for the quenching, but since both 
involve a smaller energy difference than in the case of He the fact that oz’ 
is larger for O, than for He is at least accounted for. 

The quenching cross-sections of the other molecules can be accounted 
for in terms of the difference between the energy that the Hg atom has to 
give up in the transition 2°P,—>2°P, (0.218 volts) and the vibrational energy 
that can be taken up by a colliding molecule. Since 0.218 volts corresponds 
to a wave-length equal to 5.66y, it is necessary to find out from the infrared 
absorption spectrum of a gas the wave-length of that band which lies nearest 


*M. W. Zemansky, Phys. Rev. 34, 213 (1929). 

‘© Kallmann and London, Zeits. f. Phys. Chem. B2, 207 (1929). 
tA. C. G. Mitchell, Journ. Frank. Inst. 206, 817 (1928). 

4 A. Leipunsky and A. Sagulin, Zeits. f. Phys. Chem. B1, 362 (1928). 
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5.66u. This information was obtained from Schaefer and Matossi’s “Das 
Ultrarote Spektrum” for every molecule except C;Hs and Ne. The energy 
of the first vibrational state of the N. molecule was obtained from the Inter- 
national Critical Tables. The results are shown in Table VI and in Fig. 7. 


TABLE \1 











og X10" Wave-length Corresponding Energy 
Gas for in npof Band volts =1.234/A(u) | difference 
Quenching nearest 5.664 (volts) 
co 4.07 4.66 .265 +-0 .047 
NH; 2.94 6.132 202 —0 .016 
CO, 2.48 4.88 253 +0 .035 
H:O 1.00 6.267 197 —0.021 
No 192 288 +0 .070 
CH, 0596 7.67 .161 —0.057 
CoH, 415 6.85 .180 —0.038 
CH 4.11 5-67 .218 0.00 
Sy ———$_—___—___—_ — ——_—_—— 
| ¢ Averas 
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f nerey (volts) of vibrationa level nearest 02 y 
Fig. 7. 
The interesting features of Fig. 7 are: 
(1) The points determine roughly a “resonance curve.” 
(2) The points are not distributed symmetrically about the line drawn 
at 0.218 volts. 
(3) The point for CO is quite far away from any curve that the other 
points would suggest. This discrepancy is beyond the limits of experimental 





error. 
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(4) The points are approximately symmetrical about a line drawn mid- 
way between 0.218 volts and 0.218 + average kinetic energy. 

(5) There is no marked difference between the behavior of those mole- 
cules which have strong dipole moments, and those which have none. Ac- 
cording to Kallmann and London’s theory, the points should be symmetrical, 
and the magnitude of the cross-sections should be much larger than the nor- 
mal cross-sections. One is not justified, however, in attempting to apply their 
theory completely to these results, because their calculation referred to 
a much simpler situation than the one involved here. 

In columns (5) and (6) of Table IV the effective cross-sections for 
depolarization of resonance radiation and for collision broadening of the absorp- 
tion line are given for convience in comparison. Those for collision broaden- 
ing were taken from the author’s recent paper,’ and those for depolarization 
were calculated in the following way from data given by Keussler:“ The 
percentage polarization of resonance radiation was assumed to follow the 
law: 


/ ) 


when P=percent polarization with no foreign gas, and rZ=number of 
depolarizing collisions per life-time per excited atom. 7Z is therefore P,/P—1, 
and from curves of P against the pressure rZ was calculated and plot 
ted against the pressure. The slopes of the best straight lines that could 
be drawn were then used to furnish values of og” in the manner already des- 
cribed. To obtain the value for pure mercury vapor, the slope as p—->0 
was used, in order to eliminate the effect that the imprisonment of resonance 
radiation has on the depolarization. 

So far, it has not been possible to find a relation between the various kinds 
of cross-sections, although one would expect that some relation ought to 
exist. In a rough way, those gases which quench most depolarize least, a 
result that Keussler pointed out in comparing his results with those of Stuart. 

In conclusion, the author would like to thank Mr. Buttolph of the General 
Electric Vapor Lamp Company for the loan of a mercury arc, and Dr. 
J. R. Bates for his kindness in supplying data on the hydrocarbons. It is 
a pleasure also to express my indebtedness to Professor H. P. Robertson 
for very valuable help in the calculation, to Professor K. T. Compton for 
the privilege of working at Palmer Physical Laboratory and to the National 
Research Council for the opportunity to do this research. 


8 VY, Keussler, Ann. d. Physik 82, 793 (1927) 
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ABSTRACT 

Cylindrical rods cut from two samples of stainless steel are excited to longitudinal 
vibration in a magnetostriction oscillator and the resonant frequencies at which the 
rods control the oscillator are measured by beating with a crystal oscillator of known 
frequency. Many rods of each material are measured in order to test the theoretical 
relation given by Lord Rayleigh between the natural longitudinal frequency and the 
dimensions, in particular the effect of the diameter of the rod on its frequency. 

Evidence is presented to show that, in general, the frequency measurements are 
good to0.01 percent or better. The lengths of the rods are known to 0.02 percent or 
better and the diameters to from 0.05 percent to 0.5 percent according to the size of 
the rod. 

A very brief theoretical discussion is given to show that if Rayleigh’s frequency 
equation for the “free-free” longitudinal vibration is sound then the theory of G. W 
Pierce for the magnetostriction oscillator leads to approximate frequency equation 
of the same form but with slightly different constants for the case where the cyl- 
inder is driven in a magnetostriction oscillator at resonance 

The relation between the measured frequencies and the dimensions is shown 
graphically for each of the two kinds of stainless stee!. On the same graphs are plotted 
curves for the theoretical formula with constants chosen to give the best fit with the 
experimental points. Agreement of 0.2 percent or better is obtained for one of the 
samples and 0.1 percent or better for the other. It is pointed out that in all probability 
a large part of this deviation from the theoretical curves is due to the lack of uni 


formity of consistancy in the alloys used 


HE magnetostriction oscillator, invented by Professor G. W. Pierce,’ 

offers a means of maintaining and accurately measuring the frequencies of 
longitudinal elastic vibrations in bars and rods. The method is, of course, 
limited to the ferromagnetic metals and only such of those as show strong 
magnetostrictive properties, but the frequencies can be measured to one part 
in ten thousand so that it has been interesting to change the dimensions of 
a cylinder of stainless steel in small steps and determine its longitudinal 
frequencies after each cutting. By this process it has been possible to 
examine the nature of the dependency of frequency on the length and diam- 
eter of the cylinder over a certain range of dimensions. It turns out, as will 
be seen, that this relation between the frequencies and the dimensions is very 
nearly that predicted for the “free-free” vibrations of a cylinder by elastic 
theory.? 


1G. W. Pierce, Proc. Am. Acad. Sci. 63, (1928). 
* “Mathematical Theory of Elasticity” by A. E. H. Love. Cambridge University Press. 
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EXPERIMENTAI 


The apparatus used consisted of a magnetostriction oscillator with 
one stage of amplification, a piezoelectric oscillator also with one stage of 
amplification, and an audiofrequency meter with telephones. These three 
pieces were connected together as shown in Fig. 1. The outputs of the 
two oscillators were joined and connected to the input of the frequency 
meter so that any audible beat frequencies could be measured. 


Magnete striction e+ +? — Andafepemp | 
Oscillator and outpt Met te telephone 
of —~—)—+-0 + 


1 stage Amplfrer 


Piezo Clectrn 4 
Oscillater and me 
pu 


Lclese Aaplifer 


Fig. 1. Showing the arrangement of the apparatus 


The magnetostriction oscillator was of the type invented by Proféssor 
Pierce and described by him in the paper referred to in footnote’ below. 





It was a commercial model manufactured by the General Radio Company, of 
Cambridge, Massachussetts. In Fig. 2 the wiring diagram for this oscil- 
lator and its accompanying single stage of amplification is reproduced 


- -- Rod 
< \ C 
4 ' 

Tt 

¢ | Cc. 

» | Leak = a | 
+4 t TT ~) Ovt put 
‘ , 


ihn 


B-Bat 
Fig. 2. The wiring diagram of the magnetostriction oscillator 


from Professor Pierce’s paper. In as much as the oscillating circuit must 
be tuned to a natural period of the rod to start it vibrating, any one pair 
of coils (i.e. grid and plate coils) is useful only for frequencies falling within 
a certain range which is determined by the range of the variable condenser. 
For this research it was desirable that the oscillator be tuneable to any 
frequency between five thousand and one hundred thousand cycles without 
disturbing the rod in the coils. To effect this the grid and plate coils were 
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made up of four coils each as is shown by the wiring diagram in Fig. 3. The 
two four-point switches enable one to change the coil combination without 
disturbing the rod. The method of mounting the rod by balancing it ona 
narrow wooden support placed between the grid and plate coils is also shown 
in Fig. 3. The plate winding is about the rod on one side of its center and the 
grid winding on the other side. 


wong dagram of «x 
250 $35 300 300 eo 8S 9 
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Fig. 3. The wiring diagram and mounting of the coils 


The circuit of the piezoelectric oscillator with its single stage of amplifi- 
cation is shown in Fig. 4. The quartz crystal was one of the Cruft Laboratory 
standards known as number 28. It maintained the frequency of the oscillator 


It 





Crystal Oserileter 


Fig. 4. The wiring diagram of the piezoelectric oscillator 


circuit at 28,067.5+0.2 cycles. This frequency was determined at the start 
of the research by calibrating the piezoelectric oscillator in the manner 
described on pages 18-19 of Professor Pierce’s paper “Magnetostriction 
Oscillators.”'! Since it was found that other factors prevented the measure- 
ment of the rod frequencies to better than one part in ten thousand this 
accuracy was considered sufficient in checking the crystal calibration at the 
close of the research. The crystal frequency was then found to be 28,069 + 
2.0 cycles. The apparatus was mounted in a “constant temperature” 
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room whose temperature did not change by more than two degrees centigrade 
throughout the year and in as much as the temperature coefficient c° ° 
quency for the crystal in the mounting used had been found to be a ut 
one cycle in one hundred thousand per degree centigrade at 20°C. it was not 
necessary to correct the crystal frequency for temperature to ensure accuracy 
to one part in ten thousand. 

The audiofrequency meter was identical with the one described on 
page 22 of “Magnetostriction Oscillators.”' The wiring diagram given there 
is reproduced in Fig. 5. The instrument has three ranges covering fre- 
quencies of from 500 to 5000 cycles and is equipped with a direct reading 


scale. 


Fig. 5. The wiring diagram of the audiofrequency meter 


The rods measured were of commercial stainless steel. For the first 
three series of measurements all the rods were cut from a single cylinder 
which was 24.338 cm long by 1.805/ cm in diameter. For the first series 
this piece was shortened by steps which became smaller as the rod grew 
shorter. After each cutting the frequencies of all the modes of longitudinal 
vibration that could be excited were measured. For the second and third 
series two of the pieces left from the cuttings of the first series were reduced 
in diameter a little at a time, frequencies being measured for each diameter. 
The rods measured in the fourth and fifth series were all cut from a second 
piece of stainless steel obtained from another source. At the start is was 
machined to a length of 12.9837 cm and a diameter of 1.9059 cm. For the 
fourth series of measurements the diameter was cut down in small steps and 
for the fifth series the piece that remained was shortened in steps. 

Stainless steel was chosen for these measurements simply because it 
is easily obtained and works well in the magnetostriction oscillator. Each 
of the samples was annealed and each rod was permanently magnetized be- 
fore its frequencies were measured. 

The machining of the rods was done as accurately as was possible in the 
shop of the Cruft Laboratory. The lengths of the rods were uniform over the 
end faces to within some two or three ten thousandths of an inch so that the 
lengths of rods that were longer than two inches were known to one part in 
ten thousand or better. All of the diameters were uniform to within one halt 
of one thousandth of an inch and for most of the rods the uniformity was 
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considerably better than this. The possible error in the value taken as the 
‘ eter of any rod varied between one percent and one tenth of one percent 
according to the size of the rod. Since changes in diameter have a much 
smaller effect on the frequencies of longitudinal vibration than changes in 
the length this accuracy was sufficient for the purpose of this research. 

The method of procedure was as follows: The rod whose frequency was 
to be measured was inserted in the coils and balanced on the narrow wooden 
support (see Fig. 3). After time had been allowed for the rod to come to the 
temperature of the surrounding air the magnetostriction oscillator was turned 
on and tuned by means of the condenser till the needle of the plate circuit 
direct current milliammeter “kicked,” showing resonance of the oscillator 
with a mode of vibration of the rod. Then the crystal oscillator was turned 
on and the magnetostriction oscillator readjusted so that the milliammeter 
needle was at the peak of its “kick.” Finally the frequencies of the audible 
beats between the two oscillators were measured with the audio frequency 
meter. A record was kept of the beat frequencies, the condenser setting, 
the positions of the switches on the grid and plate coils (see Fig. 3), the 
temperature of the air surrounding the rod, and the dimensions of the rod. 
In order to use these beat frequencies to determine the frequency of the rod 
one must know beforehand the approximate value of that frequency. This was 
was obtained by using the simple formula given by elementary theory, 


nfE\'? 
f= ( ) 
j 2l p 


f =frequency, n=1, 2, 3, etc. any + integer. 
1 =length of the rod, E= Young's modulus 


namely 


where 


p density of the rod. 


The density of each of the samples was measured and the value of E£ given 
in Professor Pierce’s paper' for stainless steel was used. 

With the exception of the lengths of the four longest rods all the dimen- 
sions were measured with micrometer calipers. Enough readings were 
taken in each case to determine the uniformity of the dimension in question. 
The four lengths which were too long for the largest available micrometer 
were measured by using a cathetometer and an auxiliary cylinder marked 
with a fine scratch parallel to its plane ends 

Table I below is asample of the data taken for the frequency measure- 
ments on a single rod. The abbreviations heading the columns of this table 
are to be interpreted as follows: 

N refers to the mode of longitudinal vibration, N =1 for the fundamental, 
N =2 for the next to the gravest mode etc. 

P and G refer to the positions of the switches of the plate and grid coil 
respectively i.e. the combination of coils being used in each case. Under 
Cond. are the condenser settings. Under Tem). are the temperatures of the 
air about the rod. The beat frequencies are tabulated under Beats. f heads the 
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column of computed rod frequencies and in the next column these frequencies 
are corrected to twenty degrees centigrade which was taken as the standard 
temperature. The pairs of numbers in the last column refer to the harmonics 
(produced in the vacuum tubes) of the rod and crystal frequencies that are 
causing the beat frequency measured. 


TABLE I. Sample of data: Frequency measurements on rod No. 6 of the first series, beating with 
crystal No. 28, f =28.067.6 March 13, 1929 


Data Results 
N P G Cond Temp Beats f fat 20 C-—R 
1 2 2 28 23.5 1893 23,788 23,799 6-7 
1 2 2 28 23.5 4275 23 ,793 23 ,804 1-1 
1 2 2 28 23.5 2388 23,788 23,799 5-6 
1 3 2 53 23.5 4280 23,788 23,799 1-1 
1 3 2 53 23.5 2386 23,787 23,798 5-6 
1 3 3 62 23.5 1898 23,787 23,798 6-7 
1 3 3 62 23.5 4280 23,788 23 ,799 1-1 
I 3 3 62 23.5 1420 23 ,786 23,797 17-20 
2 3 3 23 23.5 1861 47 399 47 ,422 5-3 
2 4 3 48 23.5 1898 7,412 47 434 5-3 
2 4 4 Q4 23.5 1830 47 389 47.412 5-3 
3 4 3 23 23.5 747 70,543 70 576 5-2 
3 4 4 15 3 § TAA 7M S54] 70.574 5-2 


In the above table are the data from just one of the sets of measurements 
made on rod #6. Every rod was subjected to two or more independent sets 
of measurements with intervals ranging from several hours to several days 
between them. The temperature was often different at the times of these 
repetitions so that the agreement of the frequencies found for the standard 
temperature furnished a check on the value of the temperature coefficient of 
of frequency used. (This coefficient was taken from Professor Pierce's 
paper “Magnetostriction Oscillators.”') An examination of the complete 
data shows that in many of the measurements two or more beat frequencies 
were observed and recorded for the same mode of vibration of the rod and 
with the same coil combination and condenser setting. An example of this 
may be seen in the sample data above for the fundamental mode of rod #6. 
Separate computations of the rod frequency from these beat frequencies 
served as a check on the calibration and readability of the audiofrequency 
meter. Furthermore, in many cases, a vibration-mode of a rod could be 
excited with two or more different combinations of coils in the grid and plate 
circuits of the oscillator. This may also be noted in the sample above. The 
results of these measurements with different coils furnished a check on the 
assumption that the frequencies might be considered peculiar to the rods 
and the effects of the coils neglected. 

With a very few exceptions, 19 in the 133 measurements made, all the 
frequencies obtained for any one mode of any one rod under these different 
conditions agreed to better than one part in ten thousand when reduced to 
the standard temperature. The second gravest mode of rod #6 was one of the 
exceptions to this as may be seen from the sample data above. This experi- 
mental fact is the foundation for the statement that the frequencies could be 
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measured to one part in ten thousand or better. In plotting the results the 
mean of the several frequencies found for each mode of vibration of each rod 
was taken as the frequency of that mode. 


THEORETICAL 


The equations for the elastic vibration of a “free-free” cylindrical rod 
have been solved approximately by Pochhammer*® and by Chree.‘ The 
solution is approximate in that it does not satisfy the boundary condition 
that the tractions or tangential forces on the ends of the rod must be zero. 
As Love® points out, the tractions on the ends introduced by this solution 
are small if the radius of the rod is small compared to its length. The 
frequencies of the rod are.given by an equation in Bessel’s functions and their 
derivatives but if one neglects the fourth and higher powers of na/l one may 
obtain the following expression for the frequency: (see Love, pages 289-290) 


n/(E n*1r*a07a*\\!!? 
HC) : 
21\ p 27? 


where f =frequency, »=1, 2, 3, etc. i.e. a positive integer, ]/=length of rod, 
E=Young’s modulus, p=density of rod, ¢=Poisson’s ratio, a=radius of 
rod. 

Lord Rayleigh*® has obtained the same result much more simply by as- 
suming the standing waves in the rod to be made up of plane waves normal 
to the longitudinal axis. Under this assumption all the boundary conditions 
can be fulfilled and the frequency is given by 

nN E 


, a a (2) 


21 n2x2g2g? 
(1+~=—) 
2P 


where the letters have the same meanings as above. This equation becomes 
identical with (1) if (na/l)* is negligible with respect to 1. 

Since the effects of “viscosity” in the rod have been neglected in what has 
been said above, the resonance frequencies for “forced-free” vibration 
will be given to the same degree of approximation by these same equations. 
However, in this research the rods were not “forced” in the usual sense of 
the word for the reaction of the vibrations of the cylinders on the oscil- 
lator was an important part of the operation of the apparatus and may not 
be neglected. Briefly, the changing magnetic induction in the rod due to 
the changing current in the coils forces vibration of the rod, which vibration, 
in turn, changes the magnetic flux in the rod and sets up E.M.F.’s in the 
coils. When the electric circuits are tuned to resonance with a mode of 


’L. Pechhammer, J. fiir Math., Crelle, 881, 324 (1876). 

*C. Chree, Quart. Jour. of Math. 21, (1886). 

’“The Mathematical Theory of Elasticity,” by A. E. H. Love, fourth ed., Camb. Univ. 
Press. 
* “Theory of Sound,” by Lord Rayleigh, Vol. 1. 
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vibration of the rod there is a sudden change in the impedance of the coils 
due to the “motional” impedance of the rod. This sudden change in the im- 
pedance of the coils produces a change in the average plate current and 
therefore kicks the needle of the D.C. plate circuit milliammeter. 

Now one can put into the equations of motion for the rod (assuming a 
plane wave after Rayleigh,—see Love® page 428) terms to take care of the 
forcing of the rod by magnetostriction as well as the magnetostrictive reaction 
of the vibrations of the rod on the magnetic induction through the coils. 
(see Pierce's “Magnetostriction Oscillators”'). If the amplitude of the alter- 
nating magnetic induction in the rod is small enough so that one may say 
that the longitudinal “pressure” on a small piece of the rod is proportional 
to the induction in that piece, i.e. p=q¢B, where g:-is a constant; and if the 
strains produced in the rod are small encugh so tnat one may say that the 
magnetic induction caused by them (longitudinal strains) is proportional 
to them i.e. B’ =q'(é&/bx), where q’ is a constant and ¢ is the displacement 
in the x direction which is along the longitudinal axis of the rod, then the 
equation of motion is linear and the frequencies for resonance are given by 


which is the same as formula (2) except that E is replaced by FE’ where 


FE’ = E + qq’ . 


Assuming that F’, p, and o are the same for all the rods of the same material 
this formula gives a relation between the dimensions and frequencies of the 
rods that can be tested by the results of the measurements described above. 
Actualy E and p may vary slightly from one rod to another because the 
materials used were commercial alloys and the original cylinders may have 
varied slightly in consistency. Furthermore the values of g and g’ depend on 
the magnetic polarization of the rod,’ though less in the case of stainless steel 
than in that of some of the other magnetostrictive metals that might have 
been used for the research.* This polarization was not the same for the 
different rods for they were ali magnetized in the same field wherefore the 
shorter ones were left with less residual magnetism than the longer ones 
because of the demagnetizing effect of their ends. 

It should also be pointed out that formula (3) applies only when the 
surfaces of the rods are entirely free from forces. Actually, in these experi- 
ments the rods were surrounded by the atmosphere and supported at their 
midpoints on a narrow piece of wood. To test the effect of the air 
about the rod the first four modes of rod #2 were measured both in the 
atmosphere and with rod and coils inside a large brass cylinder in which 
the pressure was reduced to five millimeters. The frequencies were found to 


? Honda, Shimizu, and Kusakabe, Phil. Mag. 4, 459 (1902) and 537 (1902) 
§ K. C. Black, Proc. Am. Acad. Sci. 63, 49 (1928). 
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be the same to the limit of accuracy of the measurements i.e. one part in 
ten thousand. This, of course, does not show that under certain conditions 
of resonance of the rod’s frequency with a natural period of the air column 
formed by the tubing on which the coils are wound the frequency of the rod 
will not be affected. In connection with the support, it was found that 
substituting two supports at the ends of the rod for the one at the center 
did change the frequencies of the lower modes of vibration by several 
hundredths of a percent while hanging the rod on a linen thread at its mid- 
point did not change the frequencies. Furthermore it was noticed that if a 
rod was slightly unbalanced so that one of its ends touched the wall of the 
surrounding tube the frequency was not measureably changed. 

For convenience the frequency equation (3) above may be re-arranged 


to give 
2 fl A 
. = ( ) (4) 
n 1 + C(n?a?/P) 


E’ To" 
K = and C= 
p 2 


where 


and since the theory on which this frequency equation is based assumes 
plane standing waves in the rods one may call 2//n the wave-length in the 
rod, whence 


2/l 
= wave velocity 
n 
and 


na radius 


21 ~=~wave-length 


RESULTS 


The results of these frequency measurements are shown graphically in 
Figs. 6 to 10. The ordinates in each case are the values of 2fl/n (the “wave 
velocity”) while the abscissa are the common logarithms of 100 na/l. (na/lis 
the ratio of diameter of the rod to “wave-length”). 

In Fig. 6 are plotted the results for the first series of measurements in 
which rod #1 (length 24.338 cm, diameter 1.8057 cm) was shortened in 
fourteen steps to a final length of 3.2299 cm. In this series eight modes of 
vibration could be measured for the longest rod, six for the second longest 
rod, four for each of the next two in order of length, three for each of the 
next three, and the fundamental mode only for the remaining shorter rods. 
The numbers beside the points refer to the rods. For instance, there are 
eight points numbered 1 which are the plottings of the eight modes of the 
longest rod of the series. The curve drawn out in the figure is the graph of 











Fig. 6 
Fig. 7 
Fig. 8. 
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Eq. (4) with E’/p taken equal to 28.945 & 10" and o taken as 0.30. It will be 
noticed that the experimental values of 2fl/n fall within two tenths of a 
percent of the values given by this curve. 

In Fig. 7 are plotted the results of the second and third series. The 
second series of measurements was made on a piece left from the cuttings 
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Fig. 9. Graph showing the relation between the velocity of the standing wave components 
and the ratio of diameter to wave-length for the fourth series. 


of the first series (length 5.5946 cm) which was turned down till it became 
too small to control the oscillator. The third series was made by turning 
down a shorter piece (length 3.6995 cm) from the first series. The curve 
drawn is the graph of Eq. (4) using the same values for the constants as 


in Fig. 6. 
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Fig. 10. Graph showing the relation between the velocity of the standing wave components 
and the ratio of diameter to wave-length for the fifth series. 


The method of obtaining the constants for plotting this curve of Eq. 
(4) was to plot the points of the first three series all together and to a smaller 
scale so that the best fitting curve might be drawn through them. (See 
Fig. 8.) The coordinates of two points chosen at random from the opposite 
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ends of this curve were substituted into Eq. (4) to obtain the constants for 
plotting the theoretical curves shown in Figs. 6 and 7. 

In Fig. 9 are plotted the results of the fourth series of measurement in 
which a new sample of stainless steel (length 12.9837 cm, diameter 1.9050 
cm) was turned down in sixteen steps to a diameter of 0.9588 cm. For most 
of the rods of this series it was possible to measure the first four modes of 
vibration the exceptions being cases in which the frequency of the third 
mode was such that good audible beats with the crystal standard could not 
be obtained. In this case the plotted points indicate clearly the path of the 
experimental curve which was drawn in without replotting to a smaller 
scale. (The solid curve in Fig. 9.) By trial it was found that putting E’/p 
equal to 29.171 X10" and @ equal to 0.30 made the graph of Eq. (4) fit this 
experimental curve best. The two curves coincide except for the large values 
of na/l, where the theoretical curve is shown by the dashed line. It will be 
noted that for this series all the experimental points fall within one tenth 
of one percent of the theoretical curve. 

In Fig. 10 are shown the results of the fifth series in which the last rod 
of the fourth series was shortened in six steps to a final length of 5.9375 cm. 
The curve shown in the figure is the graph of Eq. (4) with the same constants 
as were used for the theoretical curve on Fig. 9. Here again the experimental 
points have ordinates within one tenth of a percent of the ordinates of the 
theoretical curve. 

The average density for the first sample of stainless steel (first three 
series) was 7.65 grams per cc hence the value of E’ for this sample was 
22.110" dynes per cm*. The second sample (fourth and fifth series) had 
an average density of 7.69 grams per cc and hence an EF’ of 22.410" dynes 
per cm*®. These values for E’ are about what one would expect for the 
Young’s modulus of steel showing that the product of the magnetostrictive 
constants g and g’ is small. (E’ = E+qq’.) 


SUMMARY AND DISCUSSION OF RESULTS 


The lower modes of longitudinal vibration of magnetized cylinders of 
stainless steel have been measured with an accuracy of one part in ten 
thousand. These cylinders varied in length from twenty four centimeters 
down to slightly more than three centimeters and in diameter from nearly 
two centimeters to less than three tenths of a centimeter. The lengths 
were known to one or two parts in ten thousand and the diameters with 
varying accuracy, but none to better than one part in five thousand. (Some 
of the small diameters were not known to better that 0.5 percent.) The 
product of frequency by length was therefore known to some two or three 
parts in ten thousand. Nevertheless, the experimental values of 2fl/n 
when plotted against log 100 ma// varied as much as one or two parts in one 
thousand from the curve of the theoretical formula with values for the 
constants chosen to give the best fit. 

This theoretical formula (Eq. (3) above) is based on Lord Rayleigh’s 
theory® for the longitudinal vibrations of a cylinder taking account of the 
radial motion and G. W. Pierce’s theory' for the magnetostriction oscillator. 
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As has been pointed out, it assumes the simple form presented above only 
because of several assumptions beyond those ordinarily made in applying 
the elastic theory. It was assumed that the standing waves in the rods were 
plane and that the action and reaction between the alternating magnetic 
field and the vibrating rod were small enough in magnitude that the relations 
between them might be considered linear. Furthermore the cylinders were 
treated as though free of all body and surface forces and of uniform con- 
sistency throughout. The actual experimental conditions may have been 
sufficiently different from these ideal ones to account for the deviations 
of the experimental points from the theoretical curves. It is not possible 
to say which factor or factors caused these deviations and all that one is 
justified in concluding is that, for stainless steel cylinders of the dimensions 
used, the frequencies are given by equation (3) to within one or two tenths 
of one percent. 

The fact that the first sample of stainless steel showed variations 
from the expected curve of as much as 0.2 percent while the second sample 
agreed with the theory to better than 0.1 percent may mean that the first 
sample was not as uniform in consistency as the second and that therefore 
a large part of the deviation is due to the fact that the samples were merely 
pieces of the commercial alloy. This supposition is born out by the further 
fact that density measurements made on two pieces cut from opposite ends 
of the first sample differed by almost one percent. 

There is no reason why other magnetostrictive metals subjected to these 
same measurements should not yie!d as gocd agreement with the theory, 
provided they come as near to being uniform, homogeneous, isotropic sub- 
stances and provided the rods of different sizes are so magnetized that the 
permanent magnetic polarizations in each will be nearly the same. This 
last precaution was not taken in this research because of the small effect of 
polarization on frequency for stainless steel reported by K. C. Black.* As 
a matter of fact, when all the rods are magnetized in the same field as in 
these measurements the first order effect due to the different permanent 
polarizations will not change the form of the frequency Eq. (3) but only the 
apparent value of Poisson’s ratio (7). This is because the actual field in the 
rod may be expressed approximately as a function of the ratio of the diameter 
to the length.® 

This research has also yielded values of the E’ and the a of Eq. (3) for 
the two samples of stainless steel. These constants are respectively Young’s 
modulus and Poisson’s ratio, each with an added term or terms arising from 
the fact that the rods are driven by magnetostriction and are mangneti- 
cally polarized. It turns out however that these constants have values that 
are very close to those of Young’s modulus and Poisson’s ratio for steel (as 
far as we know) so that the added terms must be small. 

The measurements described in this paper were carried out in the Cruft 
Laboratory at Harvard University under the direction of Professor G. W. 
Pierce. 


* J. C. Maxwell, Electricity and Magnetism, Vol. I. 
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ELECTRICAL RESISTANCE OF NICKEL AND PERMALLOY 
WIRES AS AFFECTED BY LONGITUDINAL 
MAGNETIZATION AND TENSION 
By L. W. McKEEHAN 
SLOANE Puysics LABORATORY, YALE UNIVERSITY 
(Received July 14, 1930) 

ABSTRACT 


The changes in the electrical resistance of ferromagnetic metals in magnetic fields 
and under mechanical stresses are abnormal in comparison with such changes in non- 
ferromagnetic metals. Published results for nickel and nickel-rich alloys, reviewed 
in detail, show wider diversity than can be ascribed to accident. A full bibliography 
is included. 

Simple cases of these magneto-resistance and elasto-resistance effects have been 
studied in permalloys containing from 45 to 90 percent nickel. The results of two 
series of experiments, in 1923 and 1929, are presented, and show that both effects 
have, in these ferromagnetic alloys, the same origin. This common origin can be 
considered as the orientation, by one means or the other, of atomic magnetic axes 
associated in each atom with mechanical asymmetry 

The connection between these resistance effects and magnetostriction is empha 
sized. Conclusions are drawn as to the kinds of re-orientation involved in magnetizing 
and as to the relative importance in the observable effects of intra-atomic and inter 
atomic magnetic fields. Questions for further experiment are raised. 


INTRODUCTION 


HE changes in the electrical resistance of solid metallic conductors 

when subjected to the action of magnetic fields have attracted the 
attention of one hundred and twenty-eight investigators. The changes 
in resistance of such conductors when compressed or distorted have been 
measured or discussed by ninety-one. Thirteen names appear on both lists, 
so that no novelty can here be claimed for the idea that there is an intimate 
connection between the two effects. Recent improvements in magnetic 
materials have, however, made a study of this connection much easier and 
have suggested that in it may lie important clues for solving the problem 
of ferromagnetism. The new data collected in such a study, and reported 
below in some detail, make it interesting to review previous data of com- 
parable character, the discrepancies in which have become more puzzling 
as the technique of measurement has improved. 


Magneto-Resistance. 


On the basis of their changes in electrical resistance when placed in a 
strong magnetic field, metals and alloys may be assigned to one or the other 
of two groups. Members of the first and more numerous group increase in 
resistance whatever may be the relative directions of the current, 7 and the 
applied magnetic field, 7. Members of the second group increase in re- 
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sistance if t and H/ are parallel, decrease if and H are perpendicular. One 
observer! has reported decrease in resistance for both parallelism and per- 
pendicularity of i and H in copper-rich alloys with low temperature coefficients 
of resistance, e.g. constantan. If confirmed this necessitates a third group. 

Members of the second group show relatively much larger changes of 
resistance than those of the first group for values of H of the order of 10° 
gauss, and relatively much smaller changes for values of H of the order 
of 10° gauss. All members of the second group are ferromagnetic, and no 
ferromagnetics occur in the first group. The magneto-resistance effect in 
non-ferromagnetics is only measurable with accuracy in very intense mag- 
netic fields at room temperature,” or in somewhat less intense fields at low 
temperatures.’ The change in resistance depends simply upon H, though 
the exact form of dependence is not yet agreed upon.‘ In ferromagnetics, 
on the other hand, the effect attains its limit in fields of such moderate 
intensity that the whole course of the phenomenon has been accessible to 
investigation for a long time. The diversity of reported results is surprizing 
and deserves more consideration than it has hitherto received. 
Elasto-Resistance. 

Ferromagnetic metals are also sharply distinguishable from non-fer- 
romagnetics on the basis of the changes in resistance which they temporarily 
suffer during elastic deformation. Many experiments on these elasto- 
resistance effects are difficult to interpret because of poorly defined initial 
conditions or inhomogeneity of applied stresses. In general, however, the 
resistance in ferromagnetics is more sensitive to non-isotropic stresses® and 
less simply related to the intensity of stress, than in non-ferromagnetics, 


REVIEW OF PREvioUS WoRK 

Among ferromagnetic metals and alloys, nickel and nickel-rich alloys are 
especially interesting in this connection because of the relative simplicity 
they offer. Nickel is the only ferromagnetic element that has no phase 
change below its melting point.* This means, for one thing, that its physical 
condition is little liable to alteration by thermal treatment. Nickel is also 
superior to iron for studies on polycrystalline specimens because, as its 
magnetostriction’ suggested, and as has’ since been demonstrated,® the 
magnitude of the longitudinal magneto-resistance effect—i and H parallel 
is nearly the same for all directions in a monocrystalline specimen. This 
means that polycrystalline nickel, and nickel-rich alloys over the appropriate 

‘J. Obata, Bibliography Item 29. 

2 P. L. Kapitza, Proc. Roy. Soc. A123, 292-341, 342-372 (1929). 

> W. Meissner, H. Scheffers, Phys. Zeits. 30, 827-836 (1929). 

*W. Meissner, H. Scheffers, Naturwiss. 18, 110-113 (1930); P. L. Kapitza, Proc. Roy. Soc. 
A126, 683-695 (1930). 

* As will be shown below, permalloy of critical composition—with about 81 percent nickel 
is exceptional in this respect. 

°S. B. Hendricks, M. E. Jefferson, J. F. Shultz, Zeits. f. Krist. 73, 376-380 (1930). 
7 Y. Mashiyama, Sci. Rep. Tohoku Imp. Univ. [I] 17, 945-961 (1928). 
®S. Kaya, Bibliography Item 35. 
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range of composition in each system, should, except for such minor differences 
as may be due to preferred orientation of the crystallites, behave like mono- 
crystalline metal. The corresponding expectancy does not exist in the case 
of polycrystalline iron, since the longitudinal effect in iron monocrystals® 
differs widely in magnitude for crystallographically different directions. 
What has so far been reported regarding the magnetostriction of cobalt 


0 


monocrystals,'® and the conditions for the stability of hexagonal cobalt," 
make it likely that anisotropy will modify the magneto-resistance effect 
in polycrystalline cobalt even more than in polycrystalline iron. 

For the reasons just presented it seems best to limit the review of previous 
work to that which deals with nickel and nickel-rich alloys at room tem- 
perature or lower. It will also be necessary to omit all results on the trans- 
verse magneto-resistance effect, since the transverse effect is peculiarly 
subject to errors caused by magnetization in undesired directions. In studies 
on the longitudinal effect errors due to failure of exact parallelism of 7 and 
H are serious only in the highest fields and the maximum increase in re- 
sistance, though reached in less than the greatest applied field, and followed 
by a steady decrease in resistance in greater fields, is only slightly less than 
for perfect alignment.” As regards elasto-resistance the review will consider 
only the effects of tension, since tensile stress is the only homogeneous non- 
isotropic stress that can easily be applied, and is therefore the type of stress 
selected in the experiments here to be reported. Even with these rather 
drastic limitations there remain about forty papers to be considered. The 
use of tables and graphs thus appears necessary. 


TABLE I-A. Longitudinal magneto-resistance in nickel.“ 


“Tension }, H for—(AR/R)max Fig- 


Specimen" kg/mm? gauss gauss percent ures 
1 Prism 0.30 X 1.32 X3.0 cm 0.7 
2A Rod 0.7 cm diam. as cast 80 80 0.45 1 
2B 0.105 cm diam. annealed 42 42 0.45 1, 3 
2 same 2.3 2 42 0.34 3 
2D same 6.9 42 42 0.29 3 
3 0.033 cm diam 
4 Electrodeposited film 5 
5A ditto 1376 1376 2.023 
5B ditto 1211 1211 1.928 2 
5C ditto 1410 1410 1.643 2 
5D ditto 1361 1361 1.139 2 
6A 1.29 2 


0.01551 cm diam. unannealed 167 167 
* W. L. Webster, Proc. Roy. Soc. A113, 196—207 (1926). 

© Z. Nishiyama, Sci. Rep. Tohoku Imp. Univ. [I] 18, 341-357 (1929) 
“ H. Masumoto, Sci. Rep. Tohoku Imp. Univ. [I] 15, 449-477 (1926); A. B. Cardwell, 
Proc. Nat. Acad. Sci. 15, 544—551 (1929): loc. cit.® 

2 W. M. Jones, J. E. Malam, Bibliography Item 26 

8 Especially in the earlier work the nickel may have been far from pure. 

“ The number designating a specimen refers to the item in the Bibliography wherein the 
data occur. A letter is added to distinguish the several specimens, or states of one specimen, 
covered by one numerical reference. Except as noted, specimens were drawn wires. 

“6 The specimen was coiled and placed in a uniform field so that the purely longitudinal 
effect was not measured. As far as the data go they are in qualitative agreement with those 
of Tomlinson 
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‘6 Probably above the elastic limit for annealed nickel. 


Specimen 


0.02563 cm diam. annealed 
Diam. not given 
0.1 cm diam. 
0.102 cm diam. unannealed 
0.047 cm diam. annealed 
Strip 0.027 X0.30 cm? 
Strip 0.027 X0.15 cm? 
0.102 cm diam. unannealed 
0.047 cm diam. annealed 
Strip 0.027 X0.30 cm? 
0.04 cm diam. 
0.0765 cm diam. 

ditto 

ditto 
0.0200 cm diam. 
Diam. not given 
0.012 cm diam 
Same 
Same 
same 
same 
same 
diam. 
diam. 
diam. 


0.013 cm 
0.035 cm 
0.035 cm 
0.021 cm 
0.014 cm 
0.014 cm 
0.035 cm 


unannealed 
annealed 
diam. unannealed 
diam. unannealed 
diam, annealed 
diam. annealed 
same 
same 
same 
same 
Diam. not given 
Diam. not given 
0.0035 cm diam 
0.050 cm diam. 
0.017 cm diam. 
0.00206 cm diam 
0.00159 cm diam. 
“Thin” strip 2.1 cm wide 
0.0425 cm diam. annealed 

same 

same 

same 

same 
0.0015 cm diam. 
0.00206 cm diam. 
0.022 cm diam. 
Diam. not given 
0.15 cm diam. 

same 
same 


0.125 cm diam. annealed at 950°C 
Polycrystalline prism 0.125 X6.125 X2 cm® 
<100> prism 0.125 X0.125 X2.6 cm* 
<110> prism 0.130 X0.155 X2.2 cm! 
<111> prism 0.090 X0.113 X1.3 cm’ 


0.0051 cm diam. 


Diam. not given. 0.6 percent Mn 


0.02 cm diam. 


at —190°C 


TABLE I-A (continued) 


A nux 


gauss 


Tension 
kg/mm? 


130 
4130 


170. 
738. 
602. 
671. 
700. 


64 


63.; 
67. 


3300 
165 
450 

11000 
18000 
24000 
420 
420 
370 
320 
425 
425 


26.6'* 
44.216 
62.0" 


69. 


785 
785 
560 
785 
785 
795 
795 
800 
800 
800 
34 
900 
3000 
2200 
9300 
29000 
28500 
57 
1000 
1000 
1000 
1000 
av 1000 
2600 
14500 
1900 
15400 
1390 
1610 

> 1700 
1100 
1387 
1415 
1375 
1368 
180 
500 
255 


> 

— OO uUuiho 

oo. 
_ 


32.717 


~I 


om~I100~ 
~ 


12.9 
26.1"7 


curves indicates therefore that the wire was not annealed. 
17 Probably above the elastic limit for annealed nickel. 
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Fig. 1. Longitudinal magneto-resistance in nickel 


TABLE I-B. Longitudinal magneto-reststance in nickel alloys 


Specimen! 
Platinite [Ni 47 Fe 53?] 0.035 cm diam. 


unannealed 
ditto annealed 


Nickel-steel [Ni 27 Fe 73?] diam. not 
given 
Rheostene [Ni 26 Fe 74?] diam. not 


given 
Platinite [Ni 47 Fe 53?] 0.035 cm diam. 
unannealed 
same 
Fe 76 Diam. not given 
9 Fe 72.1 Diam. not given 
Ni 35.5 Fe 64.5 Diam. not given 
Ni 40 Fe 60 Diam. not given 
Ni 44 Fe 56 Diam. not given 
Ni 48.7 Fe 51.3 Diam. not given 
Ni 57 Fe 43 Diam. not given 
Ni 70 Fe 30 Diam. not given 
Monel, Ni 68 Cu 29.5 Fe 1.5 Mn 1 un 
annealed. Diam. not given 
same 
same 
same 


Monel, Ni 68 Cu 29.5 Fe 1.5 Mn 1 an- 


Ni 24 
Ni 27. 

35. 
0 


nealed. Diam. not given 
same 
same 
same 
Ni 72.86 Fe 20.09 Mn 7.04. Diam not 
given 


Ni 56.31 Fe 25.43 Cr 15.57-Mn 3.19. 
Diam. not given 


MCKEEHAN 


Tens yn 
kg/mm? 


18 Probably in error, as this composition is 
value for AR/R. 


ee 
~ 
t 


100 


nA « 
~ 





uaz 


gauss 


580 
740 


800 


5 630 


800 
800 
800 
800 
800 
800 
800 
800 


10 0 
wn 
Nm lw 


© 
wn 


250 
250 
250 
250 


20000 


1300 
1200 


ferromagnetic and should give a positive 


gauss 


500 
405 


80 


300 
300 
300 
300 
300 
300 
300 
300 
350 
350 


600 
500° 


+os 


Previously published results. 


HT for —(AR/R) max 


percent 


0 
Q. 


0 


31 
028 


0045 


.0018 


.16 
.13 
.06 
.0065 


164 


? 6 


. 246 


250 


166 
185 
192 


.194 
.05918 


.035 
me" 


056 


Fig- 
ure 


> 2» de de 


SA /R PERCENT 


4 Game : . — 


ELECTRICAL RESISTANCE AND MAGNETOSTRICTION 











Fig. 2. Longitudinal magneto-resistance in nickel. 
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I man 
Specimen" kg/mm? 
0.086 cm diam. annealed. Cyclic state 27.4 
same 30.8 
same 34.2 
same aed 
same 41.1 
0.078 cm diam. annealed. Cyclic state 37.6 
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Tables I and II summarize the magneto-resistance and elasto-resistance 


data so far published. Figures 1 to 6 present curves selected to show the 
wide range of the reported results for nickel and a few nickel alloys. Many 
of these curves have been plotted from tables and are here presented for 
the first time in graphical form.” No effort has been made to distinguish 
those few sets of data in which correction has been made for the self-de- 


magnetizing field. Except for short thick specimens of high magnetic perme- 
ability this correction would affect the appearance of the curves but little. 


Certain results of particular significance will be referred to in the discussion 
of the new material reported below. 


wn 
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Comments on Bibliography. 

Tomlinson’s work on elasto-resistance (Item 2) is not strictly comparable 
with later work because he usually accomodated a wire to the maximum 
load he intended to apply, that is, he repeatedly loaded and unloaded the 
wire until its resistance changes became cyclic. A wire so treated does not, 
if the range of stress is more than a few kg/mm", retain its initial properties. 

Goldhammer (Items 4, 5 and 6) was the first to observe that there was a 
remanent magneto-resistance, and introduced great improvements in the 
control of temperature and in the method of making measurements. He 
attempted to prove that 


R= Ri + Al’ 


where Rp is the resistance of an unmagnetized wire, J its magnetization, 
and A a constant. Even his own data show this relation to be inexact. 
His last and most important paper appeared only in Russian and is available 
to most physicists in a single inadequate abstract. I am indebted to Dr. 
D. E. Olshevsky for its translation. In his second paper he reports the 
interesting fact that the change in resistance for magnetization is greater 
after preliminary magnetization at right angles. 

Cantone (Items 8, 9 and 10) was the first to obtain the now familiar 
“butterfly” loops in magneto-resistance. His elasto-resistance data did not 
disclose “lag” or “priming,” but those of Ercolini (Item 19) show lag and 
Nobile (Item 28) found both effects in a single specimen for different ranges 
in tension. 

The most interesting of the recent papers is that of Vilbig (Item 37). 
Though he seems not to be acquainted with the history of magneto-resistance 
he reports some curious variations in resistance for values of H in the neigh- 
borhood of the coercive force. There appear from his data to be two dis- 
tinguishable states of nickel in this region, in one of which (stabile Zustand) 
the resistance variations are reversible, in the other of which (labile Zustand) 
they are irreversible. 

The most recent work on elasto-resistance (Items 36 and 38) suffers 
from a really astonishing paucity of both data and historical background. 


New Data 
First Series, 1920-1923. 
Late in 1920 Dr. H. D. Arnold*® was struck by the fact that usual methods 
of measuring the electrical resistance of wires gave erratic results in the 
case of an alloy containing 77 percent nickel, 23 percent iron. He traced 


*3 Director of Research, Bell Telephone Laboratories (in 1920, Engineering Department, 
Western Electric Company). 
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this variability to the unsuspectedly large effects of moderate tension and 
of stray magnetic fields—especially the magnetic field of the earth—and 
showed that for this particular composition of what was later called permal- 
loy, tension and magnetization were roughly equivalent in their effects upon 
resistance. He expressed this equivalence by the equation 


AR = f(H + kT) 


where f(x) is a function of x which has a maximum value within easily 
attainable limits of 7 and 7, and & is a constant roughly equal to 0.0035 
if /7 isin gauss and 7 in kg/mm’. 

In 1922 I examined the data upon which this conclusion was based and 
decided that the equivalence of H and 7 was not so perfect as Arnold’s 
equation suggests. For low values of H and 7 the best value of & is con- 
siderably greater than 0.0035, meaning that the AR—vs.—H curve rises 
more steeply from the origin than does the AR—vs.—T curve if they are so 
plotted as to agree best in their middle ranges. 

During the summer of 1923 my assistant, Mr. P. P. Cioffi, who had 
also assisted in the experiments of 1920, measured for me the changes in 
resistance under tension, magnetization, and combinations of tension and 
magnetization, in the series of permalloys of special purity used by Dr. 
QO. E. Buckley and myself in a study of changes in magnetization curves and 
hysteresis loops due to tension.” Other permalloys, of commercial purity, 
were also available and were measured at this time. The methods of sup- 
porting and stretching the wires, and of measuring changes in magnetizing 
field and magnetization have been fully described.** The additional apparatus 
needed for resistance measurements consisted of current connections at the 
ends of the wire under test, two fine wires welded to the specimen in the region 
of uniform magnetization to serve as potential taps, and a potentiometer 
for measuring the difference of potential between these taps under the various 
conditions. In these experiments there was no provision for protecting the 
specimen from heating by the magnetizing solenoid, so that H could not 
conveniently be made much more than 6 gauss. 

The results of these tests confirmed the existence of a transition in 
properties at a composition in the neighborhood of 81 percent nickel. A 
brief note dealing with a single composition (78.5 percent nickel) was pre- 
sented at a meeting of the Physical Society late in 1923.27 One of the draw- 


ings then exhibited was published about three years later,?* together with a 
statement regarding the signs of magneto-resistance and of elasto-resistance 


in tension on both sides of 81 percent nickel. The method of reducing the 


* At the Bell Telephone Laboratories. 

* ©. E. Buckley, L. W. McKeehan, Phys. Rev. [2] 26, 261-273 (1925). These same 
wires were also used in later work on magnetostriction: L. W. McKeehan and P. P. Cioffi, 
Phys. Rev. [2] 28, 146-157 (1926). 

* P. P. Ciofh, J. Opt. Soc. and Rev. Sci. Inst. 9, 53-60 (1924). 

27 H. D. Arnold, L. W. McKeehan, Phys. Rev. [2] 23, 114 (1924). 

*8 L. W. McKeehan, J. Franklin Inst. 202, 737-773 (1926); especially pp. 762-763. 
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observations at the time they were made—by slide-rule—obscured the 
fact that they are self-consistent toa high degree and, in the aggregate, pres- 
ent interesting information regarding magneto- and elasto-resistance in 
general. The whole set of data has recently been reduced by methods which 
preserve the precision really attained,” and a considerable number of repre- 
sentative curves are here presented for the first time. 

Fig. 7 shows the effect of tension alone for a total of 27 annealed® speci- 
mens of (about) one millimeter wire in the range from 65 to 90 percent nickel. 
Lines which terminate at relatively small values of tension belong to speci- 
mens—all of the purer series—which suffered from crystalline brittleness. 
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Fig. 7. Elasto-resistance in permalloy under tension—-1923 


It will be noticed that these short curves are only a little steeper and straighter 
than those for neighboring alloys of more normal mechanical soundness. 

Fig. 8 shows how the application of a magnetic field has different effects 
under different steady tensions, including zero tension in each case. 

It will be noticed that I have departed from precedent in plotting the 
change in resistivity,*' Ap, rather than the proportional change in resistance, 
AR/R. This departure seemed advisable because the resistance, R, for speci- 
mens of equal dimensions, and with it the resistivity, p, and the ratios 
AR/R and Ap/p vary widely with nickel content—by a factor of 6 within 


2° | am indebted to my former colleagues at the Bell Telephone Laboratories for the loan 
of notebooks containing the original records of these experiments. 

3° Held at 960° C in vacuum for one hour and cooled to room temperature in about an hour 

3t The resistivity p has not been corrected for changes in dimensions of the specimens under 
tension. These changes were not measured and in comparison with such large changes as 
here occur the correction due to these elastic deformations is safely negligible. 
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the range covered—and because, for one and the same nickel content R, 
p, 4R/R and Ap/p are correspondingly sensitive to small differences in purity, 
in mechanical soundness and in thermal state or history. As the specimens 
were not all of the same diameter AR was an unsuitable index of the effect 
under investigation and Ap was the only quantity fairly characteristic of 
nickel content alone. It can be argued that the effect of tension or of a 
magnetic field is to produce, increase or diminish an additive resistivity 
of the same kind as that due to alloying, i.e. independent of the change in 
resistivity due to change in temperature and, presumably, equally inde- 
pendent of additive resistivities due to structural imperfections and the 
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Fig. 8. Effect of tension on longitudinal magneto-resistance in permalloy—1923 


like. In case it is desired to convert any value of Ap into the proportional! 
change Ap/p to be expected in pure, sound, metal the values of p given by 
Sizoo and Zwikker® are probably the best available. 

The purer series of alloys were made in such small lots that they could 
not easily be analysed, and for the same reason the probable error in their 
compositions is large. Some of the discrepancies in Fig. 7 are probably due 
to deviations of actual from intended nickel-iron ratio in members of this 
series, especially at about 80 percent nickel where a small change in com- 
position changes the sign of elasto-resistance. Wherever, in Fig. 8, the 

*® G. J. Sizoo and C. Zwikker, Zeits. f. Metallkde. 21, 125-126 (1929). These authors are 


probably wrong in ascribing every peculiarity of the p-vs.-nickel content curve to the existence 
of a definite nickel-iron compound. 
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nickel content is given to hundredths of a percent this datum is the result 
of one or more analyses on wire drawn from the same casting. It cannot be 
expected, however, that the nickel content of any particular specimen is 
known with a smaller probable error than + 0.2 percent. 
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Fig. 9. Effect of tension on longitudinal magneto-resistance in permalloy, 
as a function of magnetization—1923 
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Fig. 10. Magneto-resistance and elasto-resistance in permalloy, as a function of nickel content. 


The magnetization curves for the alloys particularly studied by Dr. 
Buckley and myself were also obtained at about the same time as the 
resistivities and have been used to obtain—in Fig. 9—the relation between 
Ap and B—H in the cases of three compositions. These curves are not so 
simple as to suggest that much would be gained if it were possible to obtain 
like curves for all of the specimens. One objection to such an attempt is that 
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measurements at a single value of H/ can easily be repeated with accuracy 
by using high-capacity storage batteries and resistance boxes, whereas a 
value of B — H is hard to duplicate. 

Fig. 10 presents many of the results displayed in Figs. 7 and 8, and ad- 
ditional results of the same sort from experiments for which detailed curves 
are not here reproduced. It shows that for permalloys with less than about 
79 percent nickel the effect of tension is of the same sign as that of magnetiza- 
tion, and that the greatest positive value of Ap due to tension within the 
elastic limit in this range of composition may be nearly as great as that due 
to magnetization alone or to any combination of pull and magnetic field. 
Between 79 and 100 percent nickel tension within a safe limit is incompetent 
to increase the resistivity as much as magnetization can, so that the full 
line which runs close beneath the broken line for low nickel content here 
drops far beneath it. It is worthy of remark, however, that the course of the 
curves at the safe limit in tension makes it not unlikely that if the necessary 
tensile stress could be applied without damage to the specimen the final 
resistivity in tension might again be nearly as high as that produced by 
magnetization. 

Beyond a somewhat ill-defined point which has been chosen in Fig. 10 
at 80.5 percent nickel, the initial effect of tension is to diminish p so that 
p passes through a minimum within the safe range of loading. Close to or 
at the same critical composition the magneto-resistance effect passes through 
a well-marked maximum. 

The data of 1923 do not permit any very definite statements regarding 
the effects of magnetization in permalloys with more than about 83 percent 
nickel, because /7 could not be pushed high enough to obtain the saturation 
value of Ap. The results of previous investigators on pure or nearly pure 
nickel have been used to establish the right-hand end of the broken line in 
Fig. 10 and the gap has been filled in on the supposition that the magneto- 
resistance effect at saturation is roughly symmetrical about the maximum 
near 81 percent nickel. 

Series of 1929-1930. 

An additional series of experiments was undertaken in this laboratory 
about a year ago with the idea of extending the range in 7 and to clear 
up a difficulty which can best be understood by reference to Fig. 8. While 
it is abundantly clear that the principal effect of increasing H from zero is 
to increase p, there are numerous Ap—vs.—// curves which first pass through 
a shallow minimum.* 

Since the procedure in 1923 included a preliminary demagnetization™ 
it seemed impossible to explain this minimum as due to the suppression 
of an initial magnetization in a direction opposite to that in which H was 
increased during the experiment itself. It appeared possible that the process 

* The reality of these minima was not apparent until the data had been reanalysed as 
explained above. 

* By decreasing to zero amplitude an alternating magnetic field in the presence of a con 
stant field adjusted to compensate the vertical component of the earth's magnetic field. 
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of demagnetizing might have heated the specimen, the initial drop in p then 
being attributable to cooling. Both purposes required better control of 
the temperature of the specimen and advantage was accordingly taken of 
some improvements in technique devised for the even more exacting re- 
quirements met in studying magnetostriction.™ 

The new magnetizing coil was wound on a double-walled glass jacket 
inside which were the specimen, potential leads and search coil. There was 
now—as there had not been in the magnetostriction studies—a source of 
heat inside the jacket, since a current had to be maintained in the specimen 
to permit the measurement of its resistance. It was therefore necessary to 
pass a heat-absorbent material through the jacket rather than to evacuate 
and silver it. In order to prevent the condensation of atmospheric water 
vapor on parts within the jacket, and to make it feasible to leave the lower 
end open so as to constrain the loaded end of the specimen to the least 
possible degree, the tap-water used as a coolant was circulated through the 
jacket at a temperature several degrees above that of the room. Most of 
the heat necessary to maintain this excess temperature was furnished by a 





manually controlled gas heater. Final adjustment, usually to 26°C, was 
effected by a 400-watt electric heater controlled by a mercury-under-hydro- 
gen switch operated by a thermostat of the Stirlen type*® between the 
electric heater and the jacket. With a convenient flow of water it was found 
by direct experiment that the temperature of a representative specimen 
did not vary by as much as 0.01°C during normal operation. For a magnetiz- 
ing current corresponding to /7=50 the rise in temperature of the specimen 
produced a change in resistance negligible in comparison with those to be 
measured. The barometric height affects the equilibrium temperature of 
the cooling water, and other things, particularly the room temperature, 
make slight differences in the temperature of a specimen for the same water 
temperature. For these reasons sets of data taken at intervals of a day or 
more frequently yielded slightly different values of p for what were meant 
to be identical conditions. Such differences are believed, for reasons already 
mentioned, to have little or no effect upon the values of Ap, provided a stand- 
ard magnetic and mechanical condition can be reestablished at intervals to 
furnish a bench-mark. 

The three alloys chosen for study contained about 45, 77 and 85 percent 
nickel, and were furnished by the Bell Telephone Laboratories in the form 
of 40-mil (about one millimeter) wires. Analysis of one of these and analyses 
of materials of similar manufacture indicate the presence of impurities about 


as follows: 


Co 0.2 percent Si 0.01 
Mn 0.2 ... 
Al 0.05 S 0.005 
Cu 0.05 P trace 


* loc. cit.” second reference 
% A mercury column balanced by the vapor pressure of a suitable mixture of ethanol 
and ethyl ether in a bulb completely submerged in a small reservoir. 
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Suitable lengths of the hard-drawn wires were straightened and then 
were heated, while hanging vertically in hydrogen at atmospheric pressure, 
to about 1000° for one hour by passing an alternating electric current through 
them. Cooling was rapid. Care was taken to avoid bending or twisting the 
prepared specimens, even elastically, and the results obtained with good 
specimens did not depend upon the order in which experiments were per- 
formed.*’ 

Figs. 11 to 13 inclusive present resistivity changes as a function of H/ for 
loops repeatedly traversed between equal positive and negative values of 
H(+23.4 gauss), under various steady tensions well within the elastic 


limit. In 45- and 77-nickel permalloy the magneto-resistance effect is 
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Fig. 11. Effect of tension on longitudinal magneto-resistance in permalloy 
with 45 percent nickel. Major loops. 


thoroughly saturated at the peak value of 7 so that this condition of maxi- 
mum resistivity was chosen as standard. With this convention Ap is negative 
and passes through its maximum negative value near /J=0. In 85 permalloy 
(84.41 by analysis) the effect is hardly saturated by H = 23.4 even for zero 
tension. All values of Ap were therefore obtained with respect to the highest 
value of p in the experiment under zero tension, and the difference in level 
with difference in tension in Fig. 13 is not as significant as in Figs. 11 and 12. 

The method of taking observations, in which corresponding points for 
+H on the descending branch and for —H on the ascending branch are 
taken in quick succession, tends to make the errors symmetrical, since 
accidental causes more often than not produce like errors in consecutive 


*? The less consistent behavior of certain specimens is described later. 
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measurements of nearly equal values of p. This is very evident in Figs. 11 
and 13. In Fig. 12, however, the curves are noticeably asymmetric. Still 
more asymmetric results were obtained in certain preliminary experiments 
on other specimens of 77 and 85 percent permalloy. The search for the 
cause of this asymmetry led to clearing up one of the questions at issue and 
must therefore be described in some detail. 

In the preliminary experiments the Ap—vs.—H curves were analogous 
rather to normal magnetization curves than to hysteresis loops. That is, 
H max Was repeatedly increased, p being measured only for +H. and — Hmax 
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Fig. 12. Effect of tension on longitudinal magneto-resistance in 
permalloy with 77 percent nickel. Major loops. 


at each step, so that the curve obtained was the locus of the tips of loops 
like those given in Figs. 11 to 13 for a particular value of Hux. Fig. 14 gives 
part of the results obtained in this way for a particular specimen of 77 
percent permalloy.** The curves are lettered to distinguish the order in 
which they were obtained, and black dots mark the starting points the 
centers of the ranges in H. The maximum applied field in these experiments— 
70 gauss—largely exceeds the limits of the figure. The value of p for great 


%8 The points upon which these curves depend have been omitted from Fig. 14 in the 
interest of simplicity. There are for each curve more than 60 measured values of Ap with the 
range shown. 
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applied fields is the bench-mark for Ap in each case. It will be noticed that 
p reaches its limiting value within the limits of the figure on only two curves, 
viz. on the negative side of curve D, and on the positive side of curve G. 

The very striking thing about Fig. 14 is that applying Hin one direction 
from the starting point decreases p just as applying H/ in one direction in the 
experiments of 1923 (see Fig. 8) sometimes decreased p. But now that 
both signs of applied field are used the smooth course of the Ap—vs.—H 
curves through their starting points makes it evident that the initial states 
are not of any particular significance in respect to magneto-resistance. 
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Fig. 13. Effect of tension on longitudinal magneto-resistance in 


permalloy with 85 percent nickel. Major loops. 


An attempt had, of course, been made in every case to select a significant 
initial state, that of complete demagnetization in zero applied field. The 
process employed for this selection is one of those described in an earlier 
paper.*® In it the specimen is carried repeatedly around a hysteresis loop 
of suitable range in /7. It is then observed whether the changes in B cor- 
responding to equal steps in /7 from the two tips of the loop are or are not 
equal. If they are equal the loop is symmetrical and its center is at 7=0. 
If they are not equal the stray fields producing the asymmetry of the loop 
must be compensated before a demagnetizing process can be really effective. 


39 L. W. McKeehan, P. P. Cioffi, J. Opt. Soc. Amer. and Rev. Sci. Instr. 9, 479-485 (1924). 
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In the experiments here under discussion the specimen to be tested had 
been used in the manner just described in adjusting the magnetic field applied 
to compensate that of the earth.*’ It had already been observed with some 
alarm that the compensating field so fixed varied much too widely. The 
obvious explanation was that the particular specimen in use did not follow 
symmetrical hysteresis loops in zero field. When the loops were forced to 
pass through four symmetrically disposed points—the tips and the two test 


305 KG/mu* « - | 
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Fig. 14. Effect of tension on longitudinal magneto-resistance in permalloy 

with 77percent nickel—unsymmetrical magnetization. 
points—the middle did not therefore lie at 7=0 and when “demagnetized” 
at this fictitious origin for H the specimen was left partly magnetized. 
As soon as this was realized a specimen known to give hysteresis loops 
symmetrical about H =0 was substituted for the suspect specimen and the 
true earth’s compensating field thus measured. The results of this auxiliary 
experiment have been used in fixing the abscissas of the starting points 
in Fig. 14. 


‘© The magnetizing solenoid carries a separate winding for this purpose. loc. cit.” 
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The question still remaining was why the specimen followed asymmetrical 
loops and how their asymmetry could change as profoundly as it evidently 
had between the experiments recorded in curves C and D of Fig. 14. Trial 
of several specimens prepared in the same way showed that asymmetry 
was more likely to appear in specimens which were slightly bent or otherwise 
visibly damaged than in those which passed every visual test. It has long 
been known"! that the passage of an electric current through an apparently 
well-annealed wire will develop in it a magnetic asymmetry that is relatively 
persistent but that can be altered by reversing the direction of the current, 
by mechanical twisting, by vibration and the like. The reason for this is 


S00: 


Fig. 15. Hysteresis loops for permalloy specimens of Figures 11, 12 and 13 


to be looked for in the mechanical history of the particular piece, especially 
in twisting and untwisting operations. In the wires here used, made in small 
lots and with much handling, it is not at all surprizing that specimens from 


the same lot should show local differences in subliminal twist in the finally 
Neither is it surprizing that this mere ghost of a dead 


annealed condition. 
twist might have been altered by accident in the interval between the taking 


of data for curves Cand D. 

The specimens used in getting Figs. 11 to 13 give symmetrical hysteresis 
loops, as is shown, for zero tension, in Fig. 15. This confirms the conclusion 
as to their relative excellence derived from the magneto-resistance tests 


“t D. E. Hughes, Proc. Roy. Soc. 32, 25-29 (1881). 
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already described, in which the earth’s compensating field was correctly 
adjusted. Besides the wide loops of Figs. 11 to 13, and some still wider, a 
great many narrower loops have been traced. A few of these are presented 
in Fig. 16. 
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Fig. 16. Longitudinal magneto-resistance in permalloy specimens of 
Figures 11, 12 and 13. Minor loops. 
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In all the work so far described in this section the changes in magnetiza- 
tion, corresponding to each change in H were followed ballistically, so that 
Ap has also been obtained as a function of the magnetization (B—fHZ). Figs. 
17 and 18 show some characteristic curves of this sort. As in the first series, 
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Fig. 17. Longitudinal magneto-resistance as a function of magnetization for 


permalloy specimens of Figures 11, 12 and 13. Major loops. 


however, there is little or no advantage in thus presenting the results, and 
there is some loss in considering the relations between two dependent vari- 
ables rather than between one dependent and one independent. 

The bizarre appearance of Fig. 11 made it seem possible that the magneti- 
zation of the specimen had been notably discontinuous. The magnetic meas- 
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Fig. 18. Longitudinal magneto-resistance in permalloy specimens of Figures 11, 
12 and 13, as a function of magnetization. Minor loops 
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urements shown in Fig. 15 disposed of this idea and it seemed advisable to 
measure the variations in p during a loop traversed as smoothly and con- 
tinuously as possible. Since the jerkiness of the previous traverses® was 
largely due to the inclusion of ballistic measurements of magnetization 
changes this feature was dropped for the special experiment. A potential 
divider was so constructed of slide-wire resistances that the current through 
the magnetizing coil could be varied continuously in either direction between 
about +1 amp. and —1 amp. This current was measured by a micro- 
ammeter across shunts of such low resistance that the transfer of the micro- 
ammeter from one shunt to another in changing the range of this make-shift 
ammeter did not sensibly disturb the current being measured. The re- 
sistivity was now measured for consecutive points around a loop about as 
wide as those in Fig. 11 and under no tension. The results in p are plotted 
in Fig. 19 which shows a highly irregular loop with the three main crossings 
seen in Fig. 11 and a pair of more doubtful crossings on one side only. It 
must be concluded that the principal irregularities are not due to the step- 
by-step character of the earlier tests on this specimen.” 
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Fig. 19. Longitudinal magneto-resistance in permalloy with 45 percent nickel, 
for continuous variation of magnetizing current. Major loop. 


Points have been placed on Fig. 10 to show that the new data support 
and extend the old. For 45 and 77 percent nickel the correspondence is good. 
For 85 percent nickel arbitrary correction terms (—0.112 and —0.079 in 
Ap) have been applied to lower the points plotted for this alloy until the points 
for tension alone agree with the earlier curve. Such a correction would be 
theoretically justified if the annealed specimen had its structure modified 
in the way that low tensions favor. It would probably be more logical, 
however, to suppose that all three alloys suffered in the same way but to a 
smaller extent. This would involve raising all the plotted points that have 
been derived from the second series of experiments by about 0.05 in Ap. 
The" trend*of the new points would still agree with that of the old, but the 
magneto-resistance limit would have to be raised higher than it has been 
drawn. 

DISCUSSION OF RESULTS 
In this discussion I propose to regard the specimens as assemblies of 


atoms, for the most part associated with the points of a space-lattice, and, 
as far as may be, to interpret the findings in terms of atomic properties and 


# Joc. cit.,* control of magnetizing current by a battery of knife switches. 
* There was an interval of seven months between the tests here compared. 
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inter-atomic relations. This mechanistic method has pictorial advantages 
and probably will serve to describe the phenomena as well or better than the 
more up-to-date statistical method. 

The difference, emphasized in the introduetion, between magneto-re- 
sistance in ferromagnetics and in other metals, suggests that the disturbance 
of electric conduction producible by magnetic fields has, in ferromagnetics, 
already proceeded far in zero applied field. Let us assume, therefore, that 
the most important part of each atomic domain in a ferromagnetic metal is 
occupied by a self-maintained magnetic field so intense that in comparison 
with it the most intense fields yet used in the study of magneto-resistance 
are nearly negligible.“ Applied fields can therefore only affect conduction 
in ferromagnetics by aligning these atomic fields and by the relatively trivial 
changes in inter-atomic regions which must result from such alignment. 

Kapitza® has supposed that conduction is affected almost as much by 
random local fields and by uniform fields of the same average scalar magni- 
tude. The present suggestion is that this small difference in effect is the whole 
magneto-resistance effect in ferromagnetics. 

The principal result of the experiments on permalloy is (cf. Fig. 10) that 
the maximum effect of tension in a particular class of alloys is nearly 
equivalent to the maximum effect of magnetization, and that both agents 
together are no more effective than magnetization alone. This means that 
the atomic fields we have postulated can be aligned by tension as well, 
or nearly as well, as by magnetization. If the alignment effected by tension 
is as nearly perfect as that effected by an applied magnetic field, the slightly 
smaller change in resistivity for tension is to be explained as due to the 
lower average magnitude of the interatomic field between oppositely directed 
atomic magnets. Otherwise we must neglect the effect of regions remote 
from any magnetic element, and explain the lower efficacy of tension by 
supposing, probably in accordance with fact, that the mechanical stress 
within the stretched specimen is not as homogeneous as the magnetic field 
due to current in an enclosing solenoid. It is obvious that mechanical stresses 
can only affect the orientation of atoms with less than spherical symmetry, 
and that the asymmetry must be spatially related to the magnetic axis in 
each atom. 

This line of reasoning applies also to cases where the initial effect of 
tension and the effect of longitudinal magnetization are opposite in sign. 
Here we have only to assume that moderate tension renders the arrange- 
ment of atomic magnetic axes less nearly parallel and more nearly transverse 
to the direction of current. 

The plausibility of these assumptions is much greater in view of the 


“It may be noted that a magnetic dipole having the magnetic moment associated with 
each atom of nickel at saturation produced a field in excess of 310° gauss throughout less 
than one percent of the atomic volume, so that a magnetic element much less compact than a 
dipole is indicated. The intense magnetic fields here dealt with should not be confused with 
the “molecular field” of Weiss which controls the interaction of atoms and must be located 
principally in interatomic regions. 
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measurements on magnetostriction,” which show that tension decreases 
the magnetostrictive expansion in permalloys with less than about 81 percent 
nickel, and increases the magnetostrictive contraction in those with more 
than this nickel content. There is, to be sure, an element of extrapolation 
in establishing a quantitative relation between magnetostriction and elasto- 
resistance effects. The maximum magnetostrictive strain is much less than 
the strain necessary to saturate the elasto-resistance effect. (There is as yet 
no proof that the elastic and magnetic strains are exactly similar.) Secondary 
effects are therefore to be expected in tension rather than in magnetization. 
The change in sign of dp /d7, at an attainable value of 7, in nickel and nickel- 
rich alloys is such a secondary effect that may well repay further study. 

A striking feature of Fig. 10 is the maximum in Ap for magnetization at 
about the critical composition dividing alloys which expand when magnet- 
ized from those which contract. Striking as this maximum is, it may be 
unimportant in the theory of these phenomena. The current maintained 
in the wires for resistance measurement produces a transverse magnetic 
field which, near the surface of the wire, is enough, by itself, to maintain 
approximate magnetic saturation in the more easily magnetizable permalloys. 
What is measured, then, is the whole change in resistance from a condition 
of transverse magnetization to one of longitudinal alignment. The fact that 
the peak value is about twice that for pure nickel (where the transverse 
magnetization is certainly slight) lends support to this hypothesis, since the 
transverse effect, when correctly measured in ferromagnetics is always 
of about the same magnitude as the longitudinal effect, and opposite in 
sign.” 

The irregularity of many curves and the confusion of points near 81 
percent nickel in Fig. 10 are not regarded as being especially significant. 
It seems more reasonable to suppose that local variations in composition 
are chiefly responsible. If the resistivity varies from point to point the dis- 
tribution of current over the cross-section also varies from point to point 
and the average resistivity as measured is not a simple space-average but a 
more sensitive function of the independent variables. The 45 percent alloy 
lies near a resistivity maximum and the critical region is one where resistivity 
changes rapidly with composition. Changes in flux distribution over the 
cross-section, involving changes in resistivity, provide a secondary source 
of non-uniformity of current. 

More important than these casual irregularities is the definite evidence, 
most strikingly presented in Figs. 9 and 17, that Ap is not, for these materials, 


* Considerations of the same sort support the negative correction used in placing points 
on Fig. 10 for 84.41 Ni (Second Series). In annealing a vertically hung wire of this compositon 
both the heating current and the weight of the specimen conspire to establish transverse 
settings of the atomic axes, and thus to decrease the subsequent decrease of p under tension, 
to increase the increase of p for magnetization. For the other alloys treated in the same way 
the heating current and the weight of the specimen act in opposite senses upon the arrangement 
of atomic axes. The wires of the first series were annealed horizontal in a tube furnace, so that 
no such correction was called for in plotting the results. 
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any simple function of the magnetization. This is no surprize, because it is 
implied by the fact, already noted, that magnetization of certain stretched 
alloys does not change their resistance. Such magnetization must be 
regarded as due to the reversal in direction of atomic magnets originally 
anti-parallel to the applied magnetic field. It will be natural, therefore, to 
expect that any changes in magnetization due to reversals will be without 
effect upon electric conduction. 

In well-annealed strain-free metal changes in magnetization involve at 
each stage both reversals of atomic magnets and changes of another sort 
which may conveniently be pictured as rotations of the elementary magnets 
through less than 180°. It has been suggested in an earlier paper* that 
reversals involve no hysteresis, as they have no effect upon magnetostriction. 
The smooth curvatures of the hysteresis loops plotted in Fig. 15 are therefore 
taken to indicate that partial rotations occur at all stages. Consistent with 
these ideas is the smooth and nearly parabolic course of Ap—vs.—(B—H) 
curves under these conditions. As suitable stresses are applied, the separation 
of the two modes of magnetization becomes sharper, the reversals occurring 
within a narrower range of /7and accounting for a larger fraction of the whole 
change in magnetization. The hysteresis loops become more nearly rec- 
tangular,*’ hysteresis losses and magnetostriction decrease, and as the new 
data show, the central portions of Ap—vs.—(B—H) curves become so 
flattened that they no longer suggest parabolas.** 

Minor hysteresis loops always have some area, and in accordance with 
the ideas just presented, must therefore involve both reversals and partial 
rotations. It is consistent with our picture of the phenomenon, therefore, 
that there are sensible changes in p in traversing loops wholly within the 
limits of the flat central portion of more extensive loops. Though the changes 
in magnetization might have been accounted for by reversals alone, all the 
experimental evidence is against this supposition. 

There remains one paradoxical fact which gives further information about 
the mechanism of electric conduction. Though it is necessary to proceed 
well toward magnetic saturation before the magneto-resistance effect be- 
comes important, the effect saturates sharply before magnetic saturation 
is attained. This must mean that the disorganizationof electric conduction 
is sensibly complete before exact parallelism of magnetic axes obtains. 
One or both of the following conclusions are reasonable. 

In the first place we may argue that this experimental fact proves that 
many paths of electric conduction are oblique to the wire axis. The average 
velocity of electrons is, of course, still along this axis, but small deviations 
of magnetization from exact parallelism with the axis become unimportant 
in fixing the mean resistivity. 


“ L.W. McKeehan, Phys. Rev. [2] 28, 158-166 (1926) 
‘7 Joc. cit. first reference. 


48 Actually the smoothest and most regular of these curves require m >2 in any assumed 
relation of the form Ap=(Ap)9+A |(B—H)"|}. 
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In the second place we may argue that only when the adjacent atoms 
in a crystal are oriented in particular ways with respect to the line joining 
their centers, is conduction along that line unhindered, and that reversing 
either or both of these atoms leaves the favorable condition unaltered. If 
this be admitted it follows that as soon as the applied magnetic field reaches 
such a value that any favorable aspect of adjacent atoms is improbable, 
further increase of applied field, though it increases the probability of exact 
parallelism—magnetic saturation—can have no further effect upon con- 
ductivity. 

A decision between these conclusions can be made by measuring the 
resistivity of monocrystalline specimens in directions inclined to the axis of 
magnetization. 

The diversity of results presented in the review of previous work is now 
seen to be a natural consequence of the inter-play of magneto-resistance 
and elasto-resistance changes. Among the most puzzling of the early results 
were the cases reported by Williams*® in which annealing diminished the 
saturation value of AR/R due to magnetization. We now explain this 
anomaly by the existence in his unannealed wires of a preferred orientation 
of atomic axes due to tension, and the return to a more nearly random dis- 
tribution of magnetic axes in the process of annealing. 

Part of the spread of values in the earlier literature must be due to 
abnormalities in resistivity. Low values of AR/R are particularly suspect, 
since the purest specimens would have the highest values of this quotient. 

It will be noticed in Figs. 2, 3 and 4 that the magneto-resistance effect 
saturates sharply whatever its maximum magnitude, and that the initial 
slopes of the several curves vary widely. The latter fact points to the 
existence in the various specimens of widely different initial conditions. 
Even if the maximum resistance in each case had been chosen for reference 
the resulting curves could not be superposed. This suggests that in the 
state of maximum resistance different specimens have different distributions 
of internal stresses tending to disorganize the arrangement of atomic magnetic 
axes produced in magnetizing. 


CONCLUSION 


The principal features of magneto-resistance and elasto-resistance in 
nickel and permalloy for longitudinal magnetization and tension have 
been presented and discussed. Previous results and the results of new experi- 
ments can be adequately explained in terms of atomic orientation provided: 
(1) each atom has a fixed magnetic moment and a magnetic axis definitely 
related to its mechanical asymmetry; (2) magnetization is effected by two 
processes, conveniently termed reversals and partial rotations of atomic 
magnets, the relative importance and sequence of which depend principally 
upon mechanical stresses; (3) electrical conduction is affected primarily by 
the atomic magnetic fields within single atoms, secondarily by the mutual 


*? Bibliography Item 16. 
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aspect of adjacent atoms, and little or not at all by applied magnetic fields 
of the order of a few thousand gauss. 

Matters requiring further study are: (1) the change in sign of dp/adT 
as tension passes a critical value in nickel and nickel-rich alloys, (2) the early 
saturation of the magneto-resistance effect, and (3) the irregular progress 
of magneto-resistance changes in low applied fields. 

It is a pleasure at this time to acknowledge the contributions of several 
persons not already mentioned in the text of this report or in previous papers. 
Chief among these is my present assistant, Mr. L. R. Jackson, whose in- 
genuity, skill and patience have been unfailing. I am indebted to Dr. R. M. 
Bozorth and others at the Bell Telephone Laboratories for numerous services 
in connection with the procurement of materials. Dr. O. E. Buckley of the 
same organization has helped me frequently by critical comment and dis- 
cussion, especially regarding the theory of ferromagnetic phenomena. 


5° A brief note on this matter has been published: L. W. McKeehan, O. E. Buckley, 
Phys. Rev. [2] 33, 636 (1929). 





































SEPTEMBER 1, 1930 PHYSICAL REVIEW VOLUME 36 


ON THE MAGNETIC PROPERTIES OF METALS 
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ABSTRACT 

It is shown that the susceptibility of copper and silver is structure sensitive 
Annealing increases the diamagnetism and drawing decreases it. It is suggested that 
uncertainty concerning the state of a metal as well as uncertainty concerning its 
purity may account for the large spread of observed values of the susceptibility 
It is shown that the Pauli paramagnetism of the free electrons and the diamagnetism 
of the ions taken together are not sufficient to explain the susceptibility of the alkali 
metals. It is suggested that partly bound electrons should be taken into consider- 
tion. Several effects are predicted by means of which the total susceptibility can 


be analyzed and its component parts measured separately 


( UR knowledge of the processes which contribute to the magnetic pro 

perties of metals has been considerably increased in recent years, but 
it has been impossible to submit any theories to an accurate experimental 
check because of the very large discrepancies between various observed 
values. The results for the susceptibilities of the alkali metals, for example, 
are contained in the following table 


TABLE | Specific susce pt bility X 10° 
Honda! Owen Bernin® Sucksmith‘ McLennan® Lane‘ 
Li 3.1 5 3 
Na 51 50 54 sO 50 5 
K 4() 63 58 63 5 5 5. 
Rb 076 7 7 ? 
Cs 10 05 18 »? 


The agreement is best for sodium, but even here the large value is 30% 
higher than the low one. Magnetic measurements on solids are so straight- 
forward that it seems out of the question to attribute these discrepancies to 
experimental error, and it necessarily follows that different samples of these 
metals may have susceptibilities varying by amounts of the order of the 
susceptibility itself. In this connection, the question of impurities is an 


* National Research Fellow. 

‘1K. Honda, Ann. d. Physik [4] 32, 1027 (1910). 

2M. Owen, Ann. d. Physik [4] 37, 657 (1912). 

* A. Bernini, N. cim. [5] 7, 441 (1904); Phys. Zeits. 6, 109 (1905). The value for Li is 3.8 
and not 0.38 as given in the Landélt Bornstein tables. 

‘'W. Sucksmith, Phil. Mag. [7] 2, 21, (1926) 

* J. C. McLennan, R. Ruedy and E. Cohen, Proc. Roy. Soc. [A] 116, 468 (1927). 

*C. T. Lane, Phil. Mag. [7] 8, 354 (1929); Phys. Rev. [2] 35, 977 (1930). 
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important one. It has generally been assumed that only ferromagnetic im- 
purities could account for errors of such size, and in most of the work, iron 
has been tested for chemically and magnetically, and corrections applied on 
the assumption that the iron was present in its magnetically most active 
form. But even with such corrections, the agreement is poor, and it becomes 
necessary to find another reason for the disagreement between observed 


values. 

A hint as to what this uncertainty in magnetic measurements on metals 
is due to is given by the following considerations. We now know that con- 
duction electrons do play a part in magnetic phenomena; and we know that, 
in general, properties due to conduction electrons, such as conductivity, 
change of resistance in a magnetic field, etc., are structure sensitive proper- 
ties. Consequently, it seems reasonable to suppose that magnetic phenomena 
are also structure senstitive. In other words, we suppose that the sus- 
ceptibility of a metal can be altered by mechanical working. In order to test 
this assumption, I undertook a few simple experiments with the help of Mr. 
]. Foladare. We used the Gouy method.’ The sample, in the form of a cylin- 
der about 12 cm long and 1 or 2 mm in diameter, was suspended from one 
arm of a beam balance. The lower end of the sample was in a homogeneous 
magnetic field. The magnetic force in dynes is then given by 


F = 4KH2 (1) 


where K is the volume susceptibility, 7 is the magnetic filed strength, and 
A is the cross-sectional area of the sample. Copper and silver wires were used. 
The copper was slightly paramagnetic, probably due to impurities, but the 
silver was diamagnetic and probably quite pure. The procedure for copper 
was to take a long piece of wire and to cut it into lengths of about 15 cm. 
These were then stretched by various amounts, and their susceptibilities 
measured. As the diameters were equal before stretching, the diameters 
after stretching are a measure of the total distortion. Typical results are 
given in Table II. 


TABLE II. The effect of .tretching on the magnetic susceptibility of a copper wire. 


Susceptibility in arbitrary Diameter of sample after 
units stretching 
3.2 1.67 mm 
3.4 1.63 mm 
4.1 1.57 mm 
4.8 1.41 mm 


This shows that stretching increases the susceptibility. The last sample 
above was then annealed by heating to red heat for about 15 minutes in 
a quartz furnace. During the heat treatment the sample was immersed in 
a CO, atmosphere to prevent oxidation. After the sample had cooled off, 
it was again measured, and its susceptibility was found to have changed 


? See for instance, E. C. Stoner, Magnetism and Atomic Structure, p. 40, 
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from 4.8 to 3.4. It was then stretched again, so that its diameter changed 
from 1.4 mm to 1.36 mm, and the susceptibility increased to 4.1. Silver gave 
similar results. For example, stretching a given sample so that its diameter 
changed from 1.66 mm to 1.56 mm changed its susceptibility from —4.2 
to —3.3. 

Although the data obtained are very few, until further information is 
available, it seems reasonable to suppose that, just as hardening in general 
increases the resistance of a metal, it also increases the paramagnetic com- 
ponent or decreases the diamagnetic component of its susceptibility. The 
significance of this result will be further discussed below. At this point, I 
merely wish to point out that structural features must be taken into account 





in subsequent measurements; that other mechanical deformations may 
play an equally important though different role (twisting, stretching within 
the elastic limit, compression, etc); and that impurities may have a consider- 
able influence on the above effects, especially if the rate of cooling is taken 
into account.® 

Let us return now to a closer examination of the experimental facts and 
their significance. For simplicity, I shall deal with the alkali metals, though 
many of the considerations apply to other substances as well. We have, 
then, experimental values for the susceptibility within a certain range for 
each substance, and it’ is proposed to determine something about the me- 
chanisms which must be assumed to explain the results. Theoretically we 
know that there exist two components at least of the susceptibility. One 
is the diamagnetism of the ions in the metal. This, if measured per unit 
volume, is designated by K;. It is independent of the temperature except 





when the number of free electrons is not constant, and its absolute value 
can be estimated both theoretically and experimentally. It is structure in- 
sensitive. The other component is the paramagnetism of the free electrons 
due to their spins, and has been calculated by Pauli.’ It is also structure in- 
sensitive, and is given by one of the following formulae 





Here it is assumed that there is one free electron per atom. m is the number 
of atoms per cm’; a is the lattice constant, such that for a simple cubic lattice 
a'n=1; uw is the magnetic moment of the electron; and €o is the zero-point 
energy of the electrons. The first form of the formula is most useful for com- 


* W. G. Davies and E. S. Keeping, Phil. Mag. [7] 7, 152 (1929). 
* W. Pauli, Zeits. f. Physik 41, 100 (1927). 
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parison with experiment, and will be discussed more fully below. The second 
form shows that K, is comparable with K;,, 
| + 
K; = — — — rn (5) 
6 mec 

where =r? refers to the summation of the average value of r*® over all the 
electrons in the ion. Thus for large ions with many electrons, it is to be ex- 
pected that |K;|> |K,|, whereas for small ions like Li, as a more detailed 
consideration shows, |K;|<|K,|. The last form, Eq. (4), is perhaps most 
useful in anticipating what would happen in a metal in which some of the 
electrons are partly bound. Such a binding might be thought of as a dropping 
of electrons into potential energy holes, with a consequent decrease in €, 
and an increase in K,. In this sense formulae (2) and (3) may be thought 
of as lower limits which actual bodies approach when their electrons may be 
considered really free. Another way of interpreting the increase in suscept- 
ibility due to binding is to suppose that, as the electrons travel through the 
metal, they are occasionally caught by an atom, and add to the paramagnet- 
ism through their orbital motions. To these processes, one would still have 
to add any diamagnetism of the free electrons. A calculation of the quantity 
has been carried out'® in an approximate fashion, and it has the same form 
as Eq. (3), but the numerical factor must be open to considerable doubt 
because in the approximation used any one cell in the lattice was assumed 
identical with all the others, thus omitting fluctuations which most certainly 
occur, and which may be of considerable importance for diamagnetism. The 
diamagnetism of partly bound electrons, especially those which are concerned 
in holding the atoms of the metal together, must also be considerable, espe- 
cially in substances like bismuth with an unusually large diamagnetism which 
is known to be structure sensitive. In the case of bismuth and allied metals, 
it is certainly related to the unusual crystal structure, but it is well to keep 
in mind the possibility that in other metals a similar process may also take 
place, though of course to a much lesser extent. 

The first point to be checked concerns the absolute values of the suscepti- 
bilities. Table III shows the situation. 


TABLE III. Comparison of theoretical and experimental values for the susceptibility of the alkali 


metals Voiume susceptihility X 10°. 
Ky K; K,+K; K experimental 
Li 79 — .31 48 .27to 2.04 
Na 66 — .45 21 49to .63 
< 51 — .37 a8 .35to .55 
Rb 49 — .56 — .07 .14to .34 
Cs 45 — .64 — .20 —.19to .41 


The values for K; are taken from Stoner" and are dependable as to order 


10 F. Bitter, Proc. Nat. Acad. Sci. 16, 95 (1930). 
1 E. C. Stoner, Magnetism, p. 101 (1930). 
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of magnitude except for Li, where the true value may be much nearer zero. 
The outstanding feature of the table is that the observed values are more 
paramagnetic than the calculated ones. Especially for lithium this seems 
to be the case. I measured a sample of Li in the form of a wire made by suck- 
ing moltep Li into a glass tube, pulling the sample out by one end after it 
had cooled, and finishing the magnetic measurements rapidly in air before 
appreciable oxidation had set in. The result was a specific susceptibility equal 
to 3.8 10~*, in good agreement with the larger values in Table I. A spectral 
analysis of the sample, for which I am indebted to Professor Badger, revealed 
chiefly magnesium and other alkali metals as impurities, with no detectable 
traces of iron, and in view of Owen’s work, it does not seem possible that this 
high value is due to iron. A further investigation to determine the origin 
of the large discrepancy between 3.8 and 0.5 should prove very interesting. 
The possibility that a radio-active impurity might produce such a high 
value, perhaps through nuclear excitation, was also investigated, but this 
was found to be very improbable, as the zero count of a Geiger counter was 
not observably changed by the presence of the lithium in direct contact with 
the counter chamber.” Whatever these high values are due to, there un 

questionably is another phenomenon to be considered, and this most pro- 
bably is related to the partly bound electrons. More experimental data are 
needed to help in satisfactorily interpreting the spread of the observed values. 

Besides measurements on pure substances, measurements on alloys of 
the alkali metals in each other should prove especially interesting, as these 
substances, except lithium, are not supposed to be crystalline at ordinary 
temperatures. If further investigation shows that accurately repeatable 
measurements can be made on pure substances, it would even be possible 
to check the dependence on m in Eq. (2) by determining whether the devia- 
tion from linearity of the susceptibility of these alloys as a function of con- 
centration of the components was representable by the n'’* dependence on 
the density give in Eq. (2). 

A further consequence of the assumption that a part, at least, of the 
susceptibility of metals is due to free electrons, is that there must exist a 
small ‘‘magneto-electric” effect, analogous to a thermo-electric effect. If 
one end of a wire is in a magnetic field //, the other end in a field zero, the 
electrons at the two ends have different energies, the difference being of the 
order of magnitude }K,/7*ergs/cm~™, where K, is the volume susceptibility 
of the electron gas, and might be less than K, above due to a possible dia- 
magnetic effect.“ If we assume K,=0.5X10~* and a very large HW =50,000 
gauss, such as might be used for such an experiment, this would give 625 
ergs per cm*. To calculate the energy per electron this quantity must be 
divided by n, which for silver, for instance, is 5.910”, and we have about 
1.1X10-* ergs per electron. Translated into electron volts this gives 10-* 

12 | am indebted to Dr. Van den Akker for performing this experiment for me. 

18 In this connection I want to point out that such a “magneto-electric” effect is to be 


expected for ferro-magnetic substances as well as others, though its order of magnitude cannot, 
so far as I am aware, be calculated. 
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volts as the potential difference for the two ends of the conductor. To detect 
such an effect would probably be difficult, but certainly possible. A conve- 
nient form would be that of the thermocouple, but instead of keeping the 
two junctions at different temperatures, it would be necessary to keep them 
at the same temperature, but at different field sterngths. In this way it 


would be possible to measure separately the susceptibility of the free elec- 
trons. 

One more effect can be predicted; namely, a dependence of the suscept- 
ibility on the field strength in the neighborhood of Kapitza’s critical field 
strength, called by him H/,. These are the field strengths at which the de- 
pendence of the change in resistance on magnetic field goes over from a 
quadratic to a linear function. Above this field strength the susceptibility 
should approach a more paramagnetic value and should become more struc- 
ture insensitive, and the difference in the susceptibility of an annealed wire 
above and below /7, should be of the order of magnitude of the change pro- 
duced by annealing a hard drawn wire. These conclusions are based on the 
following picture of the mechanism. Kapitza’s work has shown that some 
property of the electrons exists which has not been taken into consideration 
in the theoretical analyses. It is a property which controls the behavior of 
the electrons in a magnetic field, and is very probably related to the residual 
resistance and supra-conductivity. It is structure sensitive. Such a property 
is contained in the “large orbits” of bismuth electrons. For simplicity let us 
refer to it merely as an orderliness in the motion of some of the electrons in 
a lattice. This order is responsible to some extent for conduction and dia- 
magnetism. Either a magnetic field or mechanical distortion has the effect 
of destroying this order, and consequently of increasing the resistance and 
decreasing the diamagnetism. The picture accounts in a rough way for the 
facts, and predicts the above mentioned dependence on the field strength 
above H,. This “orderliness” must of course not be interpreted too literally. 
It is really only another way of referring to Kapitza’s inner “fields.” 


4 P. Kapitza, Proc. Roy. Soc. [A] 123, 292 (1929), 
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THE SCATTERING OF FAST ELECTRONS BY METALS. 
I. THE SENSITIVITY OF THE GEIGER POINT- 
DISCHARGE COUNTER 
By Cart T. CHASE 
New York UNIVERsITY, UNIVERSITY HeiGuts, N. Y. 

(Received July 5, 1930) 


ABSTRACT 


This paper presehts new information on the sensitivity of the Geiger point- 
discharge counter. The type of counter used here, with a cylindrical chamber, the 
open end being covered with thin foil, is not sensitive to electrons of all velocities at 
the same time. The velocity sensitivity depends on the voltage applied to the counter, 
higher velocities being registered at higher voltages. This information may have 
an important bearing on past experiments looking for electron polarization. 


INTRODUCTION 


NUMBER of experiments have been reported which were designed to 

search for evidences of polarization in a beam of electrons, from this 
and various other laboratories. They have been of many kinds, such as 
double scattering at right angles, transmission through crossed magnetic 
fields, double reflection at grazing incidence, etc., and have involved both 
fast and slow electrons.'~* All experiments with slow electrons have given 
negative results, while some of the experiments with fast electrons have 
shown evidences of polarization effects. As far as any theory is available, 
the prediction is that the spin vector of the electron may possibly show itself 
as the analog of a transverse vector in the electron waves, but only when 
the electrons have high velocities.*"'® 


POINT-DISCHARGE COUNTERS 


These counters have never been regarded as entirely satisfactory, and 
have given different results in the hands of different workers. Their chief 
recommendation lies in the fact that when they do count an electron, the 
time of arrival of the electron is known to within a moderate fraction of a 
second. This fact has seemed to imply that all the electrons arriving at the 
counter are registered, since the arrival of those which are counted is so de- 


1 Cox, MclIlwraith, and Kurrelmeyer, Proc. Nat. Acad. Sci. 14, 544 (1928). 
2 Chase, Phys. Rev. 34, 1069 (1929). 

* Myers and Cox, Phys. Rev. 34, 1067 (1929). 

‘ Davisson and Germer, Phys. Rev. 33, 760 (1929). 

*’ Wolf, Zeits. f. Physik 52, 314 (1928). 

* Joffé and Arseniéva, Comptes rendus 188, 152 (1929). 

7 Rupp, Zeits. f. Physik 53, 548 (1929). 

* Rupp, Zeits. f. Physik 61, 158 (1930). 

® Darwin, Proc. Roy. Soc. A116, 227 (1927). 

© Mott, Proc. Roy. Soc. A124, 425 (1929). 
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finitely marked. For most of the experiments in which these counters have 
been used the time of arrival is immaterial, and the only information desired 
is the number of particles which arrive at the counter under certain condi- 
tions in the apparatus through which the electrons have passed. 

We consider counters made with a cylindrical chamber of ebonite or 
glass, the point being of fused platinum wire, as described in previous papers. 
When the number of particles counted is plotted against the voltage applied, 
different types of curves are obtained, depending on whether the open end 
of the chamber is uniformly covered with thin foil, or whether the window 
is a small hole in a larger metal plate."-" In the latter case the number of 
counts increases rapidly, after counting starts, as the voltage is increased, 
until a point is reached when the curve suddenly becomes nearly horizontal." 
When this saturation point is reached, a large increase in voltage produces 
small change in the number of counts, unless the voltage is made too high, 
when the curve starts upward again, and soon rises almost vertically. Oper- 
ation is best just above the first bend of the curve, and this voltage is gener- 
ally called the working voltage. After the second bend spontaneous 
discharges become numerous, and the point soon fails. 

In contrast to this is the operation of counters in which the open end is 
covered with a uniform thin foil, or when the end is left completely open 
(with metallic walls in the latter case). The curve of number against voltage 
then climbs steadily, the number counted increasing uniformly to large num- 
bers, merging finally and steadily with increased voltage to the state where 
spontaneous discharges predominate. It is hard to say where the best work- 
ing voltage is in this case, since it is plain that many electrons are not being 
counted unless the voltage is so high that the counter can in no way be 
depended upon. Besides, if this curve continues upward indefinitely, how 
should we treat the first bend in the curve for the counters just mentioned, 
which was regarded as the point where electrons were quantitatively counted ? 


THE VELOCITY-SENSITIVITY OF PoINT-DISCHARGE COUNTERS 


The only information so far available as to how effective these counters 
are for counting electrons of different velocities is indirect. Kovarik and 
McKeehan have measured the velocity spectrum of beta-particles, using 
counters with sharp steel points."' Their results are in agreement with more 
recent photographic measurements of Curie and d’Espine.” More recently 
Riehl has made experiments with the same view in mind as has the present 
paper.'* He used counter windows of thick material, with a small hole in the 
center covered with thin foil, and obtained curves of number against voltage 
showing saturation, as explained above. He varies the pressure of gas in 
his counters, and plots curves of “starting potential” and “saturation poten- 


1! Kovarik and McKeehan, Phys. Rev. 8, 574 (1916). 
#2 Curie and d’Espine, Comptes rendus 181, 31 (1925). 
3 Bennett, J.0.S.1. 16, 339 (1928). 

4 Rhiel, Zeits. f. Physik 46, 478 (1928). 

4% Chase, unpublished data. 
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tial” against gas pressure. These potentials in each case are less for smaller 
gas pressures. He then plots curves of number of particles counted, presum- 
ably for the so-called saturation, or working, potential. These again rise 
with increased pressure, until a saturation value is reached, and show that 
beta-particles whose speeds are less than 0.4 of the velocity of light are 
“quantitatively counted” in air at pressures as low as 7 mm of mercury, 
while for the faster particles from radium E, the curves do not reach satura- 
tion until the pressure is 1100 mm of mercury. The peak of the velocity spec- 
trum of radium E occurs in the region of speeds of about 0.8 of the velocity 
of light. In the experiment with radium £, a magnetic field was applied 
through the apparatus to bend slow electrons out of the path. For fields 
strong enough to bend most of the electrons slower than those last mentioned 
out of the path, the curve has the same form as the curve for no field. Satura- 
tion occurs at the same pressure, and the curve can be obtained from the 
curve for no field by decreasing the ordinates in a constant ratio. This sug- 
gests that his counter was counting only electrons of one velocity range, 


probably the faster ones. 
MEASUREMENT OF VELOCITY-SENSITIVIT\ 


We have constructed a magnetic spectrograph for testing directly the 
velocity-sensitivity of these counters. Radium E was used as a source, and 
the electrons passed through the field in a good vacuum. Windows of alu- 
minum, 0.02 mm thick, closed the vacuum cell at each side; air at atmospheric 
pressure was in the counter, which was of the type used previously in this 
laboratory, the open end being covered uniformly with thin aluminum leaf. 
It was found that the number of particles of different velocities which was 
counted depended on the voltage applied. to the counter in a very definite 
way. At low voltages, just after the counter began to operate, many slow 
electrons were counted. At higher voltages, more fast electrons were counted, 
and what was surprising, fewer slow ones. At very high voltages, so high 
that the counter was beginning to misbehave, the same number of electrons 
was counted as at the moderate voltage, but the electrons counted were 
faster still. The fact that the same number of the higher velocity electrons 
was counted at the higher voltage as the number of moderately fast electrons 
had been at the lower voltage was due to the fact that there were no more 
fast electrons to count; otherwise the number counted would have continued 
to rise with increased voltage. 

To make things doubly sure, the counter and source were rigidly mounted 
facing each other, with air between and ten cm apart. When set for low velo- 
city electrons, as indicated by the magnetic deflection experiment, a piece 
of paper 0.28 mm thick held directly in front of the counter cut down the 
count by twelve percent, while with the voltage as high as the counter could 
stand the paper had no effect whatever on the number counted. We made 
sure that the counts at the high voltage were not spurious counts; they were 
actual electron counts. It is well known that the high speed electrons are 
far more penetrating than are the slower ones. It may be noted that besides 
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computing the velocities by measurement of the magnetic field strength, the 
spectrum was measured with a gold leaf electroscope, and found to be in 
agreement with the photographic work of Curie and d’Espine.” 


RESULTS FOR POLARIZATION EXPERIMENTS 


In this laboratory Cox, Mcllwraith, and Kurrelmeyer' caused electrons 
from a milligram of radium to be doubly scattered at right angles, the targets 
being of gold, and the electrons being detected with Geiger counters. The 
three claim to have found a real effect of a new kind, in that more electrons 
were scattered in one of the transverse positions than in the other. The pre- 
sent writer then set up a new, though similar, apparatus, in which the scat- 
tering material was lead. This apparatus gave the same effect as had the 
earlier one. At this stage it was discovered that a large part of the counts 
was due to gamma-rays, and a new apparatus designed to eliminate this gave 
consistent, negative results.’ 

The criterion used in weighing these results was that of self-consistency. 
The later work of Chase was far more consistent than had been that of the 
earlier three, and this was taken as a measure of its correctness. From the 
results contained in this paper it appears that this later work did not include 
a count of the faster electrons. Thinner windows allowed more slow electrons 
to get through. The increased number of electrons in turn allowed the opera- 
tion of the counter at lower voltages, making for more consistent results, 
but counting only the slower electrons. The number of slow electrons given 
off by a sample of radium is much greater than the number of fast ones, due 
to absorption in the source, unless this is spread out in a layer a few molecules 
thick, which was not true in our case. The foregoing shows the need for 
further work on these experiments, which we have undertaken. 

Our electron currents are much too small to use electrometers, and gold 
leaf electroscopes hold great promise. A carefully made and shielded electro- 
scope will detect the formation of a few ions per cc per second, and should 
have no difficulty in detecting as few as one electron per minute. In fact, 
during the preliminary experiments which led to this paper it was found that 
a rather poorly made electroscope was as sensitive as the Geiger counters 
which we have used, the natural rate of fall of the leaf being the same pro- 
portionate amount of what was to be measured as were the number of spur- 
ious discharges of the counter to the number of real counts. 

We accordingly adopt the gold leaf electroscope and proceed to an experi- 
mental survey of the field of electron scattering, with an eye open for polari- 
zation effects. The next paper will concern double scattering at right angles, 
and will appear shortly. 
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HIGH POTENTIAL X-RAY TUBE 


By C. C. LAuRITSEN AND B. CAssEN 


CALIFORNIA INSTITUTE OF TECHNOLOGY 
(Received July 14, 1930) 


ABSTRACT 


An account is given of further development work on the high potential x-ray 
tube at the California Institute of Technology. Details of the construction of the 
tube and its housing are presented. The housing, which is a concrete structure erected 
on the floor of the high potential laboratory, makes it possible to operate and make 
observations at close range. The tube has been equipped with a hot cathode and a 
tungsten target, thus rendering it more suitable for spectrographic work. High speed 
cathode rays outside of the tube have been obtained by replacing the target by thin 
windows of mica or metal. Continuous operation is possible over a period of several 
hours at six hundred kilovolts and with a space current of three to four milliamperes. 
A comparison between different types of high potential x-ray tubes and of different 
methods of operation is contained in the discussion. 


INTRODUCTION 


PRELIMINARY report describing an attempt to develop apparatus 

for generating x-rays of short wave-length was presented some time 
ago by Lauritsen and Bennett.' The investigation showed that it is possible 
to obtain satisfactory operation up to 750 kilovolts by means of apparatus 
constructed along the general lines described, i.e. apparatus which cannot 
be baked out, but in which the electrode distance is small and the glass is 
shielded against bombardment. 

Since then the x-ray tube has been rebuilt in a more permanent form and 
further development work has been carried on. Satisfactory operation has 
been obtained at somewhat higher potentials, still using the same method 
of operation, i.e. making use of cold emission as the sole source of electrons 
and operating intermittently so that the maximum potential is applied only 
one second out of eight, the potential during the interval being about one 
half of the maximum potential. In addition, satisfactory continuous opera- 
tion up to 600 kilovolts has been obtained when a hot cathode was used for 
furnishing the electrons. 


THE TUBE 

The x-ray tube was rebuilt primarily to allow operation and observation 
at close range. For this purpose a concrete housing was constructed, the gen- 
eral plan of which is shown in Fig. 1 whereas Fig. 2 is a cross-section through 
the tube and housing. 

As may be seen, this housing is divided into two compartments by a 
concrete partition which is two feet thick. The glass section of the tube is 

‘C. C. Lauritsen and R. D. Bennett, Phys. Rev. 32, 850 (1928). 
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mounted on top of the housing and the base, which consists of a steel tube 
one meter long, forty centimeters in diameter and of six millimeter wall 
thickness, protrudes down through the ceiling into one of the compartments. 
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Fig. 1. General plan of apparatus. 


This compartment also contains the liquid air trap and the vacuum pumps 
described in the previous paper. 

The second compartment contains the control desk for operating the high 
potential transformers as well as the vacuum gauge and various meters for 
measuring current and potential, etc. A lead-lined opening in the concrete 
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Fig. 2. Cross-section through tube and housing. 


partition is provided for making absorption measurements and other ob- 
servations on the radiation. 

Sheets of galvanized iron are placed under all the walls, and the top of the 
housing is completely covered with sheets of the same material, carefully 
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soldered together and connected at all four corners to the bottom sheets 
by means of copper conductors. A heavy copper conductor makes connection 
to the station ground. The tube base is insulated from the housing and con- 
nected to ground through two milliammeters, one for reading alternating 
current and the other for reading the unidirectional current through the tube. 

The upper section of the tube is as previously described with the exception 
that the four torus-shaped corona shields have been replaced by horizontal 
plates of galvanized iron sheets, eight feet square. These are supported on 
frames of four-inch channel iron carried on insulators of the pillar type. These 
plates produce a very uniform field along the glass and provide a consider- 
able capacity across each section, thus effectively preventing punctures and 
flashovers due to surges. 


Hot CATHODE 


For many purposes it is desirable to have a well-defined focal spot rather 
than the somewhat erratic source inherent in cold emission. For this reason 
the upper electrode was constructed with a recess at its lower extremity into 
which a small spiral filament was placed. Fig. 3 shows in detail the construc- 
tion and relative position of the electrodes The filament is a small spiral 
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Fig. 3. Detail of construction and relative positions of electrodes. 


of ten mil tungsten wire mounted in a removable holder to facilitate replace- 
ment. It is accessible through the opening in the bottom plate when the lower 
electrode is removed. One end of the filament is connected to an insulated 
central terminal of the filament holder. This terminal makes contact with 
an insulated lead-in wire sealed in through a tapered Pyrex plug. The other 
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end of the filament is connected through the holder to the electrode proper. 
The filament is heated by means of a six-volt storage battery placed on 
top of the tube structure. The heating current is controlled by means of a 
slide wire operated through long cords. 

The target consists of a tungsten disk, two millimeters thick and two 
centimeters in diameter, embedded in the steel electrode The distance 
between the electrodes is approximately five centimeters and both are water 
cooled by means of the cooling system previously described. 

With this arrangement continuous operation is possible up to somewhat 
over 600 kilovolts with a unidirectional current of three to four milliamperes 
through the tube. The diameter of the focal spot is approximately five milli- 
meters. The current is, of course, limited only by the heat dissipating ability 
of the target. Under these conditions the cold emission is usually negligible 
so that the radiation originates almost entirely in the focal spot and is con- 
fined to the concrete housing. This is very essential, both on account of the 
safety of the operators and of the shielding of the sensitive instruments re- 
quired especially for absorption measurements. 


CATHODE RAys 


In order to test the possibility of obtaining high speed electrons outside 
of the tube, the target was temporarily replaced by a thin window. A mica 
window was found to be satisfactory provided the current was limited to a 
very small value by keeping the filament at low temperature. Metal foils 
of two to three mil thickness permit the use of considerably larger currents. 
A very intense and concentrated beam was obtained and the usual phen- 
omena such as glowing of crystals etc. could be observed. 


DISCUSSION 


The greatest difficulty in connection with the construction and operation 
of vacuum tubes for high potentials is caused by cold emission. This must 
therefore be minimized as far as possible or else rendered harmless. The 
first is best accomplished by thorough outgassing or, if this is not possible, by 
keeping the potential gradients between the different parts below a safe 
limit. The second is accomplished by shielding the glass against bombard- 
ment by stray electrons. 

Two principal types of high potential tubes have been developed so far, 
each having its advantages and disadvantages and each being best suited 
for a particular purpose. 

The most important feature of the first type is that the tube is constructed 
in sections in such a manner that only a fraction of the potential across the 
tube is applied between any two adjacent metal parts within the tube. 
The first tube of this type was developed by Coolidge? who described success- 
ful experiments with cathode rays up to 900 kilovolts. Excellent progress 
with tubes of this type has been made by Tuve, Hafstad and Dahl,’ who have 


2 W. D. Coolidge, J. Frank. Inst. 202, 639 (1926) 
* Tuve, Hafstad and Dahl, Phys. Rev. 35, 1407 (1930). 
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constructed tubes which they report are capable of withstanding as much 
as 1900 kilovolts. 

These tubes were carefully cleaned and pumped to a high vacuum. This 
is essential with this type since the electrons must travel the full length of 
the tube in order to get from the filament to the target. This distance is 
necessarily great even if the tube is designed for use under oil. If the mean 
free path is insufficient the electrons will collide with the gas molecules and 
thus not reach the target with maximum velocity. Furthermore, unless the 
tube has been well outgassed, many of the electrons will undoubtedly strike 
the walls and shields on their way through the tube and thus liberate large 
quantities of gas. It is doubtful if a well-defined focal spot can be obtained 
with this construction 

The second type, which has been developed at the California Institute, is 
characterized by the fact that the full potential is applied directly between 
two electrodes which are comparatively close together. This increases the 
difficulties due to cold emission, but the vacuum requirements are not 
nearly as severe as in the case of the first type because the distance between 
the filament and the target is only a few centimeters instead of a meter or 
more 

This type is well suited for producing x-rays of great intensity, but is 
presumably not capable of development for as high potentials as are certain 
other types. It seems likely that a combination of the two types here des- 
cribed offers advantages over any of the tubes now in use. 

Our experience so far with alternating current operation indicates that 
the method is practical for investigating the x-ray region up to at least 600 
kilovolts and there is every reason for believing that it will be possible to 
extend this range considerably. The advantage of the method lies in the 
great intensity available with continuous operation. This is extremely impor- 
tant for many investigations. 

There can be little doubt, however, that other methods of operation will 
prove more suitable for much higher potentials. This has been beautifully 
demonstrated by the recent work of Breit, Tuve and Dahl‘ in their work 
with resonance coils. The instantaneous value of the energy may in this case 
be enormous although the average is quite small. This, of course, solves not 
only the problem of power source, but also the difficulty of dissipating the 
heat in the target. 

In conclusion, we wish to express our thanks to Dr. R. A. Millikan for his 
interest in the work and the Carnegie Corporation of New York for financial 
support. 


‘ Breit, Tuve and Dahl, Phys. Rev. 35, 51 (1930) 
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LINEAR CORRECTION FOR CATHODE RAY OSCILLOGRAPH 


By FREDERICK BEDELL AND JACKSON KUHN 


CORNELL UNIVERSITY, ITHACA 
Received July 7, 1930 
ABSTRACT 


The deflection of the cathode beam in a cathode-ray oscillograph tube, while sub 
stantially proportional to the voltage applied to the deflecting plates within the tube 
is not proportional for small voltages in tubes commonly used. This non-linearity ts 
due to the heavy cloud of ions between the plates. In the practical use of such a tube 
error due to this non-linearity is avoided by applying a bias to the plates so as to work 
on the straight part of the curve. 


N A cathode-ray oscillograph the deflection of the cathode beam is pro- 

portional to the electromagnetic field through which it passes. While in 
an ideal case the deflection is likewise proportional to the electrostatic field 
through which the beam passes, there are certain disturbing elements in 
cathode-ray tubes, as usually constructed, which need to be taken into con- 
sideration, particularly when the deflection is small. 
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Fig. 1. Relation between deflection and applied e.m.f 


Fig. 1 shows the relation between the deflection and applied e. m. f. in a 
W. E. 224-B cathode-ray oscillograph tube, in which the electrostatic field 
is obtained by applying the e.m.f.s., which are to be measured or compared, 
to two pairs of deflecting plates, located inside the tube, between which the 
beam passes. It is seen that when the applied e.m.f. exceeds 3 volts, giving 
an observed deflection of 2.5 mm, or more, the curve is practically a straight 
line, while for smaller values the proportionality does not hold. 
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This is further shown in Fig. 2, obtained by applying a periodic e.m.f. to 
one pair of deflecting plates and a constant e.m.f., varied by steps of 10 volts, 


to the other. The second set of more or less parallel lines was obtained by 


Axis | X 





Fig. 2. Displacement of X and Y axes, vertically and horizontally, by 10-volt 


steps. Distance of camera from screen: 18 inches 


repeating, with the connections to the plates reversed. The vertical line 
marked “ Y-axis” corresponds to zero e.m.f. on the X plate; the lines on the 
left and right corresponding to negative and positive e.m.f. s of 10, 20, 30 
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Fig. 3. Plate current for different plate voltages, using deflecting plate 


Y; anode potential 400 volts 


Similarly the horizontal line marked “X-axis” corresponds to zero 


volts, etc. 
Negative and positive refers to the potential of the 


e.m.f. on the Y plate. 
free plate with respect to anode. 
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Under ideal conditions, we should have in Fig. 2 a system of square co- 
ordinates made by two systems of equidistant parallel lines. Departure from 
this condition is caused by the non-linear calibration, as shown in Fig. 1, 
and other causes which will not be analyzed here, as the curvature of the 
screen, location of the camera, etc. 

The non-linearity of the relation between plate potential and the resulting 
beam deflection, as shown in Fig. 1, is due to the heavy cloud of ions between 





Fig. 4. Effect of non-linearity shown by bump in what should be smooth curve 


the deflecting plates. An idea of the number of ions can be obtained from 
the curve in Fig. 3, which shows the plate current corresponding to different 
plate voltages. The presence of these ions between the plates masks the 
effect of the applied potential, so that the potential gradient at the beam is 
not proportional to the applied potential. This masking effect is, of course, 
more marked at the lower potentials. At high potential this effect is negligible 
as the ions are swept away. The relation between deflection and deflect- 
ing potential is now linear within the limits of observation, although there 
are probably slight departures due to critical potentials. 





Fig. 5. True curve, without bump, obtained with stabilized oscilloscope with linear scale 


So far as the practical applications of the tube are concerned, the cure 
for the non-linearity of the calibration curve in Fig. 1 is obvious: to shift 
the zero by applying a plus or minus bias to the deflecting plates so as to 
work on the straight part of the curve. For the plate current to be a minimum 
the biasing potential should be negative, as shown in Fig. 3. A biasing po- 
tential of about 50 volts applied to both plates will displace the spot diago- 
nally to the periphery of the screen, outside the area in which observations 
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are made. The spot may be restored to an artificial zero position near the 

center of the screen by a constant magnetic field, so that the curve as ob- 

served will never pass through the real zero, now displaced to the periphery 

of the screen, with its non-linear error. In other words, the observed deflec- 

tions, both horizontal and vertical, will always be on the straight part of the 

calibration curve shown in Fig. 1 
As ordinarily used, without a corrective device, a cathode-ray oscillo 

graph, when connected to a smooth nearly sinusoidal e.m.f., does not show a 

smooth curve but shows a curve with a little bump, as in Fig. 4. On the 

stabilized oscilloscope' used by the authors, equipped with linear correction 

as here described, the true curve without this bump is shown as in Fig. 5 

The horizontal and vertical scales are both truly linear. The authors were 

assisted by G. B. Engelhardt in the experimental work. The investigation 


was carried on under a grant from the Hecksche Research Council 





'F, Bedell and J]. G. Kuhn, Rev. Sci. Insts. 1, 227 (1930 
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THE PROPAGATION OF LUMINOSITY 
IN DISCHARGE TUBES 
By J. W. Beams 
UNIVERSITY OF VIRGINIA 
(Received July 18, 1930) 


ABSTRACT 


The velocity of propagation of luminosity in long discharge tubes, when a high 





potential was suddenly applied to one electrode, was studied by means of a mirror 
rotating between 2000 and 3000 revolutions per sec. Air and hydrogen at pressures 
from 0.04 to 0.5 mm of mercury were used in the tube. The luminosity always moved 
from the electrode to which the potential was suddenly applied toward the electrode 
maintained at ground potential. The velocity of the luminosity after progressing a 
few centimeters from the electrode to which the surge potential was applied, travelled 
with almost a constant speed, usually within the limits of 10° to 10° cm/sec, de- 
pending upon the conditions of the experiment. A qualitative explanation of the 
results is offered based upon the formation of space charge. 


N THE case of long discharge tubes J. J. Thomson! was the first to observe 





that the luminosity did not start simultaneously throughout the length of 
the tube but traversed it from anode to cathode at a finite and measurable 
velocity. The potential across his tube was applied by attaching its electrodes 
directly to the terminals of an induction coil and the velocity of luminosity 
was measured by reflecting the light from two portions of the tube, several 
meters apart, by means of a rotating mirror, into the field of view of a 
measuring telescope. He experimented with a large variety of electrodes and 
came to the conclusion that the velocity was independent of the size, shape 
and material of the electrodes. For the velocity of the luminosity through 
a discharge in air at a pressure of 0.5 mm of mercury in a glass tube 5 mm 
in diameter, he found a velocity greater than half that of light. From this 
high value of the velocity he was able to conclude that the propagation of 
the luminosity was not due to the motion of the emitting atoms and mole- 
cules because of the absence of an observable Doppler effect in the spectrum 
lines. Several years later J. James? using the method of Abraham and 
Lemoine*® was unable to observe a velocity of propagation such as might 
be expected from the experiments of Thomson; while the writer‘ using a 
somewhat similar method to study the order of appearance of spectrum 
lines in discharge tubes, obtained results in qualitative agreement with 
those of Thomson. 


Whiddington® Zeleny and others have observed moving pulses of lumi- 
nosity in a discharge tube the electrodes of which were attached to the 
terminals of a storage battery. The current, at least in some cases, was 
intermittent and the velocity of the moving pulses was much smaller than 


t Recent Researches, 115, 1893. 

2 J. James, Ann. d. Physik 15, 954 (1904). 
* Abraham and Lemoine, Ann. Chem. et Phys. 20, 264 (1900). 
4 J. W. Beams, Phys. Rev. 28, 475 (1926). 

> Whiddington, Nature 115, 506 (1925). 
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that observed by Thomson. This however is not in disagreement with the 
results of Thomson and the writer for it represents a luminous velocity 
through a gas already ionized and where large space charges are present, 
whereas Thomson and the writer observed the initial pulse of luminosity 
through the tube when a high potential was suddenly applied across the 
gas in an un-ionized or weakly ionized state. Recently, further observations 
on this velocity of propagation in discharge tubes have been made under 
somewhat different electrical conditions than those previously used. It was 
found that when an impulse potential was applied to one end of a long dis- 
charge tube, that the luminosity in general progressed from the electrode to 
which the surge potential was applied toward the electrode maintained at 
ground potential regardless of the polarity of the impressed potential surge. 
The phenomenon has been studied in discharge tubes of various shapes and for 
different pressures of air and hydrogen but it has not yet been possible to 
develop a quantative theory that will explain all the observations. Never- 
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theless it may be of interest to describe some of the experiments and record 
the results obtained. 

The arrangement of the apparatus is shown schematically in Fig. 1. 
A high voltage transformer charges a variable capacity C (0.001 to 0.01 
microfarads), through a kenetron K, until a spark at A occurs which im- 
presses a potential on the electrode of the tube at Q. In a certain average 
time the discharge traverses the tube and finally raises the potential of the 
electrode N until a spark at E occurs. The appearance of the light at A, B, 
D and E was observed in the telescope 7 after reflection in a rapidly rotating 
mirror M. The lens L focused the light from D and E so that their images 
fell in the same vertical plane with A and B. A vertical slit was so arranged 
that, with the mirror M stationary, the images of A, B, D and E appeared 
one above the other in the field of view of the telescope 7 with their vertical 
edges falling on parallel lines. Hence when the mirror was rotating rapidly 
the time between the appearance of the light at A, B, D and E could be 
measured by noting the relative horizontal displacement of their respective 
images in 7. The water resistance R, (10° ohms) and R2 (10° ohms) served 
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to keep the electrodes Q and N at ground potential until the sudden impulsive 
potential was applied. R, also prevented the spark A from stopping before 
the discharge in the tube could start and thus avoided troublesome oscilla- 
tions. The high capacity grounds G,, Gz and G3, G4 were independent and 
special precautions were taken to insure that the impulsive potential surge 
at A did not change the potential at G; and G, until the discharge of the tube 
was initiated. Impulsive surges were applied to the tube every second and 
the observations were obtained by waiting until the tube flashed at the 
proper time for its image to fall into the telescope 7. The stellite mirror 
M was rotated between 2000 and 3000 revolutions per sec and the distance 
AM was one meter. The high rotational speed of the mirror was obtained 
by the method of Henriot and Huguenard® modified to insure greater 
stability and flexibility.’ The tube was exausted through a P.O; trap by 
means of a “Hyvac” oil pump and the pressure was measured on a McLeod 
gauge. 

The first tube 490 cm in length was constructed of glass tubing 5 mm 
in diameter with electrodes made of 50 mil tungsten wire sealed through the 
glass as shown in the drawing. In the initial experiments air was used at 
pressures from 0.04 to 0.5 mm of mercury and later hydrogen was used 
over the same range. For impressed potentials of between 20,000 volts and 
40,000 volts the time between the appearance of the light at A and at B 
was much greater than the time between the appearance of the light at B 
and D. In almost every case the time between the appearance of the light 
at D and at E was too small to measure. This short time between the appear- 
ance of the light at D and E resulted from the fact that the width of A was 
always more than four times that of E. Therefore E was considerably over- 
volted and its time lag made very small.® 

The phenomena usually observed can be described as follows: Soon 
after the appearance of the light at A an intense luminosity having the shape 
of a solid cylinder with a conical tip, progressed relatively slowly toward B. 
The base of the cylinder remained at Q and the moving tip was on the axis 
of the tube. At a distance (usually not greater than 40 cm in these experi- 
ments) the moving tip appeared to flatten into a plane and traversed the 
remaining length of the tube with a much higher speed. For example in the 
case of hydrogen at approximately 1.5 mm mercury pressure and a gap 
width of 8 mm at A, the light from A appeared 1.2 X10~ sec. before that 
from B, while D appeared in only 1.2 X10~' sec. after B. When the light at 
the point P midway between B and D was brought into the field of view of 
T, by means of an auxiliary mirror and lens not shown in the figure, it was 
found to appear at a time approximately half way between B and D. This 
showed that the velocity from B to D was roughly constant and equal to 
about 410° cm/sec. in this special case. On the other hand, since the 


6 Henriot and Huguenard, Comptes rendus 180, 1389 (1925); Jour. d. Phys. et Rad. 8, 
443 (1927). 

7 Beams, Rev. Sci. Inst. (in press) 

8 Beams, Jour. Frank. Inst. 206, 809 (1928). 
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distance from Q to B was 50 cm the velocity of the luminosity between the 
two points could not have been greater than 3.8 X 10° cm/sec. or 1000 times 
less than the velocity from B to D. The time between the appearance of the 
luminosity at A and B was influenced by a number of factors. It was de- 
creased with increasing potential and also with increasing conductivity 
of the tube. The charge on the walls the shape and material of the electrodes, 
together with the sputtering of the electrodes on the walls of the tube are 
probably very important factors. 

After the luminosity finally attained the higher velocity, it apparently 
was not affected by the type of electrodes and did not depend critically 
on the pressure or voltage applied at Q. There was, however, some increase 
in velocity with voltage. Also when the pressure was adjusted so as to 
decrease the effective resistance of the tube the velocity was increased. 
At pressures from 0.2 mm to 0.4 mm of mercury, the light at B would usually 
first appear somewhat fainter than at D but become of equal intensity soon 
after D became luminous. Sometimes at the higher pressures (0.4 mm to 
0.5 mm of mercury) a very intense luminous pulse not longer than 50 cm 
would traverse the tube from Q to N at a velocity of about 4.5 10° cm/sec., 
regardless of the polarity of the impressed surge (30,000 volts). As soon as 
the pulse of luminosity reached N the whole tube became luminous through- 
out. Many cases have also been observed where the luminous pulse traveled 
first from Q to N followed by the luminosity progressing from N to Q. 

In order to study the effect of the walls on the high velocity luminous 
propagation, a long discharge tube, made of flexible thick rubber pressure 
tubing 5 mm inside diameter was substituted for the glass tube. The light 
was viewed through short sections of glass tubing connecting the rubber 
tubing at A, Pand D. The electrodes were made of aluminum rods fastened 
into glass tubes by sealing wax. With this arrangement, although (in the 
case where the pressure and impressed voltage were the same) the velocity 
was actually measurably less than in the glass tube, the inductance and 
capacity of the tube as a whole were shown not to be important factors in 
determining the luminous velocity. By folding the tube its inductance as a 
whole could be almost eliminated and still the phenomenon was approximately 
the same as with it folded in such a way as to make its inductance a maxi- 
mum. However, the inductance and capacity of the tube for electric im- 
pulses, which reach their maximum in a time much shorter than that 
required for the impulse to traverse the tube, may bean important factor, 
but the effect of this could not be thoroughly tested. 

It is obvious as pointed out by Thomson that the high velocity of lumi- 
nosity cannot be due to the movement of the emitting atoms and molecules 
because of the absence of a large Doppler effect. Nor can it result from 
charged atoms or molecules of any kind moving along the tube, for even the 
total impressed voltage is many times too small to give the ions a velocity 
comparable with that of the luminosity. Consider now a typical case of 
hydrogen at 0.2 mm pressure with a 30,000 volt positive surge impressed 
on the electrode Q. Light from A appeared about 7 X10~’ sec. before it did 
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at E and at B approximately 10~’ sec. before it did at D and E. The velocity 
of the luminosity from B to D was therefore 4.9 X 10° cm sec. If the impressed 
voltage was distributed uniformly across the tube, the field would be 61.2 
volts/em. An electron would fall through roughly 24 volts between col- 
lisions and therefore could ionize the hydrogen gas throughout the length 
of the tube. It is not very probable, however, that many free electrons would 
be present in the tube at the time of the application of the potential and the 
fields would not be great enough to produce much ionization by positive 
or negative ions. The current would be small and E would remain non- 
luminous until space charges so arranged themselves as to allow consider- 
able current to traverse the tube. This time required for the space charges 
to form throughout the tube works out to be too long and further the lumi- 
nosity would be expected to appear gradually throughout the whole positive 
column rather than abruptly at the electrode Q and move toward N. It is 
possible that the luminosity did not strictly follow the current rush yet 
the experiments definitely showed, by the very small time between the 
appearance of the light at D and E, that the amount of current flowing out 
of the tube is very small until the luminosity completely traversed the tube. 
In the above discussion the assumption that the impressed voltage was 
uniformly distributed is of course not true for impressed surges having wave 
fronts which reach their peak value in a time less than the length of the tube 
divided by the velocity of the electromagnetic wave along the tube. This 
might double the field but only for a time small in comparison to the time 
required for the tube to start discharging. The comparatively long time 
between the appearance of the light at A and at B also makes it very unlikely 
that the velocity of luminosity observed can be identified with velocity 
of the potential wave along the tube. 

However, when the process of formation and distribution of space charge 
in the tube is examined more carefully it may be possible to find a 
qualitative explanation of most of the results observed. The import- 
ant factors in starting the ionization at Q seem to be the influence of 
the walls and the size and shape of the electrode to which the high potential 
is applied. In the neighborhood of the electrode, due to its shape and ir- 
regularities, the field is very high and intense ionization should take place. 
This ionization due to the large difference in the mobilities of positive ions, 
negative ions and of electrons respectively should result in the establishment 
of a space charge. This space charge, once formed near the high potential 
electrode Q must move down the tube regardless of the polarity of the 
applied potential because of the changes it produces in the field near its 
edges. The luminosity should then follow roughly the region of intense 
ionization. 

The time between the appearance of the light at A and at B would then 
represent the period required to build up the space charges to a critical value 
around the high potential electrode Q, while the higher velocity of lumi- 
nosity between B and D would represent the velocity with which the intense 
ionization moved. 
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SUBSTANCES 
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Received July 15, 1930) 

ABSTRACT 


\ quasi-null method has been developed for determining very accurately the 


diamagnetic susceptibility of dissolved substances. Two independent runs with 
2.521 M. sodium iodide agreed easily within +0.06 percent. Its advantages over 
other methods are discussed Several other kinds of investigations to which this 


method may be applied are pointed out, 


HE need of an accurate method for measuring the diamagnetic suscep- 
tibility of dissolved substances has long been recognized. 

The present method is a simple modification of the standard method of 
Gouy. The modification resides in the elimination of the effect produced by 
almost all of the solvent, a procedure which can take advantage of the 

sensitivity of a micro-balance. Hitherto, the susceptibilities of the 
solutions were measured against air or vacuum and all the errors in 

the measurements had to be borne by the solute alone. The new 
W method measures the susceptibility of the solute almost directly 
and it measures the solute against the solvent. 

In this way, the actual pull suffered by the solution in the 
magnetic field is slight, it is less sensitive to the fluctuations in the 
current going through the coils (highly sensitive ammeters are un- 
necessary), the tube is not urged out of its position in the field by 
the dissymmetries which exist there, and indeed almost all the 
advantages of a null method are realized. 

Ys The method shall be illustrated with a run on a solution of 

sodium iodide, 2.521 M (vol.). 

Fig. 1. MM are the pole pieces of an electromagnet. G isa glass tube 
with a glass partition P in the center of the pole gap and G extends 
on both sides to fields of negligible intensity. The upper part of the tube W 
contains the solvent, in this case water, and the lower half contains the solu- 
tion, that of sodium iodide. By employing a little bulb B with constrictions 
on both sides and by having the end C drawn into a capillary, no trouble is 
experienced in keeping the air bubble (the space present above the solution 
when the tube is sealed off) from rising to the top of S. The tube G is 
suspended by braided silk thread at the hook H from the stirrup of a 
Sartorius micro-balance having a capacity of 20 gm and a sensitivity of 
+ 0.001 mg. 
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In this work a sensitivity of +0.01 mg was usually obtained. Finer 
reproducibility than this was reached in the measurements with the sodium 
iodide solution. 


Paste 1. Diamagnetic susceptibility of sodium iodide 


Amperes Pull in mg Calibration in mg Xer* 
(against air) 


35 1.238 11.31 0.3941 
40 1.362 12.48 0.3937 
45 1.466 13.43 0.3938 
50 1.558 14.23 0.3943 


(a) The results show an average deviation of 0.06 percent. 

An independent determination gave a result equal to the one above within 
the limits stated. All of the pulls had a slight correction for the non-uniform- 
ity in the glass of the tube. The correction was found by measuring the 
change in weight when both the upper and lower parts of the tube were filled 
with water. 

The same sample of water was employed for both the standard and the 
solutions. An absolute accuracy of +0.06 percent cannot be claimed for the 
determination. It is merely a measure of its reproducibility. If the calibra- 
tion had been made with a solution of nickel chloride in the lower portion of 
the tube G instead of air, the reproducibility in the calibration would have 
been as good as that with sodium iodide. (The pull in the calibration against 
air was about ten times that with sodium iodide and a fluctuation in the cur- 
rent, for example, effects a proportionate change in the total pull. The abso- 
lute change then in the calibration is about ten times that in the run, and it is 
the absolute change which determines the accuracy of the susceptibility. ) 
The use of nickel chloride would then have permitted an absolute determina- 
tion of the diamagnetic susceptibility to within 0.2 percent! the accuracy 
with which the susceptibility of nickel chloride is known. 

However, if the susceptibility of a diamagnetic salt is once accurately 
determined, the susceptibility of other diamagnetic salts can be determined 
relative to it with even greater precision, since the full advantages of a null 
method can be more nearly realized. 

The sample of sodium iodide which we employed to test the reproduci- 
bility of the method was as pure as we could obtain. We did not analyze 
the salt, for it was not our purpose to find its absolute susceptibility. It still 
may be worth while to compare the result with the reliable determination of 
Ikenmeyer? who recently perfected a torsion method employing a non- 
homogeneous field.* Ikenmeyer did not analyze his material for impurities. 


1 Brant, Phys. Rev. 17, 678 (1921). 

2 Ikenmeyer, Ann. d. Physik 5, 1, 169 (1929) 
3 The torsion methods in the past have been subject to many inaccuracies, although their 
sensitivity leaves nothing to be desired. The difficulty seems to lie in placing the bob exactly 
in the same field gradient. And again, the inaccuracy incurred by the total solution is assumed 
by the solute alone. 
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He obtained —60.4X10~* per mol, while our value is —59.110-°. Under 
the circumstances the agreement is satisfactory. Several other determinations 
are recorded in the literature, but they differ from the above by about 15 


percent. 
The quasi-null method just described is applicable to many problems. 
It may be employed in order to determine accurately the susceptibility of 


paramagnetic substances in great dilution. It may also serve to measure 
accurately diamagnetic as well as paramagnetic substances in non-aqueous 
solvents, for the susceptibility of the solvent itself need not be known to 
the extreme precision which previous methods have required. 
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ULTRASONIC VELOCITY AND ABSORPTION IN OXYGEN 


By W. H. PreELEMEIER 
DEPARTMENT OF Puysics, PENNSYLVANIA STATE COLLEG! 
(Received July 22, 1930) 
ABSTRACT 
The velocity and absorption in oxygen at room temperature were measured 
at five ultrasonic frequencies located in the two octaves, 316 to 1264 kc/sec. The 
observed velocities reduced to 0°C do not differ more than 0.2% from Dulong’s 
observed value of Vo» for audible sound (317.2 m/sec). The theoretical value 
(Vo= (yp/d)"?) is 314.76 m/sec. The observed absorption values vary with fre- 
quency as expected but the deviations from the theoretical values are greater than 
the velocity deviations 


N MAKING the velocity and absorption determinations for air published 

in an earlier article' deviations from the theoretical values were found. 
These deviations are thought to be due to various causes. In order to gain 
more information on the subject it was decided to test oxygen and nitrogen 
separately. 





APPARATUS 


The sources of the high frequency sound were piezoelectric oscillators 
made of quartz. These square slabs of natural crystal were sputtered with 
platinum on their two large faces as stated in the earlier article. The elec- 
tric circuit was altered but slightly. The radiometer was fitted with a small 
45 degree reflector so as to render the vertical sound beam horizontal so it 
could be directed against the pressure vane. The radiometer could be inter- 
changed with the interferometer mirror without any further alteration of 





the apparatus. With the lowest frequency crystal it was necessary to put a 
tuned inductance and capacity in series with the load coil in order to supress 

a neighboring frequency. The oxygen was dried by bubbling it through 
concentrated H2SO, and by placing a dish of P.O; or CaCl, in the gas chamber 
For the later measurements a hair hygrometer was placed in the box. 


RESULTS 


Tables I and II present the results of individual runs although a number 
of runs were made at each frequency. The number of significant figures given 
in the tables is justified by the precision of the data and by the slopes of the 
absorption curves for individual cases but the variation in the successive 
values of Vo at a given frequency is about 0.1 percent and the variation in 
the values of A, is too great to be explained by the temperature changes 
between runs. 


1 The Pierce acoustic interferometer as an instrument for the determination of velocity 
and absorption. Phys. Rev. 34, 1184 (1929). 
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V,, in Table I, represents the observed velocity at the temperature, 


!, given in the second column; Vo represents the velocity reduced to 0°C; 


PABLE | Interferometer determinations 

Frequency t J Vo k A; Humidity Date 
Kilocycles ( m/sec m /se¢ cm cm oy 

1219.0 ee 330.91 317.52 0.42 1(10)~* Approx. 20 Dec. 31, 1930 
1166.0 20.8 329.18 317.32 0.44 Fie 18 May 15, 1930 
655.5 21.3 329.58 317.43 0.21 oon * Approx. 20 3-22-30 

389 3 24.4 331.1 317.2 0.103 - Be ss ’ 42-30 
316.2 25.9 332.3 Se | 0.102 11.2 24 6-3—30 


K, represents the ordinary absorption constant defined by the equation 
I = Iye~**; A, is defined as A,»=k,d*; similarly for Table IT. 


PABLE II Pressure vane determinations 
Frequency t k 1 Date Humidity 
Kilocycles ( cm cm o/ 
1219 19.6 0.533 3.85 (10 1-21-30 
1166 26.5 0.583 } “$ 5-10-30 26 
655.5 21.0 0.219 o.9 3-18-30 
Theoretical Vo =(yp/d 314.76 m/sec 
Dulong’s Observed V»=317.2 m/sec (for audible sound 


4x 4 C. K 
Theoretical Ao u’ + ( - ) 3.65(10 
ap. 3 * ( 


DISCUSSION OF RESULTS 


On account of an originally greater variation in the values of Vo the 
crystal frequencies were checked. Radio crystals with oven controlled fre- 
quency were used as standards for this purpose. Some of these were at hand 
in the college broadcasting station, where the checking was done, but fre- 
quencies from crystals in Philadelphia and other cities were used also. The 
lowest frequency (316.2 kc/sec) was not redetermined. 

A slightly decreasing velocity with diminishing sound intensity was 
observed. In a few runs minor peaks, due to higher order reflections, were 
observed, which, when used to calculate Vo, gave values near the theoretical 
value, 314.76 m/sec. Data of this type for another paper are being taken. 
Instead of substituting in the formula, V=(yp/d)'”, directly, the ratio 
of the value of (yp/d)'” for O. and its value for air was multiplied by the 
theoretical value of V» for air. This method is not subject to uncertainty 
in the value of g and hence in p if the two densities were determined at the 
same place. For this calculation the relative density (1.1053) of oxygen and 
air was used; i.e. Vo = 331.60(y’) /y(1.1053)'. Here y’ designates the ratio 
C,/C, for oxygen. Its value is given by Lummer and Pringsheim as 1.3977. 

The close agreement of the velocity values in Table I with each other 
and with Dulong’s value probably indicates that all were made at somewhat 
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the same sound intensity. This was roughly determined for crystal A, by 
using a vane suspended by a tungsten wire of known diameter. Near the 
crystal it was approximately 15 ergs/sec per cm”. 

This investigation shows the velocity and absorption deviations for 
oxygen to be similar to those for air. Many observers have published values 
for Vo in air very near the theoretical value but for oxygen this is not the 
case. 

Apparently the excess absorption band for Oz, as for air has its upper limit 
near 1200 kc/sec. The radiometer values of k and A are probably the more 
reliable because they are more directly related to the readings. 
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THE THERMODYNAMIC TREATMENT OF CHEMICAL 
EQUILIBRIA IN SYSTEMS COMPOSED OF REAL GASES. 
Il. ARELATION FOR THE HEAT OF REACTION 
APPLIED TO THE AMMONIASYNTHESIS 
REACTION. THE ENERGY AND ENTROPY 
CONSTANTS FOR AMMONIA. 


By Louts J. GrLLEsPiE AND JAMEs A. BEaATTI 


RESEARCH LABORATORY OF PHYSICAL CHEMISTRY, MASSACHUSETTS INSTITUTI 
OF TECHNOLOGY* 


Received July 28, 1930) 


ABSTRACT 


From the two adjustable constants obtained by the authors’ treatment of the 
data on the ammonia synthesis equilibrium, there are calculated the energy and 
entropy constants for gaseous ammonia referred to the energy and entropy of 
hydrogen and nitrogen as having the value zero at 0°C and 1 atmosphere. The energy 
constant for ammonia is —10058.1 15°-calories per mole and the entropy constant 
— 16.6491 15°-calories per degree C per mole 

Values of the usual thermodynamic function at 0°C and 1 atmosphere are given 
in this system for hydrogen, nitrogen, and ammonia 

\ rational and simple relation is given for the variation with both pressure 
and temperature of AH, the heat absorbed in a chemical reaction at constant pressure 
in systems composed of real gases. Values of this heat are computed for several 


pressures and temperatures for the ammonia synthesis reaction 


1 INTRODUCTION 


N THE first paper,' the authors applied a rational and relatively simple 
relation for the mass action function K, to the existing data on the ammo- 
nia synthesis equilibrium, the equation for which is 


3/2H, + 1/2N2 = NHs3. 1) 


In the method used, the effects of pressure and of temperature on K, were 
separated; one expression, into which certain approximations had been in- 
troduced, giving the variation of K, with pressure; and the other, which 
contained no approximations, giving the variation with temperature. We 
are concerned in the present paper with the latter effect. 


The temperature variation of K,* 


(the limiting value of K, as the pres- 
sure on a reacting mixture maintained in chemical equilibrium is isothermally 
reduced to zero) can be related* to certain energy and entropy constants for 


the reacting gases. The relation is: 


* Contribution No. 246 
! Gillespie and Beattie, Phys. Rev. in press 
? Beattie, Phys. Rev. 31, 680 (1928) 
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T 1 . 
In K ,* = 2(7)( in— — 1) — J tr f Cy aT 
To RT T 
T * dT ] 
= rf One + Uo’ ; = TSo ; { (2) 
T. 


w here v; is the number of moles of Substance 7 in the stoichiometric equation 
for the chemical reaction, being negative if the substance disappears in the 
reaction; C,.* the constant-volume heat capacity of Substance 7 at zero pres- 
sure; uo’; and s»’; the energy and entropy constants for Substance 7 at some 
standard temperature 7); and R the ideal gas constant. The summation 
extends over all of the gases taking part in the chemical reaction. 

The integration constants uo’ and so’ can be related quite simply to 
expressions which occur in the theory of ideal gases. For the molal energy 


of an ideal gas: 
. 
u -{ CydT + to’ (3) 
7 


and for the molal entropy there are two expressions depending upon the 
choice of independent variables: 


eT 
$= | CydT/T + Rin V/n + So (4) 
or | 


7 
5 = [ CydT/T + Rin T/T, — Rinp + so’. (5) 
al | 
In the previous publication? the entropy constant used in the various equa- 
tions for real gases was Sp, that is the one referring to V and 7 as independent 
variables. If we choose 0°C and 1 atmosphere as the standard state, there 
is a numerical simplification in using the energy and entropy constants uo’ 
and s)’ as defined above: For ideal gases these integration constants are 
equal, and for real gases they are approximately equal, to the energy and 
entropy, respectively, of a mole of the gas in the standard state. The relation 
between the two integration constants is: 
So = So — Rin RT. (6) 
One way to interpret the integration constants uy’ and so’ is as follows: The 
quantities mo’ and sy’—R In p are for real as well as ideal gases the molal 
energy and entropy, respectively, of the gas at 7) and at an infinitely low 
pressure. 
We can expand C,.* in a power series of the temperature 
Cy* =a; + BT + 7? (7) 
where A;, B;, and C; are constants for each gas. Substitution of (7) into (2) 
and carrying out the indicated integration gives: 
L(v;A,) + T(yv;)R M(vB;) MVC) I 


log Ae” = —— —— - log T + et ania T + mh eS 1? + a + J (8) 
R 2R OR l 
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where 
MT = 2(vBi) (vii) Zi 
J = L(viAdT > 4+ o* + To? — E(vaa's) | (9) 
R 2 3 
M : ” (vii) 
J = — S(v;A;) — L(v,)R — V(vB)T,) -— — —T 97 + Z(viSo x) 
R ? 
(10) 
L(viAi) +ZWI)R 
log To. 
R 
The quantity M=0.43429 - - - is the modulus of the common logarithms, 


which are denoted by log. 

In the treatment of the data on the ammonia synthesis equilibrium, 
values of K,* were computed from each given value of K,. From the values 
of A, B, and c given in Table I the next three terms of Eq. (8) were computed 
for each temperature, subtracted from log K,*, and the difference plotted 
against 1/7. The values of the two adjustable constants J and J were then 
determined from the best straight line through the points. The resulting 
numerical relation for log K,* is: 


log K,* = 2.691122 log 7 5.519265 K 10°°7 
‘ 2001.6 
+ 1.848863 & 10°77? + 1 9 6899.(11 
T 
TABLE I. Values of the specific heat constants of Eq. (7). Units: 15° calories 
per mole and per degree c: R 1.986847. 

(Gas 4 10°B 10% 
Hydrogen 4.66 0.70 0.00 
Nitrogen 4.82 0.33 0.05 
Ammonia 6.04 0.71 5.10 


2. THe ENERGY AND ENTROPY CONSTANTS 


Substitution of the values of J and J from (11) into Eqs. (9) and (10 
and using the values of the other constants from Table I gives: 


Vil 10059.2 15° calories 12 
V(viSo i) 16.6532 15° calories per degree C 13) 


A consistent system of energy and entropy values may be constructed® 
by assigning arbitrary values (say zero) to the energy and the entropy of 
all elementary substances in some standard state, say 0°C and 1 atmosphere. 
This system of values can readily be interpreted in terms of any other system 
as for instance that used by Rodebush and Rodebush,‘ who use 0°K for the 
standard temperature. It should be noted however that for a practical sys- 

’ Beattie, Phys. Rev. 32, 691 (1928) 


4 Rodebush and, Rodebush, Int. Critical Tables, McGraw-Hill Book Co., New York, 
1929; Vol. V, p. 84 

















1011 





THERMODYNAMICS OF CHEMICAL EQUILIBRIUM 


tem there are many advantages in favor of the use of 0°C as the standard 
temperature. In the system of Lewis and Randall’ the standard state for a 
gas is defined in terms of unit fugacity. This makes, as they note, their 
standard state of a gas a hypothetical one which corresponds to no real state 
of the gas. In our system the standard state is the same for a gas as for a 
liquid or solid. 

Since hydrogen and nitrogen are each gaseous in the standard state, we 
may compute their energy and entropy constants from the relations 


l nA na an Re nB n* Bob 
“uy =—+- 1 — + 1+ — (14) 
n V 2 VT>? 2V 3V? 


S V nRBo nb 2n Re nBo n*? Bob 
So = — Rin + 1 —- + 1+ -- (15) 
n nRT V 2V VT>* 2V 3V? 


where Apo, a, By, b and ¢ are constants in the Beattie-Bridgeman equation 


~ 


of state, and U/n and S/n are the molal energy and entropy of the gas at 7» 
and the molal volume V/n. Placing U=0 and S=0 and using 7) = 273.13 


TABLE II. Values of the equation of siate constants. Units: normal atmospheres, 
liters per mole, degrees Keluun (T°K =t°C+-273.13) ; R=0.08206 


Normal 


Gas Ao a B b ( volume 
Hydrogen 0.1975 —0.00506 0.02096 —0.04359 0.0504 x 104 22.4252 
Nitrogen 1.3445 0.02617 0.05046 —0.00691 4.20 x10 22.4015 
Ammonia 2.3930 0.17031 0.03415 0.19112 476.87 x10 22.1022 


and using the values of the normal volumes and of the constants listed in 
Table II gives for hydrogen and nitrogen the energy and entropy constants 
listed in Table III. Use of these values in Eqs. (12) and (13) leads to the 
energy and entropy constants for ammonia given in Table ITI. 


TABLE III. Values of the energy and entropy constants for hydrogen, nitrogen 
and ammonia. Units: 15°-calories, degrees Centrigrade, moles 


Gas Energy Constant (1°) Entropy Constant (s’) 
Hydrogen 0.215 0.00079 
Nitrogen 1.602 .00587 
Ammonia — 10058 .1 — 16.6491 


From the energy and entropy constants for hydrogen, nitrogen, and am- 
monia we have computed the molal energy and entropy of these three gases 
at 0°C and 1 atmosphere together with their molal heat content and ther- 
modynamic potentials defined by the usual relations 


5 Lewis and Randall, Thermodynamics and the Free Energy of Chemical Substances, 
McGraw-Hill Book Co., New York, 1923. 

6 Beattie, Phys. Rev. 32, 699 (1928). In Eq. (15) the new entropy constant has been used, 
which accounts for the RT» in the denominator of the term Rin(V/nRT>») 
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H = U+ pV (16) 

Fyr = U-TS (17) 

For = H — TS. (18) 

These values are given in Table IV. They are given to more significant 


places than the data warrant, but these calculation figures were intention- 
ally retained in order that relative values may be accurately computed. 


TABLE IV. Values of several thermodynamic quantities for one mole of hydrogen, nitrogen 
and ammonia at 0°C and I atmosphere; and the increase A of these quantities when one mole of 
ammonia is formed from its elements all reactants and products being at 0° and 1 atmosphere 
Units: 15°-calories, degrees Centigrade, moles 


Hydrogen Nitrogen Ammonia A 
U 0 0 -10078.0 — 10078 
H 543 .0 542.4 9542.9 — 10628 
S 0 0 — 16.7220 — 16.722 
Fy 0 0 5510.7 -5511 
Fyt 543.0 542.4 $975 .6 6061 
pl 542.96 542.39 535.14 - 550.50 


3. THe HEAT OF REACTION 


A general relation’ for the heat content of m moles of a pure gas in terms 


of the independent variables p and 7 is: 


H [ F (= ) {a / 
= 1 ( + nh 19 
e | dT P 


where 


1 
h’ = [ Cy*dT + RT + ty’ (20 


al | 


and V is the volume of » moles of the gas. When the integrand of (19) is 
evaluated by means of the form of the equation of state explicit in V, we 


2A 4 
H - | By - _ up + ni 21) 
RT T? 


obtain: 


where terms containing powers of p higher than the first have been omitted. 
This approximation corresponds to the approximation used in the equation 
for the effect of pressure on K, (Eq. (9) of the first paper'). It is believed 
that no better value for the heat of reaction would be obtained by retaining 
the terms in higher powers of p, since the values of the constants J and J 
were obtained from relations containing this simplification. 

The heat absorbed at constant pressure by a chemical ‘reaction is 


AH = >(v.H)) (22) 
whence 
AH = [(v;Bo;) — 22(viAoi/RT) — 42(vici/T*) |p + D(vih’’) (23) 
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where by use of Eqs. (7), (9) and (20) we find that 


; ‘ _ «ZS (v,Bs) L(viCi) | R 
L(vih’) = [Z(viay) + T(¥)R|IT + ——T? + T? — —] (24) 
2 3 M 
When the numerical values of the various constants are included, there 
results from (23) and (24) the relation 
840.609 459.734 X 10") 
— ++ lp — 5.346857 
7 T’ 


— 0.2525 X 10°*7* + 1.69167 XK 10-*T* 9157.09 


Nm 
wn 


AH = - | 0.54526 + 


in which AH is the heat absorbed in the formation of one mole of ammonia 
from its elements in 15°—calories, p is in atmospheres and T in degrees Kel- 
vin. The reduction factor 24.212127 15°—calories per liter-atmosphere was 
used in the term evaluated from the equation of state constants. Values of 
AH computed from (25) for several pressures and temperatures are given in 
Table V. 


raBLe V. Heat evolved (—AH) in the formation of one mole of ammonia 
from its elements at several temperatures and pressures. 


Temp. °C 0 300 500 600 700 


Pressure, atm. — AH in 15°-calories 


1 10630 11990 12660 12890 13040 
100 12430 12920 13230 
300 13320 13450 13610 
600 14660 14240 14190 

1000 16440 15290 14950 

1 (Haber) From 10950 13000 


to 11000 


The values at 0° and 600°C and 1 atmosphere are given for comparison 
with the calorimetric measurements of Haber.’ No calorimetric determina- 
tions of the heat of formation of ammonia have been made at high pressures. 
It should be noted that our calculations indicate that at high pressures 
there is a considerable increase in the heat evolution—the effect being about 
20 percent for 1000 atmospheres at 500°C. 

At about 400 to 500 atmospheres, depending on the temperature, the 
temperature coefficient of the heat of reaction changes sign. 

The agreement of our value at 1 atmosphere and 600° with the direct 
measurement of Haber is within 1 percent, and is satisfactory. The measure- 
ment of Haber at 1 atmosphere and 0° was carried out in a hot chamber 
within the calorimeter and is probably not so accurate as the measurements 
at higher temperatures. 


7 Haber, Zeits. f. Elektrochemie 21, 191, 206 (1915) 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may 


be secured by addressing them to this department. 


Closing dates for this depart- 


ment are, for the first issue of the month, the twenty-eighth of the preceding month; 


for the second issue, the thirteenth of the month 


The Board of Editors does no! 


hold itself responsible for the opinions expressed by the correspondents. 


Wave Mechanics of Defiected Electrons 


Under a similar title,! Leigh Page discusses 


the wave mechanics of the deflection of 
cathode rays by homogeneous fields. The 
greater part of the discussion is entirely cor 
valuable contribution to our 


It is therefore 


rect and is a 
knowledge of wave functions. 
unpleasant to have to point out that the 
major conclusion is incorrect: wave mechanics 
and classical mechanics do agree in the for- 
mulae by which they relate fp, the mean radius 
of curvature of the cathode beam, to (e/m) 
and the field strength. This has been proven 
Mr. Page 


only be 


by Kennard? with complete rigor. 


reaches the opposite conclusion 


cause this calculation of p is an interpola- 
1 and p’, p* 
The differ- 


and (e/m)., can there- 


tion between the values of po 

which are calculated accurately. 
ence between (e/m) desi 
fore not be explained as a difference between 


wave and classical mechanics. 


CARL ECKART 
University of Chicago, 
Chicago, Illinois, 
August 15, 1930 
Leigh Page, Phys. Rev. 36, 444 (1930). 


E. H 
1927 


Physik 44, 344 


Kennard, Zeits. f 


Magnetostriction in Nickel 


In a recent article in this journal! C. W 
Heaps and A. B. Bryan quote a statement of 
mine? in regard to the effect of tension upon 
the magnetostrictive contraction observed in 
nickel, and point out that the results reported 
by S. Bidwell* would, if correct, require my 


statement to be limited to relatively high 


‘Heaps and Bryan, Phys. Rev. [2] 36, 
326-332 (1930). 

2 McKeehan, J. 
(1926): 


- will increase the magnetostriction (con- 


202, 761 


- tension 


Franklin Inst 


“In the case of nickel - - 


traction).” 
3’ Bidwell, 
(1890). 


Proc. Roy. Soc. 47, 469-480 


magnetic fields and low tensions. I wish to 
point out that more recent work, particularly 
that of S. R. Williams,‘ 


change in sign of the effect of tension on 


indicates that no 


magnetostriction is to be expected in pure 


nickel, 


zero applied field. 


annealed properly demagnetized in 


L. W. McKEEHAN 


Sloane Laboratory, 
Yale University, 
August 13, 1930. 


‘S. R. Williams, Phys. Rev. [2] 4, 288 
(1914); 10, 129-139 (1917); School 
and Mathematics 22, 859-871 (1922). 
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Wind Mixing and Diffusion in the Upper Atmosphere 


My attention has lately been called to a 
letter by Dr. E. O. Hulburt, under the above 
1929, p. 161) 


It seems de- 


title (in your issue of July 1, 
which had escaped my notice 


sirable to state that the substance of what was 


published on this subject in my paper, to 
which he refers, was in writing before Dr. 


Maris’ work became known to me, either by 
the Abstract of 1927 December, or by his 
paper of 1928 December, which had been 
kindly sent to me in 1928 May. The absence 
of a reference to Dr. Maris was intended to 
indicate this independence implicitly; a men- 
tion of his work, coupled with an explicit 
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claim to independence, seemed to me a less 
courteous step. No question of priority of 
publication did or could arise, as this was 
assured to him by his abstract of 1927 De- 
cember. 

The height at which mixing ceases is im- 
portant for the constitution of the upper at- 
mosphere, but it remains speculative because 
the degree of mixing by winds at great 
heights is not known. For some years prior to 
1920 the height was generally assumed to be 
about 10 km; E. A. Milne and I then broke 
away from that idea (Q. J. R. Meteor. Soc. 
46, 357, 1920), but not to the extent that Dr. 
Maris and I have since thought necessary. In 
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1926 (Proc. R. Soc. Alll, 4, lines 24-26) I 
mentioned the possibility that mixing extends 
up to auroral heights, though without giving 
my reasons. Early in 1927 Mr. T. W. Dickson 
and I made calculations as to the rate of 
diffusive stratification of the air at great 
heights, but in view of the abstract and paper 
by Dr. Maris we have not published them. 
Such calculations were made as early as 1914 
by Gouy (Comptes rendus 158, 664). 
S. CHAPMAN 
Imperial College of 
Science and Technology, 
London, 
July 28, 1930. 


Evidence for the Richtmyer Double Jump Hypothesis of X-Ray Satellites 


Richtmyer' has recently proposed the hypo- 
thesis that many of the x-ray satellite lines 
may be due to double transitions in which 
two electron transitions cooperate to emit 
one quantum. I should like to call attention 
to a number of known facts about x-ray satel- 
lites which are very satisfactorily explained 
on this hypothesis several of which facts have 
not yet been mentioned by Richtmyer. 

The main facts known and published to 
date about x-ray satellites may be roughly 
summarized as follows: 


1. Definition: An x-ray satellite is a line 
whose frequency is not directly derivable 
from the known system of x-ray absorption 
levels. (Lines which can be so derived are 
called “diagram” lines 

Satellites are generally very close to 
some “parent” diagram line and on the short 
wave lengt h side. 

3. The same satellite can be identified for 
different elements and the frequency differ- 
ence Av between the satellite and the parent 
line follows a Moseley diagram when (Av/R)!/2 
is plotted against atomic number Z. 


4. Satellites are much less intense than the 
parent line. They appear abruptly in the 
series of increasing atomic numbers about at 
the point where a new electran shell two levels 
higher (at least) than the terminal level of the 
parent line starts to form. Thus K satellites 
appear about when the M level starts to form. 

5. They are intense near this abrupt begin- 
ning point and fall off in intensity relative to 
the parent line as the atomic number in- 
creases. 


6. Richtmyer believes he has observed 


something like a continuous spectrum associ- 
ated with the satellites of a given parent line. 

As additional information to the above 
facts the author in collaboration with Mr. A. 
Hoyt has just finished an investigation with 
the double crystal spectrometer soon to be 
published in this Journal on the excitation 
potential of the satellite Ka; of copper. We 
find 

7. That the satellite Cu Ka; is excited at 
not more (if at all) than 200 or 300 volts 
higher critical potential than the parent line 
(89 K.V.). 

8. Taht the satellite intensity is rigorously 
proportional to the exciting cathode-ray 
current. 

9. That the ratio of the _ intensities 
Ka;/Ka, is about 1/120 based on the areas of 
the lines a3; and a, (integrated over their 
breadth), but only about 1/440 based on the 
maximum ordinate values. In other words, 
a; is nearly 4 times as broad as a. 

10. Ka; of Cu is a doublet. This is in 
accord with recent observations of Richtmyer 
and with the doublet structure of Ka; for 
lighter elements. 

Let us now consider how many of the above 
facts are explained and correlated by the 
Richtmyer double jump hypothesis. For 
definitness and lucidity let us consider the 
line Kas of copper as explained by the double 
transition N-+M and L-K. As Richtmyer 
has pointed out facts (1) to (3) inclusive are 
explained since the extra energy of the satel- 
lite as compared to its parent represented by 


! Richtmyer, jour. Frank. Inst. 208, 325 
361 (1929). 










. 
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the frequency difference Av is interpreted as 
the energy of the transition N—-M which is 
of the right order of magnitude and would of 
course follow a Moseley diagram. 

Fact (4) is explained because unless there 
were at least two levels above the terminal 
level of the parent line any double transition 
that might occur (e.g. ML; LK) would be 
equivalent to a diagram line (M—K). The 
fact that the satellites do not appear at ex- 
actly the point in the atomic table where the 
third level higher up starts to form (sometimes 
one or two atomic numbers lower) is not to 
be taken as contrary evidence because it must 
be recollected that x-ray satellites always 
come from targets in the solid state and it is 
highly likely that the peripheral electrons of 
atoms in a crystal lattice behave differently 
from those of free atoms as in the vapor state 

Fact 6 needs no comment that Richtmyer 
has not already made 

Facts 7 and 8 seem to invalidate the 
Wentzel-Druyvesteyn spark line hypothesis 
which requires for say a K satellite that the 
atom be doubly ionized in deep levels. This 
would have to be done either (a) in a single 
collision in which case the excitation poten 
tials of satellites would be much greater 
(about double) than the excitation potentials 
of the parent, or (b) in two successive col 
lisions in which case the intensity of the 
satellite would vary as the square of the 
current. Facts 7 and 8 are in accord with the 
double jump hypothesis since only a few 
extra volts would be necessary to ionize the 
M level at the same time as the K level in the 
case of K satellites. 

Facts 5 and 9 are in accord with informa 
tion given the writer by J. R. Oppenheimer on 
the theory of the probability of double excita 
tion and double emission. Quoting from a 
letter of Oppenheimer’s to the writer he says, 

“If there were no coupling between the 
M, N electrons on the one hand with the 
K, L electrons, then both the probability of a 
double excitation and that of a double emis 
sion would vanish; because of the coupling in 
each case the ratio of the probability of the 
double jump to that of the single jump in- 
volving only the more tightly bound electron 
has a finite value; the value of the ratio r is 
very nearly the same for the excitation and 
the emission so that R~r*. Nor r is given 
by the overlapping, or quantitatively by the 
so-called scalar product of the wave functions 


for an electron in the M and N shells, when 
the interaction of all electrons is considered, 
and this in turn is given, as one sees, by 
working out the perturbation of the electrons 
on each other, roughly by the square of the 
mean interaction of an L and an M electron 
divided by the square of the energy difference 
M—wN., If one takes your value of 30 volts 
for the M—N difference and your value for 
R=1/240, [assuming a doublet Ka; of two 
equal members| then one gets for the mean 
interaction energy about 8 volts, which is not 
at all unreasonable for an L and an M electron 
of copper. (The apparent neglect of the K and 
N shells comes from this, that the mean inter- 
action of electrons in these states is negligibly 
smaller than the L—M interaction.) I be 
lieve, therefore, that Richtmyer’s interpreta- 
tion is applicable to this satellite.” 

Dr. W. V. Houston has pointed out that 
the progressive decrease of intensity of a 
given satellite with increase of atomic number 
is beautifully explained by the above remark 
of Oppenheimer for since the ratio 


R=r 


(mean interaction energy of L and M)? 
(energy difference M—N)? 


the decrease of R with atomic number is seen 
to be due to the Moseley increase of the 
energy difference M—WN entering to the 
fourth power in the denominator of the above 
expression 

Finally the writer believes there may be 
some significance in the apparently greater 
breadth of the satellite Ka; of copper. As 
mentioned under (9), the ratio of Ka;/Ka 
for areas (1/120) disagrees with the same 
ratio for maximum ordinates (1/440) by a 
factor of almost 4. If the satellite were a 
poorly resolved doublet of two equally in 
tense lines the disagreement would be by a 
factor of two only. If the lines were not 
equally intense the factor would be less than 
two. To explain a factor of more than two, it 
is necessary to suppose that each of the two 
members of Ka; are broader than the parent 
line Ka, indeed almost twice as broad. The 
writer wishes to suggest that this extra 
breadth may be precisely attributed to the 
almost continuous dense distribution of 
energy levels for the peripheral (NV) electrons 
required in the solid target by the Fermi 
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statistics shown by A. Sommerfeld.2. The 
energy of the N— M transition would be in- 
definite to just the extent defined by the 
energy breadth of the Fermi distribution of 
the conduction electrons in copper. The ex- 
cess broadening of Ka; of copper over Ka, 
corresponds to an energy of about 12 volts a 
value which is in qualitative agreement with 
the probable energy value of the Fermi distri- 
bution as well as the experimental and 
theoretical uncertainties warrant. 

The field of x-ray satellites may therefore 
prove to have an important bearing on the 
field of the electron theory of metals and 
metallic conductors making possible a study 


of the behavior of peripheral electrons in the 
solid state which would be impossible with 
optical spectra. 

It would seem that about all the known 
facts of x-ray satellites are explained quali- 
tively by Richtmyer’s double-jump hypo- 
thesis and only await further experimental 
work for a quantitative verification. 

Jesse W. M. Du Monp 

California Institute of Technology, 

Pasadena, California, 
August 6, 1930. 


2 A. Sommerfeld, Zeits. f. Physik 47, 1-60 
(1928). 


Hyperfine Structure of X-Ray Lines 


In the June 15 (1930) issue of The Physical 
Review Professor G. Breit discusses the possi- 
ble effect of nuclear spin on x-ray terms. By 
straightforward calculation from the Dirac 
equation for a Coulomb field of force, and by 
use of only minor approximations, he shows 
that K terms of the heavier elements should 
be split into two components with a frequency 
difference Av given by 


8x*mc* \3 . 1 
v= (ean (o+4) 
h? 2 


1840.4 
"Dhol — a 
where m, c, h, Z have their usual meanings; 
k and yu are respectively the angular momen- 
tum and magnetic moment of the nucleus; 
po is the Bohr magneton; and p is (1 —a?)!”, 
where a=(2me*/ch)Z. Taking k=9/2 and 
assuming 1840u/2ku» =1, Breit finds that the 
WXKa;, line should contain two components 
separated by 7.3 volts—or by 1 part in 8092. 
In wave-length, this is a separation of 
Ad\ =0.026 X.U., taking \Ka, of tungsten as 
208.8 X.U; in angle, it is a separation of 0.86 
seconds of arc, for a calcite crystal, first 
order. 

With the direct-reading two-crystal spec- 
trometer developed in this laboratory (Phys. 
Rev. 35, 1428, June 1, 1930) we have searched 
for this predicted fine structure of WKa,. 
We were unsuccessful in detecting any certain 


evidence in first order, but on going tothe 
higher resolution available in fifth order we 
find distinct evidence that there are two peaks 
separated, in that order, by some 5” of arc 
corresponding to a Ad in first order of about 
0.03 X.U., substantially as predicted by 
Breit. A qualitative check was obtained by 
observations in fourth order. The long wave- 
length component appears to be the more 
intense by some 25 or 50 percent. However, 
the measurements as yet are not sufficiently 
precise to warrant reporting more than 
qualitative data as regards separation or rela- 
tive intensity. 

To check whether this separation might 
possibly be due to some peculiarity of the 
crystals used we very carefully repeated the 
observations on first order; and also measured 
the MOK£ doublet. Crystal imperfections, 
e.g., twinning, should cause the same appar- 
ent angular separation into components, re- 
gardless of wave-length. In these cases no 
separations as great as 1’’ of arc could be 
found. 

A detailed report will be made later after 
we have had opportunity to obtain more 
precise and complete data. 

F. K. RICHTMYER 
S. W. BARNEs 
K. V. MANNING 
Physical Laboratory, 
Cornell University, 
Ithaca, N. Y., 
August 15, 1930. 
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The Angular Momentum of the Li; Nuculeus 


There are at present two discordant esti- 
mates of the angular momentum of the Li 
nucleus. Harvey and Jenkins! arrive at the 
value 1=(3/2) using the alternating intensi 
ties of the Li bands. Schiiler and Briick? use 
the hyperfine structure of the 1s2p°P-—>1s2s°S 


line of Li* as observed by Schiiler and infer 


) 


the angular momentum to be 1/2. I have 


made additional observations on the same 
hyperfine structure pattern and my results 
support strongly the value of Jenkins, being 
definitely in disagreement with the value of 
Schiiler and Briick. 

The apparatus used for excitation of the | 
spectrum is practically identical with that de 
veloped by Schiiler and the line was photo 
graphed in the second order of a 21 foot 
having a dispersion of 


concave grating® 


1.3A/mm in the second order. The Li used 
was obtained through the courtesy of the 
Maywood, N. J. and 


is manufactured by them. 


Maywood Chemical Co 


The pattern obtained is very similar to 
Schiiler’s with the following essential differ 


) ) 


ences. (a) Component (12) is absent on all 


of my plates. This component was attributed 
by Schiiler to a ghost and it does not fit any 
reasonable interpretation of the spectrum 
(b) Component (1) appeared definitely both 
in strong and in weak fields and has, according 


to my estimates the same relative intensity 


) 


with respect to components (3) and (2) under 


both sets of conditions. According to Schiilet 
and Briick this component appears only in 
strong fields. It was discarded by them in the 


classification of the lines 


The presence of component (1) makes it 
impossible to adopt the value (1/2 Phe 
closely spaced group (3), (2), (1) can be duc 


only to a transition *P,—>*S,. The upper level 


being single the lower level *.S; must be triple 


which is impossible for i=1/2. 


T he possible 
values of i are therefore i=1, 3/2, 2 The 


2 1) has 


been measured and is in essential agreement 


position of the components (3) 


with Schiiler’s results. The “interval ratio’ 
is according to Schiiler’s* 
AX g2/AAq =0.19/0.12 =1.58 and according to 
preliminary measurements I find the ratio to 
be 1.61(5) +0.02(3) 


ratio was derived from the mean deviation in 


measurements 


The error given in my 
the comparator readings. There is a possi 
bility that the third figure may also be subject 
to a systematic error due to the proximity of 


(1) to (2). There appears to be a discrepancy 
in Schiiler’s data; the ratio obtained from his 
wave-length differences being in disagreement 
with that obtained from his frequency differ- 
ences. The theoretical value of this interval 


ratio is according to Goudsmit and Bacher® 


(¢ + 1)/¢ = 2, 5/3, 3/2 
for + = 1, 3/2, 2. 
Schiiler’s measurements thus agree about 
equally well with i=3/2 and 1=2 and mine 


agree best with 7=3/2. A calculation of the 
position of the lines for i=3/2 and of their 
relative intensities, using the approximations 
of Goudsmit and Bacher and of Hill® shows 
that the remainder of the pattern is also in 
agreement with 7=3/2 Components (13), 
5) are presumably unresolved doublets and 
components (8), (4) are unresolved triplets 


['wo components of the *P,—*S, pattern 
No definite 


conclusion as to 7 can be reached using this 


would be too faint to observe. 


part of the pattern on account of its complex 


ity In the group (3), (2), (1) however the 
lines are single and definitely resolved. As 
has just been explained i=1/2 is excluded by 
the presence of component (1), 7=1 is ex 


cluded by the separation ratio which accord 
ing to my observations is also in better agree 
ment with 7=3/2 than with 1=2 
L. P. GRANATH 
Department of Physics, 
New York University 


University Heights 


Phys. Rev. 35, 789 


' Harvey and Jenkins 
1930 


Briick, Zeits. f. Physik 58, 


Schiiler and 
735 (1929) 
The Anderson grating used at present in 
this mounting is the property of Townsend 
Harris Hall, College of the City of New York 


* Schiiler, Zeits. f. Physik 42, 487 (1927 


Goudsmit and Bacher, Phys. Rev. 34, 
1501 (1929 
® Hill, Proc. Nat. Acad. 15, 779 (1929 


’ | have been informed of this by Professor 


G. Breit. I understand from him that Pro- 


fessor Goudsmit has calculated the same 


pattern with the same results. Through the 
courtesy of Professor Pauli we learned of a 
Physik by 
Mr. Guttinger of Zurich in which Schiiler’s 


pattern is brought into agreement with 1 =3/2. 


forthcoming paper in the Zeits. f 
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Evidence for Be Isotope of Mass 8 in the BeH Band Spectrum 


Consideration of the regularities' in a table 
of the a-particle plus proton and electron 
content of the known nuclei leads to the 
prediction that the mass 8 should be found as 
an isotope of Be. The fact that the mass 
spectrograph fails to reveal this isotope for 
Be would indicate that if present it must be 
very much less abundant than the 9. This is 
also indicated by the atomic weight of Be 
which is still given as greater than 9 (9.02 is 
the latest value). An isotope of Be of mass 10 
is not to be expected because of the disturb- 
ance of the symmetry in the table of isotopes 
just mentioned. 

Judging from its success in demonstrating 
the presence of the weak isotopes C¥, N®, 
O', and O'8, the band spectrum method 
should detect this Be* even though it may 
represent but a very small fraction of the 
total in ordinary Be. Band spectra due to the 
diatomic molecules BeF, BeO, and BeH only 
are known, and unfortunately these can only 
be obtained in emission from an arc, which is 
not the ideal source for isotope study. Of 
these three band systems, that due to BeH 
at 44990 is by far the easiest to obtain in 
intense exposure at high dispersion, and 
therefore, since its bands also have the open 
fine structure characteristic of the diatomic 
hydrides, it is the best for this investigation. 
The mass factor p?—1=0.0125 for BeH is not 
as large as that for BeO, but nevertheless it 
is large enough so that the rotational isotope 
effect for lines not too near the origin of the 
band is greatly in excess of the smallest line 
separation detectable at this wave-length 
under ordinary conditions on high dispersions 
plates. 

I have made a comparison of the predicted 


}, 3) band with 


positions of Be*H lines for the 
those of some very weak lines found on a 
spectrogram of this band system used for a 
previous investigation,? with the result that 
there is good evidence for the existence of Be*. 
The following table gives the comparison of 
some of the calculated and observed displace 
ments of these weak lines from the corre 
sponding Be®H lines (in cm™ units): 


Calc. Obs. 
P(11) —2.32 —2.46 
P(17) —3.17 —3.12 
P(18) —3.28 3.39 
P(19) —3.37 —3.37 


Calc. Obs. 
P(21) —3.52 3.73 
R(9) 4-2 73 +2? 93 
R(10) +2.98 +-2.74 
R(11) +3.24 +3.07 
R(12) +3.49 +3.28 
R(16) +4.43 +4.71 


The line designations here are those of refer 
ence 2 reduced by 1} units to give the proper 
K"’ values. This table is incomplete because 
of the fact that the majority of the weak 
Be*H lines lie so close to over-exposed main 
lines of this and the overlapping (3/2, 3/2), 
5/2, 5/2), and (7/2, 7/2) bands as to be 
obliterated by the solarization accompanying 
these stronger lines. Since this spectrogram 
was taken in the first order with a dispersion 
of but 2.76A per mm, much of this obscuring 
could be eliminated by the higher dispersion 
and resolution of a third order spectrum 
Work is now in progress with an improved 
light source to obtain an intense exposure of 
these bands at this higher dispersion 

In making the calculations of these isotope 
shifts it is highly important to take account 
of the higher powered terms in the rotational 
energy expression because of the large rota 
tional distortion present in these bands.’ 
Even the sixth powered term with a mass 
factor p*—1 is appreciable for K’’>18. Since 
the vibrational constants have not been 
directly measured,’ there is a slight uncer- 
tainty in the exact value of the vibrational 
isotope shift for the (4, 4) band, but this 
cannot introduce much of an error into the 
calculations. For the rotational By constants 
are nearly the same in both the initial and 
final states, and it is therefore certain that the 
two vibrational frequencies differ but littl 
And since the vibrational isotope shift is 
proportional to the difference between the 
vibrational constants in the two states, it is 
certainly therefore quite small (the estimated 
constants’ yield +-0.11 cm™) 


WILLIAM W. WATSON 


Sloane Physics Laboratory, 
Yale University, 
August 27, 1930. 


1 Cf., for example, G. Beck, Zeits. f. Physik 
47, 407 (1928). 
2 W. W. Watson, Phys. Rev. 32, 600 (1928). 
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The Penetration of Radiation 


In the therapeutic use of radiation, as in 
photochemistry, it is an axiom that only that 
radiation which is absorbed is effective, and 
that the 
place where it is absorbed. 


its immediate effect is located at 

Both in heat therapy and in treatment with 
x-rays, it is frequently desired to produce 
effects at a definite depth in the tissues, and 
to do so with a minimum of unwanted effects 
at the surface (e.g., erythema), and elsewhere 
The selection of the proper wave-length of 
radiation requires a knowledge of the coef- 
ficient of absorption of the radiation as a 
function of depth in the tissues. Since, how- 
ever, it will frequently be necessary to act in 
the absence of such detailed information, it 
may be of interest to consider a simple special 
case, which may in many cases correspond 
rather closely to the actual conditions 

Assume that the place at which it is desired 
to produce the effect is far enough from the 
surface of emergence of the radiation,—or the 
coefficient of reflection low enough,—so that 
reflection at the surface may be neglected 
Assume that the absorbing power of the tissue 
is uniform, and that scattering is either small 
enough, or great enough, so that the degree 
of scattering does not change with depth 

The intensity of radiation flux will then 
vary exponentially with depth, x: 


The rate of energy absorption at depth, x, 


will be given by 


-_ —_ dJ, dx = J, ke~™ 


and the fraction relative to the initial flux Jo, 


~~ Je" Jo = ke ~ke 

The coefficient of absorption, k, will be a 
function of the wave-length of the radiation. 
To make the fraction absorbed at depth x a 
maximum. 


d 


whence kx=«, or 1. The first value corre- 
sponds to a minimum (complete absorption 
before reaching depth, x,), whence the desired 
solution kx =1, indicates that the energy flux 


part of that at 


th 


should be the « 
e=0.368) 


radiation will be transmitted too far, and a 


at depth, x, 
the surface (1 A more penetrating 
less penetrating radiation absorbed too soon, 
to produce a maximum effect at depth, x. 

It should be remarked, that this solution 
is the optimum only on the assumption that 
the total energy flux is to be kept as low as 
possible. If the limiting factor is the absorp- 
tion at the surface, the ratio of the absorption 
at the surface to that at depth, x, will ap 
proach unity as & becomes vanishingly small 
In this case, therefore, the radiation should 


be as penetrating as possible 


ELLIoTt Q. ADAMS 


Elliot QO. Adams, 
Lamp Development Laboratory, 
General Electric Company, 
Nela Park, Cleveland, Ohio, 
August 26, 1930 


New Bands in the Absorption Spectrum of Mercury 


Two new continuous bands have been found 
in the absorption spectrum of mercury. Pre 
liminary measurements give the wave-lengths 
at the as 1807 1685. 


bands correspond to known absorption bands 


maxima and These 
of cadmium and zinc at wave-lengths 2212, 
2114, and 2064, 2002 respectively. 

The mercury bands were photographed 
with a small vacuum fluorite spectrograph 
with a hydrogen discharge tube as a light 
source. The absorption cell was made of fused 
quartz. It contained very thin windows which 
had been drawn in to a hemispherical shape 
to withstand atmospheric pressure. The short 
wave limit of transparency for this cell was 
1550. 


With increasing pressure of mercury vapor 
in the absorption cell, the absorption line 1849 
(1S—2'!P) broadens symmetrically until it 


reaches the band at 1807, after which it 
broadens only toward longer wave-lengths. 
This development with pressure of the 


1S —2'P line and its relation to the 1807 band 
of mercury is quite the same as the develop- 
ments of the corresponding lines (2288, 2134) 
and bands (2212, 2064) in cadmium and zinc 
vapors respectively (Phil. Mag. 7, 555. 1929). 

If the interpretation given to these ab- 
sorption regions in cadmium and zinc vapors 
be applied to the present observations on 
mercury, the energy of dissociation of the 
unexcited 0.20 volts. 


mercury molecule is 
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This value is about one-fourth that obtained 
by Mrozowski from the convergence limit of a 
series of flutings and from the change in in- 
tensity of fluorescence with super-heating 
(Zeits. f. Physik 50, 657, 1928; 55, 338, 1929). 
Kuhn has shown (Zeits. f. Physik 63, 458, 
1930) that Mrozowski’s method for computing 
convergence limits could not be applied to 
molecules like Hge. Rollefson (Phys. Rev. 35, 
1177, 1930) has pointed out that the value of 
D computed from the decrease in intensity of 
fluorescence with super-heating may be in 
error because some of the absorption may 
arise from colliding Hg atoms and not from 


1021 


Hg, molecules, and that the value of D so 
obtained was much greater than should be 
expected for molecules formed from closed 
shell atoms like Hg. 


The interpretation given the absorption 


spectrum of Cd and applied here to Hg is not 
yet fully established. However, it gives at 
least a value of D of the right order of 
magnitude even though considerably higher 
than that obtained by Koernicke (Zeits. f. 
Physik 33, 219, 1925). 
J. G. WINANS 
University of Wisconsin, 
August 22, 1930 





ERRATA 


STUDIES IN CONTACT RECTIFICATION. II. THE CupRi 
SULPHIDE-MAGNESIUM JUNCTION. 


By MILTON BERGSTEIN, J. F. RINKE, AND C. M. GuTHEII 
(Phys. Rev. 36, 587, 1930 


The figures above the captions on page 592 should be interchanged. The 
caption on Fig. 9 should read: 


Fig. 9. Oscillograms of interruption and reversal after identical periods 


of current flow in low resistance direction to varying voltage. 








